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ABSTRACT
This Thesis is concerned with multiple equilibrium path generation 
and imperfection sensitivity of elastic conservative systems, the 
behaviour of which may be described using a finite number of 
discrete displacement coordinates and which, in the ideal case, 
exhibit compound or m-fold branching points.
A review of previous work has been made, including that on specific 
systems, distinct critical points, compound critical points, 
optimisation and stochastic approaches. An appreciation of the role 
of Catastrophe Theory in problems of elastic stability has been 
included. The literature relevant to two particular mechanical 
systems, examined in detail later in the Thesis, is discussed.
Simple criteria, which govern the existence of post-buckling 
equilibrium paths passing through a symmetric type of m-fold 
branching point, have been developed. Explicit expressions for the 
initial curvatures and initial post-buckling stiffnesses of these 
paths, where they exist, have been found. Quantitative means for 
assessing the statical stability of paths have been devised.
The equilibria and critical equilibria of ideal and imperfect 
two-fold doubly-symmetric branching points have been examined in 
great detail. A classification of this type of system has been 
suggested, which includes a distinction between non-hysteresis and 
hysteresis behaviour. General algebraic forms for the critical 
load-displacement and imperfection sensitivity surfaces have been 
derived and their qualitative appearances suggested.
A non-approximate numerical technique for calculating the 
equilibria, deriving the complete critical load-displacement and 
imperfection sensitivity surfaces of two-fold doubly-symmetric 
branching systems has been applied to two particular mechanical 
systems, namely: an axially loaded pin-ended strut on a linear
Winkler-type elastic foundation; and a thin simply-supported
rectangular plate subjected to proportional bi-axial in-plane 
compression.
The strut problem was modelled by means of a two-mode Rayleigh-Ritz 
procedure applied to a suitable higher-order total potential energy 
expression. The plate problem was modelled using a two-mode 
Galerkin integral technique applied to the von Karman large 
deflection equations.
The role played by the two major imperfections and the imperfection 
sensitivity surface in dynamic mode-jumping and buckling load 
degradation respectively was elucidated.
The general conclusions reached in this Thesis are broadly supported 
by other analytical, numerical and experimental work from the 
1iterature.
  FOR ALTHOUGH IN A CERTAIN SENSE AND FOR LIGHT-MINDED PERSONS NON-EXISTENT THINGS CAN BE MORE EASILY AND IRRESPONSIBLY REPRESENTED IN WORDS THAN EXISTING THINGS, 
FOR THE SERIOUS AND CONSCIENTIOUS HISTORIAN IT IS JUST THE REVERSE- NOTHING IS HARDER, YET NOTHING IS MORE 
NECESSARY, THAN TO SPEAK OF CERTAIN THINGS WHOSE EXISTENCE IS NEITHER DEMONSTRABLE NOR PROBABLE- THE VERY FACT THAT SERIOUS AND CONSCIENTIOUS MEN TREAT THEM AS EXISTING THINGS BRINGS THEM A STEP CLOSER TO EXISTENCE 
AND TO THE POSSIBILITY OF BEING BORN-
Herma n n He s s e
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NOTATION
1 General :
The symbols defined below are used more-or-less consistently 
throughout the Thesis. In the main they appear first in Chapter 3, 
and are used in subsequent Chapters.
V - total potential energy function 
Vij', Vijk - coefficients in V 
i, j, k - integer indices
Uxs U2 - generalised displacement coordinates in V 
Ex, E2 - major imperfections in V
0 - total potential energy function 
a, b, c - coefficients in 0
X - conservative scalar loading parameter in 
V or 0
V x9 V2 - generalised displacement coordinates in 0 
n x , 02 - major imperfections in 0 
n, 0 - polar coordinate form of n x » ng 
t - general initial trajectory tan0 = t 
r - special initial trajectory tan0^ = r 
Ç - parametric major imperfection 
n = Ç when 0 = 6^ (or t = r)
2 By Chapter:
The symbols defined below are, for the most part, unique to the 
Chapter concerned. There are some, however, that are used in other 
chapters. It is hoped that any minor ambiguities which result do 
not lead to any confusion.
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(a) Chapter 2:
T, W, W, V, V - total potential energy functions
Vijk, V-jjk ” coefficients in Taylor series expansions
of V and V 
i, j, kj q, r, s, t - integer indices
1, m, n, p - integers
A - conservative scalar loading parameter
Ax, Ap, A° - eigenvalues, critical branching values of A
X - incremental conservative scalar loading
parameter
H-j - generalised displacement coordinate
Ui, hi, Vi - incremental generalised displacement
coordinates 
Ç - parametric generalised displacement 
coordinate 
«ij - coordinate transformation matrix
- vector of incremental generalised 
displacement coordinates
2  " vector of direction cosines with respect to 
generalised displacement coordinate axes 
1i - ith element of
- square matrix in equation for p-coupled 
equilibrium paths
_x - vector in equation for p-coupled equilibrium 
paths
w - vector of squares of direction cosines with 
respect to generalised displacement 
coordinate axes 
Wp - rth element of w
IDl - determinant of O'
Dpp - rth cofactor of the pth row of |D|
N - total number of distinct equilibrium paths
passing through an m-fold branching point 
N ' - total number of distinct curvatures of
equilibrium paths passing through an m-fold 
branching point 
A - determinants of stability matrices 
eg, By, - eigenvalues of stability matrices
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e - incremental deflection of the load coordinate 
S - deflection of the load in a two-bar truss
(b) Chapter 4:
H, G - coefficients in reduced cubic equation 
&  » &  9 &  - vectors, containing equilibrium points, which 
are roots to reduced cubic equations 
X/\5 Xfs A p  - vectors containing generalised
displacements v^  and V£
A V i , av2 - increments in generalised displacement 
coordinates
a, 3 - tangent angle and angle respectively
AO, AO^ , AO2 - direction vectors
Ô, 62 - real numbers defining zero
1 - chordlength
Ass Aci - start and end points on an equilibrium 
path
A, B - parameters defining chordlength and zero 
a ^ , - coefficients in eigenvalue characteristic
equation
£, çU 2  - position vectors defining the end points of
line segments 
w - vector defining the angle subtended by two 
line segments 
h - perpendicular distance between two parallel 
line segments
t, u - scalars in vector equations for line segments
t*, u* - position vector and scalars, defining
point of intersection between two line 
segments
nr - maximum radius of polar coordinate grid of 
major imperfections 
Nr,. Ne - integer numbers, defining points on a
polar coordinate grid of major imperfections 
* - superscript defining critical values of 
quantities
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Tpi 5 t|^2 - angles used in 3-D projection
0* - value of 9 at which a hysteresis point 
occurs
(c) Chapter 5:
k - scalar that defines inclination of an 
intersection plane 
<S - parametric critical displacement coordinate 
A, Bj C - coefficients in quadratic equation
«2 - roots to quadratic equation, coefficients in 
mathematical representation of critical 
load-displacement surface 
A', B ‘ - coefficients in quartic equation 
W  - discriminant in quartic equation 
(Q, to, 0Q - values of k, t and 0 for which critical load 
is zero (corresponding to roots of quartic 
equation) 
k^ - value of k when t == r 
L - subscript referring to limit points 
B - subscript referring to bifurcation points 
U - subscript referring to uncoupled limit points 
C - subscript referring to coupled limit points 
Tj ... Ts - transformations of coordinates
3 x , 32 - coefficients in mathematical representation of 
imperfection sensitivity surface
(d) Chapter 6:
El - bending stiffness of strut
L - length of strut
X - curvature of strut centreline
3 - stiffness per unit length of Winkler
foundation
T - non-dimensionalised Winkler foundation 
stiffness
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P - axial load applied to strut 
A ~ non-dimensionalised axial load applied to 
strut
AjC, *2^, - critical branching loads
@0, 8 - initial and total rotation of an element of 
strut during bending 
Wqs w - initial and total lateral displacement 
functions of strut 
E - deflection of axial load 
n, m - integer half-wave numbers of terms in initial 
and total lateral displacement functions Wq 
and w
A q9 Bq - amplitudes of terms in initial lateral 
displacement function Wq 
A, B - amplitudes of terms in total lateral 
displacement function w 
Ei, G2 - non-dimensionalised major imperfections 
U | , U2 - non-dimensionalised generalised displacement 
coordinates 
- bending strain energy stored in strut 
U2 - strain energy stored in foundation 
T, W, V - total potential energy functions 
w - parametric displacement coordinate
(e) Chapter 7:
E, V - Young's modulus and Poisson's ratio of the
plate material i
t, a, b - plate dimensions I
D - bending rigidity of plate I
F - Airy stress function
T - aspect ratio of plate
Ix» ly, L - applied in-plane stress resultants
y - orthogonal stress ratio
A | » A2» A° - critical branching loads of the plate
kc' “ buckling stress coefficient
14
u, V - in-plane displacements
S, C - abbreviations for sin and cos
W q9 w - initial and total out-of-plane displacement
functions of plate 
Aq 9 Bq - non-dimensionalised amplitudes of terms in
initial out-of-plane displacement function Wg 
A, B - non-dimensionalised amplitudes of terms in 
total out-of-plane displacement function w 
p - lateral pressure distribution on plate 
a g9 bg - non-dimensionalised amplitudes of terms in 
lateral pressure distribution p 
n, m - integer half-wave numbers of terms in W g , 
w and p
R - residual in Galerkin procedure 
K, a, 3, K, a, 3 - coefficients in equilibrium equations 
F(x) - log^g function of x
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CHAPTER 1 
LITERATURE REVIEW
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1.1 INTRODUCTION
1.1.1 DISCRETISATION
Consider a structural system. This may be, for example; a thin 
plate, box girder, shell or assembly of bars forming a space truss. 
If subjected to load the system will deflect. Strictly speaking, to 
define the deflected shape of the system, the deflections of every 
single point on it (an infinite number) must be specified. The 
system is thus a continuum. However, it has been accepted as 
axiomatic by engineers that deflected shapes can be accurately 
described by a finite number of displacement coordinates. The more 
of these that are taken, the more the deflections that result will 
converge to the true shape. The displacement coordinates may be, 
for example: the deflections in a finite element analysis or the
amplitudes of Fourier harmonics. This process of description of the 
deflected shape of the system is known as discretisation.
1.1.2 LINEARITY AND NON-LINEARITY
If the analysis of a system is carried out on the basis of classical 
assumptions (which are that the material of which the system is made 
is linearly elastic and that changes in geometry of the system under 
load are small) then a linear relationship beween loads and 
consequent deflections results. These further assumptions mean that 
the linear behaviour may be accurate for some systems, and 
completely misleading for others. There are two causes of 
non-linear load-deflection behaviour in systems:
(i) material plasticity
(ii) geometric non-linearity due to large deflections.
Many systems can develop appreciable deflections under loading, 
before material plasticity occurs. The resulting non-linear 
relationship between loads and deflections is due entirely to 
geometric effects. The deflections are large, but the strains in 
the constituent material are small and governed by Hooke's law.
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1.1.3 CONSERVATION OF ENERGY
If, in addition to assured material elasticity, the loading that is 
applied to the system is conservative (i.e. the loading is derivable 
from some potential), then the principle of conservation of energy 
applies to the entire system.
This being the case, then the total potential energy exists and can 
be written for the system. In general, this will be a function of 
the loads applied and the finite number of displacement coordinates 
which describe the deflected shapes of the system.
Furthermore, the necessary and sufficient conditions for equilibrium 
(that the first variation of the total potential energy vanishes) 
and the stability of equilibrium (that the second variation of.the 
total potential energy is positive-definite) apply. Equilibrium 
paths of the system, therefore, are the loci of loads and 
deflections for which the equilibrium condition is satisfied.
1.1.4 FUNDAMENTAL PATH AND BUCKLING
The first equilibrium path of interest is what is referred to as 
the fundamental loading path. This is the path that represents the 
loci of equilibrium positions that the system will adopt upon 
initially increasing the load from zero. Some examples of the 
fundamental path are: contraction of an extensible column under
axial load; shortening and lateral expansion of a thin rectangular 
plate under uni-axial in-plane compression; membrane shortening and 
cross-sectional dilation of a thin circular cylindrical shell under 
axial load; and the uniform membrane volumetric contraction of a 
spherical shell under external pressure.
Buckling may be said to have occurred when an abrupt change in 
behaviour of the system, from that which was observed orior to 
buckling, takes place. For what is defined as an ideal s.ystem (that 
which has no imperfections, eccentricities of loading etc.) two 
types of buckling may be distinguished:
(i) snapping
(ii) branching.
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Snapping occurs when the fundamental path, which is non-linear, 
demonstrates a limit-point which is a maximum with respect to load. 
This is shown schematically in Figure 1.1(a). Upon reaching the 
limit point, under conditions of dead loading, the system will snap 
dynamically to some remote equilibrium configuration.
Branching occurs when the fundamental path (which may be non-linear, 
but is single-valued up to buckling) is intersected by another 
distinct equilibrium path or paths. At the intersection, or 
branching point, buckling deflections initiate which up until 
buckling, had been zero. At buckling, the appearance of the system 
will change in accordance with the initiation of the buckling 
deflections; for example, in the case of thin plates or thin shells, 
wrinkles or waves appear on a previously flat or smooth surface. If 
the branching point is unstable, and the system is under dead 
loading, upon reaching the branching point the system will snap 
dynamically to some remote equilibrium configuration. 
Alternatively, if the branching point is stable then loading can 
continue after buckling and the system adopts equilibrium positions 
which lie on the branching path.
If a classical (in terms of the buckling deflections) analysis is 
carried out on the fundamental path, what results will be a linear 
eigenvalue problem from which the values of load, at which the
buckling deflections initiate, can be found. The characteristic
roots of this eigenvalue problem represent the branching loads of 
the system, each of which has a corresponding buckled form. Let
there be n such roots A^, ..., A^ say.
What is termed a distinct branching point occurs when the
characteristic polynomial of the eigenvalue problem displays a 
lowest root which is well separated in value from the next highest 
value root. This may be written as
(A]^  - a) ( A 2  - A)(Ag - a) ... ( Ap - A) = 0 
in which
Aj K K . A 2 ^ A g ^ ... K. Ap
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An m-fold compound branching point occurs when the characteristic 
polynomial has a lowest root which is repeated m times (where 
2 < m < n) and which is well separated in value from the next 
highest value root. This may be written in terms of the 
characteristic polynomial as
( A j - A)'^(A|y|+i - A)(Am+2 - A) ... (Ap - A) = 0
Ai «  A^i+i < h^+2 < . . < Ap
The repeated root A^ will have corresponding to it m different 
buckled forms, each of which is initiated at the same branching 
load, m is sometimes referred to as the degree of instability.
1.1.5 CLASSIFICATION OF CRITICAL POINTS
It should be emphasised that an analysis of the type described above 
will give the values of the critical branching loads and the 
corresponding modes of deflection, and no more information than 
that. Only a non-linear analysis, involving the buckling 
deflections, will yield the post-buckling equilibrium paths which 
branch from the fundamental path.
The spatial forms which the post-buckling equilibrium paths take 
provide a classification of the different branching points which 
might occur. Generally the branching points are classified 
according to the symmetry properties of the branching paths when 
they are plotted in load versus buckling deflection space. The main 
types are:
1 Distinct Critical Points:
(a) Limit Point (Figure 1.1(a))
(b) Asymmetric Branching Point (Figure 1.1(b))
(c) Stable symmetric Branching Point (Figure 1.1(c))
(d) Unstable symmetric Branching Point (Figure 1.1(d))
2 Two-fold Branching Points:
(a) General (Asymmetric) (Figure 1.2(a) - (d))
(b) Semi-symmetric (Figure 1.3, 1.4(c))
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(c) Doubly-symmetric
(d) Hill-top (Figure 1.5(c))
The hill top branching point arises as a result of the coalescence, 
on the fundamental path, of a limit point and a branching point.
1.1.6 THE SIGNIFICANCE OF IMPERFECTIONS
In practice there is no such thing as an ideal system. A real
system will contain manufacturing inaccuracies, eccentricities of 
loading, variations in elastic properties etc. All of these could 
be described under the general heading of imperfections.
The effect of these imperfections is to "round off" the behaviour of 
the ideal system. Thus, the equilibrium paths of the imperfect
system will take the fundamental and branching path(s) of the ideal 
system as their asymptotes.
This rounding off will have particular significance when it comes to 
those ideal branching paths which curve downwards with respect to 
load. It means that the imperfect system will buckle at a limit 
point, and of interest will be the difference between the load at
which this occurs and the load at which the branching point of the
ideal system occurs as a function of the imperfections. This is 
known as the imperfection sensitivity of the system.
1.1.7 ORGANISATION OF CHAPTER 1
The second section of this chapter contains a brief historical 
perspective which shows why there is so much interest in solving 
problems of non-linear elastic stability and how this interest has 
e v o lved.
The third section gives a broad overview of some of the relevant 
practical stability problems of struts, frames, arches, rings 
plates, shells, thin-walled sections etc. The array of problems 
discussed is not exhaustive - the number of works relating to 
cylindrical shell buckling, for example, is very large. The purpose 
of this section is to give an idea of the wide variety of problems 
which may be encountered.
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The literature relating to two specific problems, dealt with in the 
body of the Thesis (the buckling of a strut on an elastic foundation 
and thin rectangular plates in edge compression), is discussed more 
extensively and critically in the sixth and seventh sections 
respectively.
A review of the general discrete coordinate theory literature is to 
be found in the fourth section. This is split into four 
sub-sections :
(i) Distinct critical points
(ii) Compound critical points
(iii) Optimisation and its relevance to the generation of Compound 
critical points 
(iv) Stochastic approaches to imperfection sensitivity.
The fifth section is concerned with Catastrophe Theory and 
Bifurcation Theory, its relevance in this context, and is split into 
two sub-sections. The first outlines the mathematical side of 
Catastrophe/Bifurcation Theory. The second sub-section examines the 
literature that endeavours to form the bridge between the 
engineering elastic stability theory and Catastrophe Theory.
The proposals for new work and a description of the organisation of 
the rest of the Thesis are given in Section 8.
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1.2 BRIEF HISTORICAL PERSPECTIVE
Historically it was believed that elastic stability predictions 
based solely on classical buckling analyses were sufficient for 
structures with a tendency towards buckling behaviour. these
analyses were founded on linear theory and involved searching for 
loads at which infinitessimal buckling deflections initiated from 
some trivial or non-trivial fundamental path. The theories were
based on energy, adjacent equilibrium, variational or vibration 
approaches and, because of the restrictions imolicit in small
deflection theory, told the analyst nothing about the 
load-deflection response after buckling.
Faith in classical (1inear-eigenvalue) buckling loads was probably 
reinforced by results from experimentation on slender columns and 
thin rectangular plates. In such tests little variation between the 
classical theory and experimental results would have been evident 
providing material elasticity was assured up to and including 
buckling. Some limited post-buckling strength might also have been 
apparent, indicating that the theory erred on the safe side.
With the emergence of the aeronautical and aerospace industries in 
the 1 9 3 0 's to 1 9 5 0 's came the demand for lighter, more efficient and 
economical load-carrying components. This involved the use of more 
thin plate, thin curved panel systems, slender bracing members and 
thin shell structures. As a result of this buckling considerations 
became pre-eminent. However, it was found that curved panels and 
thin shell structures, unlike plates, displayed precocious buckling 
behaviour, very often failing in experiment at loads consistently 
well below classical buckling loads. Unfortunately, stiffening of 
these structures did not necessarily alleviate the situation. 
Although the buckling load predicted by classical theory was raised, 
frequently the precocious behaviour remained unpredictable.
This situation led to an appreciation of the need for non-linear, 
finite-deflection analyses in order to understand the post-bucklinq 
behaviour of these structures. In turn these analyses led to the
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discovery of equilibrium configurations, adjacent to some trivial or 
non-trivial fundamental path at loads above (slender columns and 
plates) and below (spherical and cylindrical shells, curved panels) 
the classical buckling loads. The former explained the ability of 
some systems to exhibit post-buckling stiffness; whilst the latter, 
in conjunction with initial imperfections, was responsible for some 
of the observed degradations in buckling strength.
Further developments also lead to an understanding of coupling 
effects in which a number of otherwise independent buckling 
deflections, which initiate at two or more critical loads all lying 
within a small loading range, interact in such a way as to produce 
some highly unstable post-buckling behaviour. This helped to 
explain the observed buckling behaviour of some shells and stiffened 
structures in which interaction between two different or local and 
overall buckling modes could occur. Sensitivity to imperfections 
was again important in these situations.
More recently modal coupling effects have also assumed importance in 
the development of thin-walled compression members and cold-rolled 
sections, in which interaction between local plate and overall 
buckling may take place. It is now recognised that the naive 
optimisation philosophy of allowing different buckling modes to be 
initiated at the same buckling load can lead to unstable 
post-buckling behaviour, resulting in serious implications for 
imperfection sensitivity.
Generally, post-buckling problems have been investigated on two 
broad fronts:
First, general non-linear continuum theories have been developed and 
specific structures have been studied. The resulting non-linear 
differential equations are then solved to the required degree of 
accuracy.
Second, discrete coordinate theories have been pursued on the 
premise that continuum engineering problems may be legitimately
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discretlsed by finite-dimensional approximations such as finite 
elements, finite differences, finite strips, Rayleiqh-Ritz and 
Galerkin integral techniques. The strength of discrete coordinate 
theories is that the general phenomenological aspects of 
post-buckling behaviour may be brought to light more readily than 
through continuum approaches. The static perturbation technique has 
been proved to be a most valuable tool in application of General 
discrete coordinate theory.
In either case interest has centred around the four commonly 
occurring distinct critical points (see Figure 1.1), the nature of 
the equilibrium paths associated with them along with their
corresponding imperfection sensitivities. In addition, attention 
has been focussed on the two-fold compound branching points referred 
to as General, Semi-symmetric and Hill-top. Doubly symmetric 
branching has undergone some investigation, but less in the way of 
rigorous imperfection studies. Generalisation of the problem of 
equilibrium path multiplicity at multiple compound branching points
has been attempted, and although lower and upper bounds to the
number of paths have been deduced, no existence theorems have been 
forthcoming.
Reviews of the developments in the continuum and specific system 
fields have been provided by COX 1940 (1) and 1963 (2), KOITER 1963 
(3) and 1976 (4), BUDIANSKY and HUTCHINSON 1966 (5), HUTCHINSON and 
KOITER 1970 (6) and BUDIANSKY 1974 (7).
The growth in the discrete coordinate area regarding distinct
critical points has been reviewed by THOMPSON 1969 (8). The further 
areas of compound bifurcation being covered in two review articles 
by THOMPSON and HUNT 1977 (9) and 1977 (10) and two monographs by 
the same authors 1973 (11) and 1984 (12).
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1.3 SYSTEMS
Until the classic doctoral dissertation of KOITER 1945 (13), most 
attempts at generalising a Theory of Elastic Stability in a 
continuum context were based on small deflection theory [see, for 
example, SOUTHWELL 1913 (14)]. Koiter's work, completed in 1945, 
was in general non-linear continuum theory and detected distinct 
bifurcational critical points as well as modal coupling. Thus it 
laid the foundations for the understanding of non-linear strut, thin 
plate and shell behaviour. Unfortunately this work was largely 
ignored for a number of years until it's rediscovery in the early 
1960's because of the need to solve the practical non-linear 
problems discussed earlier.
The earliest non-linear strut study was probably by EULER 1744 (15) 
who was concerned with the elastica problem. The solution to this 
problem is governed by an elliptical differential equation. Exact 
solutions to this are possible with the use of elliptical integrals 
[see, for example, TIMOSHENKO and GERE 1961 (16)], other
authors, BERKEY and FREEDMAN 1978 (17) and THOMPSON and HUNT 1969 
(18), have used alternative procedures for the solution of this 
problem.
Simple struts normally yield stable-symmetric points of bifurcation, 
but this situation can alter if the strut is surrounded by a linear 
elastic medium (see later) or is supported laterally by a single 
linear spring, SLITER and BORESI 1964 (19). Perversely, in spite of 
the extra restraint against buckling provided by the lateral 
support, the system may exhibit either the stable or unstable point 
of bifurcation. The foundation or spring load-deflection response 
may be non-linear (see later), in which case the strut problem may 
exhibit the asymmetric point of bifurcation with its inherent 
imperfection sensitivity. In fact, struts supported laterally by 
discrete non-linear springs exhibit the same type of precocious 
buckling behaviour as that of thin curved panels and cylindrical 
shells, COX 1940 (1) and TSIEN 1942 (20). Displacement coupling 
effects are also possible in elastically supported struts.
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Arches are well known in demonstrating symmetric limit-point type of 
critical behaviour. If subjected to a suitable type of asymmetric 
loading, a bifurcation point may be experienced on the non-linear 
equilibrium path before the limit point is reached. Coupling 
between the symmetric and asymmetric modes of deformation may also 
be posible. Studies of arches have been made by WALKER 1969
(21), HUDDLESTON 1970 (22), THOMPSON and HUNT 1983
(23), LABISCH 1984 (24) and WOLDE-TINSAE and ASSAAD 1984 (25).
Complete rings, CARRIER 1947 (26), like struts, buckle at
Stable-symmetric points of bifurcation.
A variety of behaviours, including asymmetric and both stable and 
unstable symmetric points of bifurcation, havg been demonstrated for 
frames and space trusses of different sorts. This is surprising
in the case of pin-jointed plane and space trusses, because the 
constituent members loaded in isolation would ideally exhibit stable 
symmetric points of bifurcation upon buckling. Work in this area 
has been carried out by: BRITVEC 1963 (27), 1965 (28), 1967 (29),
1973 (30); BRITVEC and CHILVER 1963 (31): GODLEY and CHILVER 1970
(32) and ROORDA and CHILVER 1970 (33) on practical trusses and
frames; and by CHILVER 1956 (34), KOUNADIS 1978 (35) and RIZZI et 
al. 1980 (36) on simplified bar and frame analogies and models.
Thin rectangular plates under in-plane edge compression have also 
received a great deal of attention as generators of: distinct
bifurcations; and doubly-symmetric compound branching points. The 
former are stable symmetric points of bifurcation and assume 
importance with regard to post-buckling stiffness, whilst the latter 
result in complex modal coupling which may have serious implications 
for dynamic buckle-pattern changes (see later). Contributions to
the first area of plate post-bucklinq, in which a variety of loading 
and support conditions have been considered, have been made
by RHODES and HARVEY 1977 (37), 1975 (38), 1971 (39), 1971 (40) and 
1971 (41) and PRABHAKARA 1977 (42). Although not imperfection
sensitive in the sense that the buckling load of plates may be
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drastically reduced by the presence of initial deflections, most of 
these studies included imperfections to obtain the rounding-off of
the ideal bifurcational response.
Work in the second area of plate response has been largely centred 
around determining the types of modal coupling which may occur, and 
the search for secondary bifurcations.
Other studies of interest have been concerned with plates having
discontinuous changes of thickness: VAN DE VOOREN 1961 (43)
and FOK and RHODES 1977 (44), Although not an edge-loading plate 
problem, one that concerns saddle-like bending configurations which 
involve mode-switching has been investigated by HSU and LEE 1970 
(45) and LEE and HSU 1971 (46).
Interaction between local inter-stiffener and overall buckling modes 
may be generated in stiffened plate problems. This could have 
implications for the sensitivity of the buckling load of the plate 
assembly to local and overall imperfections. TVERGAARD 1973 (47), 
1973 (48); CROLL 1975 (49), FOK et al. 1976 (50), THOMPSON et
al. 1976 (51) and TULK and WALKER 1976 (52) have investigated
aspects of the buckling of stiffened plates. Intuitively, it would 
seem that by stiffening the plate the branching load of the ideal
system would be raised, what is not immediately obvious is the
change in type of bifurcation from stable symmetric to asymmetric 
and the possible generation of coupled behaviour of the 
semi-symmetric type.
A similar argument applies to curving the plate in a direction 
normal to that of the loading. The bifurcation load is raised, as 
might be expected, but the post-buckling is not necessarily made 
more stable. Work on unstiffened curved panels has been carried out 
by VON KARMAN et al. 1940 (53), KOITER 1956 (54) and POPE 1968 (55).
In fact, for unstiffened panels, the post-buckling approaches the
stable behaviour of plates at very small curvatures and the unstable 
behaviour of thin cylindrical shells at large curvatures. 
Investigations of stiffened panels have been made by STEPHENS 1971 
(56) and BAULD 1974 (57).
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Because of their notorious imperfection sensitivity, axially 
compressed thin cylindrical shells, unstiffened or stiffened, have 
probably received more attention than any other structural form. Of 
these, long circular cylindrical shells are drastically imperfection 
sensitive, mainly due to the interaction of many buckling modes. 
Notable developments have been carried out in this area by VON 
KARMAN and TSIEN 1941 (58), DONNELL and WAN 1950 (59), KOITER 1963 
(60), HUTCHINSON 1965 (61), ARBOCZ and BABCOCK 1969
(62), HANSEN 1977 (63) and TVERGAARD 1983 (64) on unstiffened
circular cylindrical shells. HUTCHINSON 1968 (65) has also
investigated unstiffened elliptical cylindrical shells and stiffened 
circular cylindrical shells have been considered by HUTCHINSON and 
AMAZIGO 1967 (66) and HUI et al. 1981 (67).
Also prone to drastic imperfection sensitivity are thin 
complete spherical shells under uniform external pressure. This is 
because they are prone to compound critical points, the imperfection 
sensitivity being much worse by virtue of this. The problem of 
complete spherical shells has received attention from: VON KARMAN
and TSIEN 1939 (68), THOMPSON 1962 (69), 1964 (70); HUTCHINSON 1967 
(71), KOITER 1969 (72), KNIGHTLY and SATHER 1977 (73)
and WALKER 1968 (74). The oblate spheroidal shell, DANIELSON 1969 
(75), buckles at a distinct asymmetric point of bifurcation.
Spherical caps may be thought of, physically at least, to resemble 
portions of complete spherical shells. The post-buckling behaviour, 
however, has been found to be totally different, exhibiting either a 
distinct stable or unstable point of bifurcation depending on 
whether the cap is subjected to a point load at its pole or a 
uniform pressure over the whole surface respectively. Investigation 
of spherical caps has been carried out by FITCH 1968 (76), FITCH and 
BUDIANSKY 1970 (77) and KEENER 1974 (78).
There has also been a growth of interest in problems concerned 
with local plate buckling and interactive buckling problems which 
involve coupling between overall and local modes. This interest has 
been fostered by the greater use of, on the one hand, compression
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members formed by welding together thin plate elements and on the 
other by the use of a variety of light gauge cold-rolled sections. 
Due to the thinness of parts of the cross-section of these members, 
as well as the overall Euler-type buckling, local plate-type 
buckling may also be possible. The geometric properties of the 
member may be made such that the loads at which the two failure 
modes occur are brought into close proximity. Coupling between the 
two phenomena may then be possible. Uncoupled local plate buckling 
in thin-walled compression members has been investigated 
by GRAVES-SMITH 1969 (79), 1971 (80), 1982 (81) and GRAVES-SMITH 
and SRIDHARAN 1978 (82), 1978 (83), 1980 (84). Work on the
interaction between local and overall buckling in thin-walled 
columns has been carried out by VAN DER NEUT 1968 (85), 1973
(86), THOMPSON and LEWIS 1972 (87), GILBERT and CALLADINE 1974
(88), SVENSSON and CROLL 1975 (89), MAQUOI and MASSONNET 1976 (90) 
and SRIDHARAN 1983 (91).
Other interaction problems which are of interest include those which 
involve local and overall buckling in an asymmetric portal 
frame, PIGNATARO and RIZZI 1983 (92), and that between
torsional-flexural and flexural buckling in thin-walled compression 
members, GIONCU and IVAN 1983 (93).
1.4 GENERAL DISCRETE COORDINATE THEORY
1.4.1 DISTINCT CRITICAL POINTS
General theories describing the behaviour of mechanical systems 
which are characterised by a finite number of coordinates, 
velocities, accelerations etc. are fundamental studies in their own 
right, for example, LAGRANGE 1788 (94) and POINCARE 1885 (95).
Fundamental studies become extremely useful in practice when real 
continuous systems may be legitimately approximated by some finite 
dimensional discretisation procedure. In view of the efficacy of 
procedures such as finite elements, finite differences, finite 
strips, Rayleigh-Ritz energy and Galerkin integral techniques in 
approximating continuum engineering problems, the role of a discrete
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coordinate non-linear elastic stability theory is obvious. Enormous 
advances in this area have been made by Thompson and his co-workers, 
principally at University College, London. The development has 
primarily been in general discrete coordinate theory, based on total 
potential energy, and because of this complemented by studies of 
specific systems mainly in non-linear Rayleiqh-Ritz finite element 
techniques.
The relationship between the qeneral theory and the non-linear 
Rayleigh-Ritz procedure has been explained by THOMPSON 1964 (96), in 
which, by means of an energy expansion technique, four theorems were 
proposed. These concerned the use of the amplitude of the linear 
buckling mode in a non-linear Rayleigh-Ritz analysis of a distinct 
branching point. Such an analysis yielded the correct initial slope 
of the post-buckling equilibrium path through an asymmetric point of 
bifurcation. In the event that the slope was zero, the analysis 
gave an upper bound to the curvature of the post-buckling path or 
the exact curvature depending on whether the system was 
non-symmetric or symmetric respectively. Application of these ideas 
to beam, plate and shell problems was given by POPE 1968 (97).
Further studies in the use of localised and overall Rayleigh 
functions in the solution of non-linear problems were carried out 
by THOMPSON 1967 (98), on a hanging elastic bar; WALKER and
HALL 1968 (99), on a beam deflections; and WALKER 1968 (74), 1969 
(21) on spherical shells and circular arches respectively.
The basic principles in the qeneral theory of elastic stability of 
systems described by a finite number of discrete coordinates were 
outlined by THOMPSON 1963 (100). He used a Taylor's series
expansion of the total potential energy of an unspecified ideal 
conservative elastic system, along with principal coordinates and 
showed the conditions on the polynomial energy coefficients 
necessary for the distinct phenomena of limit point and asymmetric 
branching to take place.
The effects of imperfections on the buckling loads of systems which 
exhibited the two types of distinct bifurcational instability in the
31
ideal case were first studied by ROORDA 1955 (101). He used a
Taylor's series expansion of the total potential energy, and derived 
the 1/2 and 2/3 power law imperfection sensitivities associated with 
the asymmetric and symmetric points of bifurcation. In two later 
references ROORDA 1965 (102), 1968 (103) re-examined the
imperfection sensitivities of the two distinct points of bifurcation 
which resulted from two imperfections being present in each case. 
These were termed major and minor imperfections. The former
corresponded to the type used in his earlier work and had the most 
degrading effect on the critical load of the systems, whereas the 
latter had comparatively unimportant consequences. In all three 
references Roorda provided experimental data, from tests on high 
tensile steel models, which verified, qualitatively, the theoretical 
r e s u l t s .
THOMPSON 1978 (104) has provided an interesting practical example of 
the role of prestress as both a major and minor imperfection. In 
this reference he concluded that the initial stress state acts as a 
major imperfection only if it induces initial deflections which 
themselves may be regarded as major imperfections. Otherwise the 
prestress will act as a minor imperfection. More recently, the 
movement and deformation of the imperfection sensitivity associated 
with the symmetric point of bifurcation, under further imperfection 
parameters has been investigated by THOMPSON 1983 (105).
A more powerful and elegant technique for the solution of buckling 
problems, than power series expansion of the total potential energy 
was proposed by SEWELL 1965 (106). It was known as the static 
perturbation technique, and was initially used for establishing 
equilibrium configurations. This was achieved through sequential 
solution of perturbation equations arrived at by successively 
differentiating the equilibrium equations of a finite dimensional 
system with respect to some perturbation parameter. In this way 
coefficients in a series expansion, in the perturbing parameter, of 
the required equilibrium path were built up. The technique had the 
advantage that, although solving a non-linear problem, it entailed 
the sequential solution of sets of linear equations.
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This method of solution was adopted by THOMPSON 1965 (107), who used 
it to study not only the equilibrium configurations of idealised and 
imperfect points of bifurcation, but also their stability and 
sensitivity to major imperfections (i.e. the loci previously derived 
by Roorda). The condition for criticality of an equilibrium state 
was governed by the vanishing of the stability determinant (this i
being a measure of the curvature of the total potential energy I
surface at that state), and this equation was perturbed in addition i
to the equilibrium equations.
Subsequently SEWELL 1966 (108) extended his general theory to
include the provision that equilibrium configurations and their
stability and criticality could be studied concurrently by means of 
the perturbation approach. The technique used in Reference 107 to 
establish critical points was amplified by THOMPSON 1967 (109) for 
use in cases where the loss of stability itself was the primary 
concern, and eigenvalue-type elastic critical loads were to be 
estimated. He showed that use of the approach generally led to
lower bounds, subject to certain constraints on s.ymmetry and energy 
coefficients.
SEWELL 1968 (110) extended his general theory still further to
encompass not only distinct critical points, but the multiple 
branching condition, of which the former can be regarded as a 
special case. Multiple branching points can occur when the system 
becomes critical with respect to more than one principal deflection 
coordinate simultaneously. The condition is characterised by the 
vanishing of more than one element of the diagonalised stability
determinant and is discussed more thoroughly in 1.4.2. In the case 
of distinct critical points the stability of the critical point 
itself, and the initial stability of the post-buckling path 
emanating from it, is easily established by examining the curvature 
of the energy surface local to the branching point. The 
corresponding situation in the case of multiple branching points is 
not so clear-cut, and SEWELL 1968 (111) addressed the problem of the 
local shape of the energy surface in the vicinity of a multiple 
branching point through the notion of orders of contact.
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The application of the discrete coordinate general theory, coupled 
with the perturbation technique, to a number of problems of 
numerical analysis has been undertaken by THOMPSON and WALKER 1968
(112). Principally this involved large deflection beam-bending 
problems, and comparisons were made between the results from 
continuum, harmonic and Rayleigh-Ritz finite element solutions. In 
essence both the harmonic and finite element techniques were 
Rayleigh-Ritz procedures, but the difference lay in the choice of 
approximating functions. In the harmonic approach the Rayleigh-Ritz 
functions extended over the entire domain of the system under 
consideration, whereas the finite element technique restricted the 
functions to sub-domains of the system.
It became apparent at this stage that the discrete coordinate 
general theory-perturbation approach, although a powerful 
method [WALKER 1969 (113), had demonstrated the efficacy of the 
perturbation method as a general approach to the solution of 
non-linear algebraic equations], suffered from two drawbacks in 
application to practical numerical analysis problems.
The first drawback concerned the fact that the general theory was 
hinged around the use of principal deflection coordinates based on a 
diagonalised quadratic form in the total potential energy. This 
immediately restricted the choice of approximating functions in the 
Rayleigh-Ritz process to those which were orthonormal, otherwise 
numerical provision for diagonalisation into principal coordinates 
had to be provided.
The second drawback was with regard to the perturbation of the 
stability determinant as a means of establishing critical 
equilibria. Although having an intuitive feel about it, this led to 
some rather cumbersome algebra, as could be seen from Reference 
107.
These two drawbacks were overcome in a paper by THOMPSON 1969 (114) 
in which the general theory was reworked without resort to a scheme 
of diagonalisation. In addition, the study of critical equilibrium 
positions was facilitated by the concept of the spiralling
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eigenvector. This was a local set of coordinates, associated with a 
moving eigenvalue problem, which was a function of the perturbation 
parameter. Its application had the advantage over the previous 
approach that only energy derivatives of the ideal system, evaluated 
at the critical branching point, appeared in the imperfection 
sensitivity expressions. Applications of the non-diagonalised 
technique to specific problems of numerical analysis were given 
by THOMPSON and WALKER 1969 (115) and WALKER 1968 (74), 1969 (21).
Use of the spiralling eigenvector also resolved a small anomaly 
which existed in the pattern of solution of the perturbed
equilibrium equations before its introduction. Prior to this, 
evaluation of the mth order path derivative for the ideal system was 
achieved through a contraction process which necessarily included 
the m + 1 th order set of perturbation equations. The additional 
set of equations associated with the spiralling eigenvector and 
imperfect system, however, provided a self-contained contraction
process for the mth order perturbation equations, after application 
of which, the mth order path derivative could be solved for. This 
new contraction process and the resulting improved perturbation 
pattern was discussed more fully by THOMPSON and HUNT 1969 (116), 
1969 (18).
It had been pointed out privately to Thompson and Sewell by Koiter 
that the now conventional static perturbation technique had
drawbacks if the coefficients of the total potential energy function 
varied rapidly with load, or if the approach was applied to a 
compound or near compound branching point. This was discussed fully 
by SEWELL 1969 (117) with reference to Koiter's spherical shell 
paper 1969 (72). THOMPSON 1970 (118), however, proposed a new
branching analysis which was based on deriving, for the imperfect 
system, asymptotic expressions for contours of constant load on the 
equilibrium surface. Stationary points found on the projections of 
these contours onto the imperfection-critical displacement 
coordinate plane then yielded the critical points. The new
technique, although simpler than the conventional perturbation
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approach, reproduced expressions obtained by the latter for the
ideal branching analysis. The imperfection sensitivities for the
distinct bifurcations were shown to be improvements on those 
obtained from the conventional analysis, the solution for the 
symmetric bifurcation being in exact agreement with Koiter's 
continuum expression. The simplicity in the new approach stemmed
from the fact that since the load was held at a constant level, no 
energy derivatives with respect to load entered into the analysis. 
Through bypassing the lowest branching point and potentially 
compound branching points, the problems described by Koiter and 
Sewell could be avoided. However, the new technique appeared to 
depend for it's efficacy on the existence of a dominant 
post-buckling oath in the idealised case.
HO 1971 (119) examined in more detail the differences between the 
imperfection sensitivities obtained from the conventional and new
perturbation techniques as applied to distinct critical points. The 
results obtained from the application of the new analysis
to TSIEN'S problem [1942 (20)] compared very favourably with the
exact results.
Other means for assessing the stability of an equilibrium 
configuration have been investigated by THOMPSON 1970 (120), 1979 
(121). The common theme of these two references was to allow 
stability predictions to be made from inspection of equilibrium 
paths alone. The first reference proposed two fundamental theorems 
pertinent to distinct bifurcation points. The first theorem 
concerned the change of stability undergone by a fundamental path 
upon experiencing a bifurcation point; this change can only occur if 
the fundamental path intersects a second distinct post-buckling 
path. The second theorem was concerned with the stability of the
bifurcation point itself; for the point to be unstable (the,system
snapping dynamically from it) it must be approached by a second 
distinct post-bucklinq path at sub-critical values of load.
The second reference by Thompson concerned the prediction of the 
stability of equilibrium paths which undergo a succession of limit
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points and the following question was raised. Accepting that at the 
first limit point experienced by a path initial stability is lost, 
is stability regained upon encountering a subsequent limit point or 
is the degree of instability increased to two? Furthermore, the 
stability of certain portions of an equilibrium path depend on 
whether the loading is dead, rigid or semi-rigid. Thompson proposed 
a number of theorems for assessing stability based on the slopes of 
the load-corresponding deflection characteristic of the structure. 
Moreover, a knowledge of this in conjunction with that of the 
elastic properties of the testing machine enabled the stability of 
the system under semi-rigid loading conditions to be computed, 
merely by examining the equilibrium paths. Some other relevant 
discussion of the stability of structures and their loading devices 
is to be found in THOMPSON 1961 (122)
It had been apparent for some time that for distinct points of 
bifurcation (at which the system becomes critical with respect to a 
single generalised deflection coordinate) energy derivatives with 
respect to the non-critical coordinates could enter into the 
analysis [see, for example, THOMPSON 1965 (107)]. HUNT 1971 (123) 
showed that a distinct point of bifurcation could be turned into a 
single degree-of-freedom system involving the active (critical! 
displacement alone. This was achieved by means of a formal 
elimination of the passive (non-critical) deflection coordinates 
through the use of a perturbation scheme. Moreover, the normal 
equilibrium and stability conditions, involving first and second 
variations of the total potential energy, still held good for the 
new energy function. Some practical examples of passive coordinate 
elimination are to be found in HUNT 1982 (124).
The foregoing theories have been concerned principally with elastic 
systems which have a single conservative load or series of loads 
which are functions of a single scalar loading parameter. 
HUSEYIN 1970 (125), 1972 (126) has developed a general coordinate 
theory for application to systems which have multiple independent 
conservative loading parameters. This theory is based around an 
extension to the static perturbation technique, known as the multi­
parameter perturbation technique [HUSEYIN 1973 (127)].
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1.4.2 COMPOUND BRANCHING POINTS
Although the basis of the interactive buckling effects in a 
continuum context had been founded by KOITER 1945 (13), the origins 
of discrete coordinate coupling would seem to stem from early 
studies on rigid link-spring models possessing two 
degrees-of“freedom. Such models have been investigated
by STEIN 1959 (128) and AUGUSTI 1964 (129). The purpose of Stein's 
model was to explain the dynamic mode-jumping exhibited in some 
plate buckling experiments.
In both cases the models had two primary branching points lying on a 
trivial fundamental equilibrium path, one corresponding to each of 
the degrees-of-freedom. By suitable arrangement of the spring 
stiffnesses, the two primary critical points could be made to be 
marginally separated or to coalesce completely.
Two types of post-buckling equilibrium path were shown to be 
present. One of these types corresponded to deflection solely in 
either of the two buckling modes, branched from the primary 
bifurcation points, and could be viewed as distinct branching point 
configurations in their own right. The second type involved both 
deflections varying simultaneously. When the primary critical loads 
were separated, secondary bifurcations at which equilibrium paths of 
the first and second type intersected could be shown to exist (see, 
for example, Plate 1.1).
CHILVER 1967 (130) studied the equilibrium configurations of ideal 
two degree-of“freedom systems which had two near-coincident or 
coincident branching points. He used an expansion of the total 
potential energy technique and examined three systems which were the 
result of different symmetry properties of the energy. The first 
system was general, with no special symmetry properties in the total 
potential energy; the second was semi-symmetric, and resulted from a 
total potential energy which was an even-ordered function of one of 
the displacements; and the third was doubly-symmetric in which the 
total potential energy was an even-ordered function of both 
displacement coordinates.
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In the semi-symmetric and doubly-symmetric cases, uncoupled and 
coupled were used to mean whether a particular equilibrium path 
involved variation of a single displacement with load (whilst, the 
other remained zero) or it involved both displacements varying 
simultaneously with the load. It was found that a convenient way of 
examining coupled paths was by means of their projection onto the 
displacement plane. In each of the three cases of symmetry the 
forms that these projections took depended on the 
inter-relationships between certain energy coefficients and the 
magnitude of the separation between the primary branching loads.
The doubly-symmetric system was investigated more closely 
by SUPPLE 1966 (131), 1967 (132), in which the coupled forms were 
delineated for the ideal situation. Depending on the relationship 
between energy coefficients and the primary bifurcation load 
separation, the coupled forms consisted of hyperbolae, ellipses or 
zero ellipses, see Plate 1.1. In all cases the system displayed two
uncoupled paths, a lower (white) and an upper (green), which behaved
as distinct symmetric branching configurations, one in each of the 
degrees-of-freedom. As the two primary branching points coalesced
the elliptical forms (red) collapsed to zero ellipses, whereas the 
hyperbolic forms (red) reverted to their asymptotes. Thus if the 
two primary branching loads were coincident, depending on certain 
energy coefficients, there were either two or four post-buckling 
equilibrium paths bifurcating from the critical point.
With the introduction of two major imperfections into the 
doubly-symmetric system and by qualitative examination of the 
resulting equilibrium paths, SUPPLE 1968 (133) tried to explain the 
major buckle-pattern changes that had been observed by Stein. It 
was shown that these changes could be effected for a system which 
displayed the elliptical type of coupling in the absence of initial
imperfections (see Plate 1.1). Buckle-pattern changes could also be
made to happen for a system which exhibited a hyperbolic coupling, 
but only if imperfections were present. For this latter type of 
coupling - which involved secondary hyperbolic branching from the 
upper uncoupled mode (see Plate 1.1) - a critical imperfection locus
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was defined which specified two groups into which pairs of 
imperfections would fall. The first group led to the overall 
deflection being predominant in one mode of buckling, the second one 
led to a deflection which was comprised mainly of the other mode. 
Thus the final deflected form depended on the arrangement of initial 
imperfections.
SUPPLE 1966 (131), 1969 (134) has also investigated the equilibrium 
path configurations for the semi-symmetric branching system. This 
included the ideal system, and that which resulted from the 
introduction of a major imperfection in the form of the asymmetric 
displacement coordinate. For the ideal system (see Plate 1.2), 
depending on the relationship between energy coefficients and the 
primary branching load separation, the coupled forms consisted of 
hyperbolae (red), ellipses (red) or zero ellipses. In all ideal 
cases the system displayed an uncoupled path which behaved as a 
distinct asymmetric bifurcation configuration (white). Upon 
coalescence of the two primary branching points the elliptical forms 
collapsed to zero ellipses, whereas the hyperbolic forms reverted to 
their asymptotes. Thus if the two branching loads were coincident, 
depending on certain energy coefficients, there were either one or 
three post-buckling equilibrium paths bifurcating from the critical 
point for the ideal system. This result was the same as for the 
general system [CHILVER 1967 (130)], except that no symmetry
properties were evident in the equilibrium configurations for that 
case (see Figure 1.2).
Thus it was clear, at least as far as two-fold branching points were 
concerned, that the number of post-buckling paths emanating from a 
compound branching point was not necessarily equal to the degree of 
instability of that point. The idea that compound branching points 
could act as generators for multiplicities of post-buckling 
equilibrium paths was investigated by CHILVER and JOHNS 1969 (135), 
1969 (136), JOHNS and CHILVER 1971 (137) and JOHNS 1972 (138). They 
derived lower and upper bounds to the number of paths generated at a 
compound branching point, the total potential energy for which 
possessed various symmetry properties. The system concerned had
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M + N degrees of instability at the branching point, and the total 
potential energy was symmetric in M displacement coordinates and 
asymmetric in N. The upper and lower bounds to the number of paths 
generated, excluding the fundamental path, are summarised in Table 
1.1. Thus symmetry was shown to generate more paths, but as pointed 
out by JOHNS 1972 (138) for the completely symmetric system (N = 0), 
that although there was a maximum of (3"^  - l)/2 different paths,
these led (because of the symmetry) to only 2^ - 1 different 
load-corresponding deflection relationships. This is the same 
maximum as that for the number of paths for a completely asymmetric 
system. In these references the authors proposed no theorems for 
the existence of any of the paths over and above the lower bound
num b e r .
SEWELL 1970 (139) has provided a similar analysis of compound
branching points which demonstrates equilibrium path multiplicity, 
but this was achieved through the use of the perturbation
technique. No existence theorems were proposed for these paths, but 
the upper and lower bounds to the path numbers first obtained by 
Chilver and Johns were also acquired.
In addition to the problems of multiple path generation and 
secondary bifurcation occurring for coincident or near-coincident 
branching systems, problems of worsening imperfection sensitivity as 
a direct result of the coupling were noted by the previous 
investigators. Workers thus became interested in the sensitivity of 
two-fold branching points to two major imperfections, one in each of 
the buckling modes.
The imperfection sensitivity of the general system, under the
conditions that the two primary branching loads of the ideal system 
were coincident, has been investigated by JOHNS 1974 (140). In this 
a Taylor series expansion of the total potential energy technique 
was used and algebraic manipulation of the equilibrium and critical 
equilibrium equations carried out. It was not possible to write a 
complete algebraic description of the imperfection sensitivity
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surfaces, because of the complexity of the equations involved. 
However, particular loci on the surfaces were derived exactly and 
these, in conjunction with the general result that any imperfection 
ray through the surface resulted in a half-power law sensitivity, 
enabled Johns to deduce the forms of the complete surfaces. These 
forms depended on whether, in the ideal case, the system exhibited 
one or three post-bucklinq equilibrium paths.
Generally the surfaces were generated as a result of allowing the 
familiar half-power law parabolic sensitivity to rotate about the 
critical load axis, in critical load-imperfect ion space, and 
continuously (or discontinuously) change curvature. The correctness 
of the speculated surfaces in John's paper was not verified by 
examining any numerical examples which demonstrated this form of 
compound bifurcation.
The imperfection sensitivity of the semi-symmetric compound 
branching point has been studied mainly through the use of 
perturbation techniques. THOMPSON and HUNT 1971 (141) demonstrated 
the use of a non-diagonalised formulation, in conjunction with an 
elimination of passive coordinates, applied to an ideal system. 
This was used to derive the equilibrium path configurations of a 
complete spherical shell under uniform external pressure.
Using this technique, enhanced with the facility of the spiralling 
eigenvector, HUNT 1977 (142) was able to derive the complete
imperfection sensitivity of semi-symmetric branching. He defined 
three distinct forms of the surface which could occur, corresponding 
to what were termed: Monoclinal; Homeoclinal and Anticlinal points
of bifurcation. The Monoclinal point of bifurcation was one in 
which only the single uncoupled equilibrium path was oresent in the 
ideal case [see Figure 1.3(a)]. The other two cases corresponded to 
the situation in which the single uncoupled and the two 
symmetrically disposed coupled paths occurred in the absence of 
imperfections. In the Homeoclinal case [see Figure 1.3(c)] all the 
paths fell in the same direction with respect to load, whereas in 
the Anticlinal case [see Figure 1.3(b)] the uncoupled and coupled 
paths fell in opposite directions.
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A partial imperfection study of the same problem, using the 
multi-parameter perturbation technique, had also been carried out 
by HUSEYIN and MANDADI 1977 (143). However, this study was very 
limited and only confirmed results previously obtained
by SUPPLE 1966 (131) and 1969 (134).
The effect on the imperfection sensitivity surfaces of a parameter 
which separates the primary branching loads on the fundamental path 
(called an eigenvalue splitting parameter) has been investigated 
by HUNT et al. 1979 (144), 1979 (145), 1981 (146). In comparing the 
corresponding surfaces for coincidence and near-coincidence, the 
eigenvalue splitting parameter was shown to only gently distort the 
imperfection sensitivity surfaces without producing any fundamental 
topological change in them.
In these references the existence of a further category of 
Semi-symmetric branching was postulated. This type formed a
transition between the Homeoclinal and Anticlinal forms and was 
named the Paraclinal point of bifurcation. In this, for the ideal 
system, the uncoupled equilibrium path was shown to have zero slope 
due to the vanishing of a cubic energy coefficient: this
necessitated the inclusion of a quartic coefficient thereby creating 
an uncoupled path in the form of a symmetric bifurcation, see Figure 
1.4. A more complete discussion of this is to be found in HUNT 1983 
(147) and it has been shown by HUNT and WILLIAMS 1984 (148), 1984 
(149) that more sophisticated perturbation schemes are necessary in 
order to obtain the closed-loop form of coupled configurations which 
ma y  occur in such cases.
To date, there have been no complete imperfection sensitivity 
studies for doubly-symmetric systems, this is the object of this 
Thesis. Partial imperfection studies have been carried out 
by SUPPLE 1966 (131), 1968 (133) using a Taylor series expansion 
technique; and by MANDADI and HUSEYIN 1978 (150), who utilised a 
multi-parameter perturbation scheme. The latter authors in essence 
repeated the results of the former. Some of the literature cited 
earlier, on interactive local and overall buckling, represents
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specific examples of doubly-symmetric systems. The surfaces 
presented by SRIDHARAN 1983 (91), showing the sensitivity of wide 
integrally stiffened panels to local and overall imperfections, are 
particularly significant in this respect.
A more general approach to the problem of the imperfection 
sensitivity of m-fold compound branching points has been adopted 
by HO 1972 (151), 1974 (152). In Reference 151 Ho enhanced a
previous perturbation technique [THOMPSON 1970 (118), for dealing 
with distinct bifurcations] by means of a special coordinate 
transformation which enabled it to cope with cases of compound 
branching. In applying the enhanced technique to m-fold branching 
points (Reference 152) Ho was able to come to a very important
conclusion regarding the effect of the distribution of imperfections 
on the buckling load of such systems. This was that the most
deleterious effect on the buckling of the imperfect system resulted 
from an imperfection vector which caused the natural loading path to 
lie under the ideal post-buckling path with the greatest slope or 
least curvature. Thus, lower bounds to the practical buckling loads 
of m-fold branching points could be estimated, providing the ideal 
path with the greatest slope, or least curvature, could be found
quantitatively.
1.4.3 OPTIMISATION
The occurrence of compound branching points may be as a natural 
consequence of the system under consideration, as in the case of 
thin circular cylindrical or spherical shells, or they may be 
induced willfully.
A process of optimisation may be regarded as maximising the load 
carrying capacity of a system of given volume (hence weight and 
cost) by means of design parameter(s). In the case of systems which 
bifurcate in the ideal case, the optimum critical load must, to a 
certain extent, be sensitive to the design parameter(s) for it to be 
a maximum.
Furthermore, it quite frequently happens that to achieve the optimum 
critical load for the system calls for simultaneity of two, or more
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failure modes. This is the case with, for example, thin walled 
compression members [see, for instance, THOMPSON and LEWIS 1972
(87)] in which arranging the geometry of a cross-section of fixed 
area, such that overall Euler and local flange plate buckling occur 
simultaneously, achieves the largest primary branching load.
THOMPSON 1972 (153) has suggested how this type of optimisation 
process could lead to designs which were liable to exhibit dangerous 
failure characteristics. This point was somewhat disputed 
by COX 1973 (154), who seemed to suggest (incorrectly) that
Thompson's attack was directed towards optimisation generally, 
rather than strictly simultaneous mode design. The dangers were 
emphasised further by THOMPSON and HUNT.1974 (155), in a review 
article, in which a number of examples were given of systems which 
suffered increased imperfection sensitivity as a result of
simultaneous mode design.
An optimisation study of the Augusti model was carried out 
by THOMPSON and SUPPLE 1973 (156). In this a design parameter was 
introduced which apportioned a fixed quantity of stiffness between 
the two springs supporting the rigid rod. At a particular value of 
this parameter the two primary branching loads of the system
coalesced and achieved a maximum. Two major imperfections of equal 
magnitude were included in the analysis (it was felt that this 
combination would result in the worst effect). It was shown that 
the most severe imperfection sensitivity, under these conditions of 
imperfection, occurred when the design parameter was at its optimum 
value.
By the inclusion of a design parameter as a further variable in the 
total potential energy, ROORDA and REIS 1977 (157) studied this type 
of optimisation problem in general terms. They considered two 
critical deqrees-of-freedom and both semi-symmetric and 
doubly-symmetric branching systems. In examining the imperfection 
sensitivity, however, they only considered a single, rather than 
two, major imperfections. Thus only the effects of this and the 
design parameter appeared in the sensitivity expressions.
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These authors have also demonstrated that the type of coupling 
occurring at doubly-symmetric compound points affects whether Or not 
worsened imperfection sensitivity is to be anticipated under 
conditions of primary branching load coincidence [REIS and 
ROORDA 1979 (158)]. In order to verify the theoretical predictions, 
experimental results were cited, amongst which were those from tests 
on a pin-jointed triangular frame constructed from two high tensile 
steel strips. Imperfections were introduced through controlled 
eccentricity of support reactions and the design parameter was 
taken as the distance between the two pin supports at the base of 
the triangle. When the distance between the supports was a 
particular length, the two Euler loads of the strips occurred 
simultaneously. From the experimental results given, this model 
appeared to have much the same sensitivity to imperfections at 
primary buckling load coincidence as when the loads were well 
separated.
There are valuable contributions to be made to the understanding of 
compound branching points from optimisation studies of this sort. 
First, they provide further examples of compound branching points of 
the semi- and doubly-symmetric types. Associated with these studies 
are imperfection sensitivity assessments. Unfortunately in most 
systems considered, only limited imperfection investigations were 
carried out, i.e. the authors were deriving only a limited number of 
loci on the imoerfection sensitivity surface. Second, these studies 
demonstrate that the role of the design parameter(s) is the same as 
that of an eigenvalue splitting parameter.
1.4.4 STOCHASTIC APPROACHES
A statistical approach has also been taken in general theory 
examinations of bifurcation problems. The reason for this is that, 
in practice, the precise magnitude of a particular imperfection or 
imperfections in a given structure may not be known. However, from 
a number of imperfection measurements on a quantity of structures 
which are nominally the same, a probability distribution function 
for the magnitude of the imperfection could be constructed. It
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would follow that the buckling load of the system must conform to
some corresponding probability density function.
Varying degrees of statistical sophistication have been used in
these type of approaches. See, for example, THOMPSON 1967
(159), ROORDA 1969 (160), HANSEN and ROORDA 1974 (161), BOYCE 1961
(162). FRASER and BUDIANSKY 1969 (163), AMAZIGO et ai. 1970
(164), AMAZIGO 1971 (165) and ROORDA 1974 (166).
Generally, in order to construct the probability density function of 
the buckling load of the structure from a known probability density
function of the imperfection, a deterministic imperfection
sensitivity must be known. That is, the 1/2 and 2/3 power law
imperfection sensitivities must be known before the statistical 
techniques can be applied. The same, presumably, would be true for 
compound branching points.
1.5 CATASTROPHE THEORY - BIFURCATION THEORY
1.5.1 CATASTROPHE THEORY AND BIFURCATION THEORY
One may regard the solution of the sorts of problems described 
previously as being approached from two complementary directions.
First, elastic stability theorists are aiming to understand the 
non-linear buckling of elastic structures under conservative 
loading. Second, Bifurcation and Catastrophe theorists have a view 
to establishing a complete behavioural picture of the solutions to a 
system of equations of many variables. If, in the second case, the 
set of equations under consideration are those that define the 
equilibria of a gradient system, then the two areas of study overlap 
completely.
Bifurcation Theory and Catastrophe Theory have their origins in pure 
mathematics. Bifurcation Theory is the elder of the two disciplines 
and evolved from the study of the solutions of differential 
equations, e.g. POINCARE 18R5 (95). Catastrophe Theory is younger
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than Bifurcation Theory, is based on topology, and has for its roots 
the fundamental studies of THOM 1975 (167). Both disciplines are in 
essence qualitative insofar as the general form of solutions is 
sought. Both are oriented towards classification in the sense that 
the changes in form of those solutions as a result of changes in 
control parameters are studied. The classification of solutions 
hopefully results in a limited number of structurally stable forms. 
Here the term structurally stable has a topological meaning: it
means that the form persists under a slight perturbation.
The theories are generally concerned with studying and predicting 
the evolution of forms in space and time that undergo morphogenesis, 
i.e. forms that are not necessarily smooth with respect to initial 
conditions and/or time. Thus discontinuous changes, which 
frequently arise in continuous systems, are described 
mathematically.
In this context, the theories involve the study of the solutions to 
a system of equations derived from a smooth continuous function V of 
a number of state variables x j , X2, .. ., Xp say, and a number of
control variables a, b, c . ..  The set of equations represents the
equilibria of some mechanical system whose total potential energy is 
a scalar function V. The equations in question are derived from 
Grad. V (with respect to the state variables) = 0. The point of
interest is in the change in the pattern of critical points oh the 
equilibria as the control variables change continuously. This is
because these latter quantities dictate whether a change in state is
continuous or discontinuous.
Of direct interest will be the catastrophe or bifurcation set, for 
which the Hessian of V (with respect to the state variables) = 0. 
It is this which demarcates regions of different arrangements of 
critical points on the equilibria and plays a key role in the 
description of the discontinuous behaviour of the system. It is the 
locus of the catastrophe set in control space which is of most
importance.
The mathematical (as opposed to engineering) literature devoted to 
Catastrophe Theory and Bifurcation Theory is extensive. Much of it
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does not lend itself to study by other than pure mathematicians or 
topologists. Hence it is felt that an exhaustive review of this 
literature is not appropriate, or indeed possible, here. Some key 
references are mentioned below however.
Introductions to the elementary catastrophes of THOM 1975 (167) are 
to be found in CHILLINGWORTH 1975 (168) and ZEEMAN 1976 (169). A 
collection of mechanical examples has been given by SEWELL 1976 
(170), 1978 (171), This collection includes Zeeman's famous
catastrophe machine (which neatly illustrates the phenomenon of 
mode-jumping discussed later), plus a number of engineering 
examples.
Very accessible textbooks on Catastrophe Theory, directed at 
non-specialist readers, have been written by POSTON and STEWART 1978 
(172) and GILMORE 1981 (173) along with a lengthy article
by GOLUBITSKY 1978 (174). These introduce the important Inverse and 
Implicit function Theorems, the Morse and Splitting lemmas and the 
vital concepts of Structural Stability and Transversality and the 
key role these play in Catastrophe Theory. Moreover, numerous 
examples of applications to the physical sciences and engineering 
are given.
However, Catastrophe Theory relies for its application on coordinate 
transformations which may be non-linear and involve control and 
state variables. Normally, the Catastrophe theorist would not 
discriminate between the controls and state variables and coordinate 
transformations would allow free mixing between them. GOLUBITSKY and 
SCHAEFFER 1979 (183), 1979 (184) have sounded a warning regarding 
this point. They examined the familiar system of rigid rods and 
torsional spring which is an analogue of Euler buckling. It is 
well-known that this system exhibits a super-critical cusp 
catastrophe, the two controls being: destabilising load and a
suitable imperfection. The authors pointed out that two tvpes of 
imperfection may be introduced: a lateral load; or an initial
out-of-straightness.
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When the two imperfections acted independently, the expected 
perturbed pitchfork equilibria and cusp catastrophe were obtained. 
If, however, both types of imperfection acted together, then the 
pattern of equilibria was quite different. The natural loading path 
exhibited some hysteresis upon quasi-static loading. (It may be 
argued that, in the presence of the two imperfections, the model was 
an analogue of a shallow prestressed arch rather than an Euler 
strut. This would account for the limit point behaviour, but 
the distinction between the two systems is not sharp.)
The authors then demonstrated that by means of two suitable 
coordinate transformations (one was non-linear and involved both the 
lateral and destabilising loads; the other was linear and involved 
the lateral load and displacement) the lateral load imoerfection 
could be converted into an initial out-of-straightness 
imperfection. Thus the cusp catastrophe was recovered but the 
hysteresis behaviour was lost. The conclusion from this was that it 
is important to regard one of the control variables as distinct in 
perturbing bifurcation problems, and the whole of the theory in 
Reference 184 is based around this restriction.
This is an obvious restraint from an engineering point-of-view in 
which it would be regarded as unhelpful to mix destabilising load
with displacement or with non-stabilising load in a transformation 
of coordinates. More discussion of this point is taken up in the 
next section.
This new Bifurcation Theory was subsequently applied to a number of 
problems by GOLUBITSKY and SCHAEFFER 1979 (185). In this context 
the authors were less interested in the bifurcation set and more in 
classifying all the possible forms of equilibria that might occur. 
They also distinguished between what were termed modal parameters 
and non-modal parameters. The former occur in multiole branching
point problems and in essence describe the type of coupling that
might occur in the ideal case, and the latter are the imperfection
and eigenvalue splitting parameters.
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1.5.2 OVERLAP BETWEEN CATASTROPHE THEORY AND ELASTIC STABILITY 
THEORY
The recognition of the overlap between elastic stability and 
Catastrophe Theory has spawned a large amount of literature devoted 
to associating engineering problems with catastrophes. From a 
purely engineering point-of-view, the association of the two 
disciplines may be regarded as a hierarchy of usefulness of 
Catastrophe Theory in advancing engineering knowledge. Thus, the 
association may run from havinq solved an engineering problem and 
recognising the solution as a catastrophe (fairly low in the 
hierarchy), to the application of Catastrophe Theory, or it's 
concepts, to an actual engineering problem in order to solve it 
(fairly high in the hierarchy). Moreover, the question arises that, 
if a problem is to be defined in terms of a catastrophe, does this 
provide an adequate description of the phenomenon for engineering 
purposes (vis-a-vis the fact that Catastrophe Theorists may mix 
variables as described previously)?
Notable first steps in this association were taken by THOMPSON and 
HUNT 1975 (186) to correlate their general theory with Catastrophe 
Theory. They pointed out the relationships between: the distinct
limit point, the distinct asymmetric point of bifurcation and the 
fold catastrophe. The imperfection sensitivity surfaces derived 
by HUNT 1977 (142) were shown to correspond to catastrophes in the 
following way. Both the Monoclinal and Homeoclinal were examples of 
the Hyperbolic Umbilic Catastrophe, whereas the Anticlinal 
corresponded to the Elliptic Umbilic Catastrophe. In all these 
cases the destabilising load and the two imperfections were 
recognised as appropriate controls.
HUNT et al. 1979 (144), 1979 (145), 1981 (146) confirmed that the 
catastrophes that stemmed from the semi-symmetric branching point 
were structurally stable. This was achieved through the use of an 
eigenvalue splitting parameter as a fourth control. It was shown 
that the extra parameter only gently distorted the surfaces without 
fundamental change in their topology.
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HUSEYIN 1977 (187) has also correlated his general multi-parameter 
theory of elastic stability 1975 (188) to Catastrophe Theory.
The doubly-symmetric system corresponds to the Double Cusp 
Catastrophe [POSTON and STEWART 1978 (172)] the mathematics of which 
is extremely complex, and not yet fully understood. More discussion 
of this can be found in the section on plate post-buckling which 
follows, in 1.7.
A simple guyed cantilever model, of the type used to elucidate 
engineering problems, has been used by THOMPSON and CASPAR 1977 
(189) to generate the complete sequence of the Umbilic Catastrophes 
as represented by the semi-symmetric branching points. The model 
consisted of a rigid link, smoothly hinged at its base, restrained 
by three extensional springs radiating from its top. One spring was 
kept fixed and varying the relative positions of the remaining 
springs, whilst adjusting the relative spring stiffnesses, enabled 
the sequence of Umbilics to be traced through Zeeman's Umbilic 
Bracelet [see Reference 172].
It is clear from Reference 186, that although topologically similar 
from the Catastrophe Theorist's viewpoint, the Monoclinal and 
Homeoclinal points of bifurcation are, by virtue of the form of 
their equilibria, different from the engineering standpoint. Thus 
as suggested in THOMPSON 1979 (191), this would indicate that a 
finer subdivision of the Catastrophes would be necessary for correct 
engineering interpretation. HANSEN 1977 (192), for example, has 
suggested that a further sub-division into two of the Homeoclinal 
point of bifurcation (depending on whether the system first loses 
its stability at a bifurcation or limit point) is necessary. This 
discussion is taken up by SAMUELS 1979 (193) who provided a
refinement of the Umbilic Bracelet of Zeeman. This was to include 
the demarcation between the two sub-divisions of the Homeoclinal, 
suggested in Reference 192, referred to as the Hill-top branching 
point. Furthermore, the role of the transition semi-symmetric 
branching point that lies between the Homeoclinal and Anticlinal 
points of bifurcation was incorporated into the bracelet. This type
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of point is referred to as the Paraclinal branching point by the
elastic stability theorists and corresponds to the Parabolic Umbilic 
Catastrophe [see HUNT 1983 (147) and HUNT and WILLIAMS 1984 (148), 
1984 (149)].
The whole question of engineering classification of catastrophes has 
been fully discussed by THOMPSON et al. 1978 (195). They argued
that the route through the catastrophe in control space taken by the
destabilising load governs its engineering subclassification. In 
addition, it may be essential from an engineering viewpoint to
always include destabilising load as a control even though it may 
not be necessary from a topological stance. An example of this is 
the fold catastrophe, which may be regarded either as a limit point 
or a distinct asymmetric bifurcation point. Although the fold 
topologically only requires one control, the bifurcation requires 
two for engineering purposes.
Thompson et al. also derived in detail the imperfection 
sensitivities of the Hill-top and Paraclinal branching points. The 
former was shown to result from a coalescence of the two sheets of 7  
the Hyperbolic Umbilic Catastrophe. The authors argued that, unlike 
the other semi-symmetric branching points, these latter two were 
topologically unstable.
The Hill-top branching point would be fully unfolded if load was 
dropped as a control and an eigenvalue splitting parameter 
introduced instead. The result of this, however, would be a loss of 
engineering significance, because the resulting catastrophe surface 
would no longer indicate imperfection sensitivity.
The Paraclinal point of bifurcation corresponds to the Parabolic 
Umbilic Catastrophe and as such, for a full unfolding, requires an 
additional quartic displacement term (absent in Reference 195) in 
the generating potential and a fourth control [see, HUNT 1983 (147) 
and HUNT and WILLIAMS 1984 (148), 1984 (149)]. For the latter an 
eigenvalue splitting parameter or an additional load would be 
suitable.
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The list of mechanical examples of the elementary catastrophes is 
now approaching completion. A further recent example of the Cusp 
Catastrophe has been given by STUMPF 1984 (196). This consisted of 
a thin shallow circular panel hinqed-supported along it's straight 
edges and loaded by a uniform in plane edge stress on the Qurved
edges. The panel also supported an eccentrically positioned lateral 
point load. The Swallowtail and Butterfly Catastrophes were shown 
to occur for an axially loaded strut on a non-linear elastic 
foundation by HUI and HANSEN 1980 (197). A further example of a
Butterfly has been given by THEOCARIS 1984 (198): this consisted of
a cantilever beam, supplemented with non-linear elements, subjected 
to axial and normal loadings.
Two examples of the Parabolic Umbilic Catastrophe have been
presented by HUI and HANSEN 1980 (199), 1981 (200). The one in
Reference 199 was an infinite plate on a non-linear elastic 
foundation. A two mode Rayleigh-Ritz type of non-linear buckling 
analysis was employed along with geometric imperfections in the form 
of the buckling modes. It should be noted, however, that in this 
and in Reference 198, in changing the total potential energy 
expressions into the standard catastrophe forms, transformations of 
coordinates were used which involved mixing of the various distinct 
controls and state variables.
The second example, given in Reference 200, was a two-mode 
Rayleigh-Ritz analysis of a spherical shell with two initial
geometric imperfections. In addition to the two imperfections and a 
uniform external pressure as controls, the fourth control was taken 
as the amplitude of a spatially varying pressure. In both 
References 199 and 200, the significance of the additional quartic 
displacement term in the total potential energy was clearly 
demonstrated. It's inclusion could have a marked effect on the
imperfection sensitivity of the systems considered: from a normal
engineering point of view it would be neglected as a higher-order 
term.
The Hill-top branching point, see Figure 1.4, has been shown to
occur in the stressing of a close-packed atomic lattice by THOMPSON 
and SHORROCK 1975 (201).
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A summary of the Elementary Catastrophes, their generating
potentials in Catastrophe Theory terms, and engineerinq
classification is summarised in Table 1.2.
1.6 STRUT ON AN ELASTIC FOUNDATION
1.6.1 TYPES OF FOUNDATION MODEL
Various types of mathematical models have been suggested to simulate 
the force-displacement response of foundations.
The simplest has been suggested by WINKLER 1867 (204). This
consists of a large number of independent springs, which are closely 
spaced enough to be regarded as providing a continuous distribution 
of reactive pressure when deflected. The force-displacement 
relationship for each spring is taken as linear, which results in a 
reactive pressure at a point on the foundation which is directly 
proportional to the deflection at that point.
Other foundation models introduced some form of shear response, in 
addition to the reactive pressure, into the foundation. For 
example PASTERNAK 1954 (205) modified the Winkler foundation by
adding to the free ends of the springs a layer which deforms in 
shear only. WIEGHARDT'S 1922 (206) foundation had a reactive
pressure versus displacement response which was derived from an 
exponential function having two elastic constants which were related 
to deflection and shear deflection [see also YLINEN and MIKKOLA 1967 
(208)].
More sophisticated foundation models have been proposed to overcome 
the shortcomings of the above models, for example KERR 1965 (209); 
and to deal with time-dependent properties of foundations, for 
example, KERR 1961 (210).
Extensive reviews of the foundation types, and their use in 
problems, have been provided by KERR 1964 (207) and HETENYI 1946 
(211) [his classic textbook on the subject], 1966 (212).
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Non-linear elastic foundations have been used in certain specific 
applications [for examples, see the references cited in 1.6.3], 
Generally, these foundation models have been of the closely spaced 
independent spring type. However, the force-displacement 
relationship for each spring was taken as non-linear, resulting in a 
reactive pressure at a point on the foundation which was a 
polynomial function of the displacement at that point. These will 
be referred to subsequently as a non-linear Winkler foundation.
1.6.2 LINEAR BRANCHING STUDIES
A number of investigations have been carried out to find the
branching loads of axially compressed ideal struts on elastic 
foundations. Generally, the approaches used have been energy 
(involving guadratic and below out-of-straight displacement terms) 
or adjacent equilibrium. These studies were, naturally, confined to 
foundations which had a linear relationship between reactive
pressure and displacement and fall into two categories: (i) finite
length struts; and (ii) infinite length struts.
Finite-length pin-ended struts on a Winkler-type elastic foundation 
have been studied by TIMOSHENKO and GERE 1961 (16). Solutions for 
the same problem, but with fixed-free end conditions have been found 
by TEODORESCU 1981 (213) and for arbitrary end conditions
by SUNDARARAJAN 1974 (214).
Pin-ended finite-length struts have been considered by SMITH 1969 
(215) and MURTHY and SHERBOURNE 1971 (216), in which the foundation 
was the Wieghardt-type. Both of these analyses included the effect 
of shear on the curvature of the deformed centre-line of the strut 
in arriving at the differential equation governing lateral
deflection of the strut. The result of this effect was that the
cross-section of the strut governed the deflected shape which the 
strut displayed upon buckling. The additional term in the reactive 
pressure exerted by the Wieghardt foundation served to increase the 
buckling load of the strut from the corresponding value which would 
occur when a Winkler foundation was present.
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Infinite length columns have been investigated by MURTHY 1973 (218), 
1973 (219) and KERR 1969 (220). The foundation models used were: 
two and three-dimensional Pasternak-types; two-dimensional plane 
stress elastic continuum and three-dimensional elastic continuum.
Generally, the presence of the elastic foundation has two effects on 
the branching behaviour of ideal struts.
The first effect is to increase the buckling load. Some authors 
refer to this as "stabilising" the strut. This is misleading 
because the effect of the foundation on the stability of the 
branching point may be to change it from a stable bifurcation to an 
unstable bifurcation. However, as shown by TARNAI 1980 (221), the 
effect of a restraint on the buckling deflections of a system will 
always be to increase the system's buckling load.
The second effect is that the mode into which the strut will buckle 
is dependent on the elastic properties of the foundation. The 
consequence of this is that two-fold branching points will be 
created for certain foundation properties. These types of branching 
points must be investigated using a non-linear analysis.
1.6.3 NON-LINEAR BRANCHING STUDIES; DISTINCT BIFURCATIONS 
LEKKERKERKER 1962 (222) has provided a non-linear branching analysis 
of an ideal finite-length pin-ended strut on a Winkler-type 
foundation. The analysis used a continuum approach. The system was 
found to be of the symmetric branching type. For most values of 
foundation stiffness the path which branched from the bifurcation 
point was unstable, i.e. it curved downwards with respect to load. 
There were, however, two very small ranges of foundation stiffness, 
within which buckling into one and two half-waves along the strut 
occurred, for which the bifurcation point and branching path were 
stable.
THOMPSON and HUNT 1973 (11) and EL NASCHIE 1974 (223) used general 
branching analysis for the same problem as Lekkerkerker. Thompson 
and Hunt, however, included in the analysis an initial imperfection 
which took the form of a small lateral point load applied at the
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midpoint of the strut. This enabled the expected 2/3 power law 
imperfection sensitivity corresponding to the unstable points of 
bifurcation to be derived, but only for those foundation stiffnesses 
which led to the buckled form of the strut to consist of an odd 
number of half-waves along the length.
Studies of finite and infinite length columns on non-linear 
Winkler-type elastic foundations have been made by FRASER and 
BUDIANSKY 1969 (163), AMAZIGO et al. 1970 (164), AMAZIGO 1971 (165) 
and AMAZIGO and FRANK 1973 (224). Generally, if the reactive
pressure of the foundation included terms which were linear and 
quadratic in the lateral dispacement, then the strut exhibited an 
asymmetric point of bifurcation. In fact, the non-linearity in the 
foundation was considered to be "strong" enough by these authors to 
ignore, in formulating the governing differential equations, any 
geometric non-linearity arising from large elastic lateral 
deflections of the strut. This is in contrast with the studies 
involving linear Winkler foundations, mentioned above, in which 
exact expressions for strut centreline curvature have to be included 
to achieve the desired non-linearity.
The interdependence between the elastic foundation non-linearity and 
the geometric non-linearity resulting from large elastic lateral 
deflection of the strut was explained clearly by HANSEN and 
ROORDA 1973 (225). This analysis considered a pin-ended
finite-length strut on a non-linear Winkler-type foundation. 
Geometric non-linearity of the strut was incorporated into the 
formulation, and the foundation reactive pressure included terms 
which were linear, quadratic and cubic in the lateral displacement. 
Broadly, the conclusions from this study were as follows.
If the quadratic term in the reactive pressure was non-zero, the 
ideal system exhibited an asymmetric point of bifurcation. The 
expected 1/2 power law imperfection sensitivity was found, but this 
sensitivity was not affected by the cubic displacement term in the 
reactive pressure.
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If, however, the quadratic term in the reactive pressure was zero, 
the results of Lekkerkerker, and Thompson and Hunt (see above) were 
retrieved and the influence of the cubic term in the reactive 
pressure was negligible. The 2/3 power law imperfection sensitivity 
in this case was influenced mainly by the linear term in the 
reactive pressure and the geometric non-linearity of the strut.
Thus, although the foundation increases the branching load of the 
ideal system from that for a strut with no foundation, there is a 
very high probability that the bifurcation point becomes unstable. 
This will render the strut imperfection sensitive.
1.6.4 NON-LINEAR BRANCHING STUDIES: TWO-FOLD BRANCHING POINTS
HANSEN 1977 (192) has studied the ideal branching and imperfection 
sensitivity of a finite-length pin-ended strut which Is supported 
laterally by a non-linear Winkler-type foundation. The reactive 
pressure included linear and quadratic terms in the lateral 
displacement. A two-mode analysis was carried out for the two-fold 
branching points which occur at particular values of foundation 
stiffness. By manipulation of the elastic properties of the 
foundation, it was possible for the system to demonstrate all the 
different semi-symmetric branching forms. With the introduction of 
two major imperfections, the portions of the imperfection 
sensitivity surfaces which corresponded to critical points which 
occur on the natural loading paths were derived numerically. These 
formed parts of the Hyperbolic and Elliptic Umbilic Catastrophes, as 
mentioned in 1.5.2.
A limited investigation of a finite-length pin-ended strut on a 
linear Winkler-type elastic foundation has been reported by MANDADI 
and HUSEYIN 1978 (150). The formulation included the geometric 
non-linearity due to large deflections of the strut centreline. 
Unfortunately, only one particular two-fold branching point was 
investigated. In the ideal case, this point corresponded to 
simultaneous buckling in one and two half-wave deflected forms and 
was shown to be of the doubly-symmetric type. The imperfection 
sensitivity study was also incomplete because only one major
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imperfection at a time was introduced into the analysis and no 
attempt was made to find the effects of both imperfections acting 
tog e t h e r .
1.7 POST-BUCKLING OF THIN RECTANGULAR PLATES
1.7.1 LINEAR AND NON-LINEAR, NON-COUPLING STUDIES
Linear studies of bi-axially loaded plates have been carried out 
by BRYAN 1891 (229) and PRZEMIENIECKI 1955 (230), producing the
familiar garland-type curves of buckling stress coefficient versus 
plate aspect ratio. However, as pointed out by HARRIS 1975 (231), 
in an analysis of orthotropic plates, it is important to distinguish 
between two types of in-plane loading:
(i) constant preload, in which one edge loading is held constant 
whilst the orthogonal one is varied 
(ii) proportional loading, in which both edge loads vary 
simultaneously, in constant proportion to each other.
The resulting garland curves will differ according to the type of
loading.
It is worthwhile noting that, in ideal linear studies, in-plane 
displacement boundary conditions have no effect on initial buckling 
stresses, providing those conditions do not induce any additional 
edge-stresses in the pre-buckling range. Post-buckling behaviour 
will be affected by such conditions however.
Significant non-linear studies have been provided by LEVY 1942 
(232), COAN 1951 (233), STEIN 1959 (234) and YAMAKI 1959 (235), 1950 
(236), 1961 (237).
Levy studied initially perfect plates, employing double Fourier
series in the out-of-plane deflection, stress function and normal 
pressure in an "exact" solution of the von Karman equations. Both 
the loaded and unloaded edges of the plate were free to translate, 
but constrained to remain straight and parallel.
Coan extended this work to include the effects of initial
imperfections and unloaded edges free to wave in-plane, conditions
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on the loaded edges being the same as Levy's. Stress free unloaded 
edges were achieved by an additional stress function, in a series 
form, involving hyperbolic functions. The total out-of-plane and 
initial deflection double series involved sums of symmetric 
trigonometric terms only, thus precluding any discussion of 
deflected forms which include anti-symmetric terms.
Only square plates were considered in numerical detail by Coan and a 
three term series was taken for the total out-of-plane deflection. 
These terms corresponded to: a single half-wave both parallel to
and normal to the loading direction; a single half-wave parallel to 
and three half-waves normal to the loading direction and three 
half-waves parallel to and a single half-wave normal to the loading 
direction. The three half-wave terms accounted for the flattening 
of the buckles of the plate in the far post-buckling range. A 
single term was taken for the initial deflection, which was the same 
as the first term of the total deflection series.
Stein considered initially perfect plates under the same boundary 
conditions as Levy's, but solved the von Karman equations by means 
of a perturbation procedure. This involved firstly writing the u, v 
and w displacements as power series in a perturbation parameter. 
The series were then substituted into the von Karman equations and 
the requirement that each coefficient in the power series must 
vanish, led to an infinite set of linear differential equations. By 
successive solution of these, the coefficients of the series for the 
displacements were built-up. Stein ceased calculations after the 
third pair in the infinite set. The first pair were, in effect, the 
linear equations governing buckling and led to the buckling loads 
and modes. Succeding pairs of equations yielded first, second etc. 
approximations to the post-buckling. The first approximation was 
equivalent to solving the von Karman equations assuming only the 
buckling mode was present in the deflected shape of the pi ate,,i.e. 
the initial post-buckling. Flattening of the buckles in the far 
post-buckling region, was allowed for by the second approximation, 
which in effect, included shorter wavelength symmetric modes in the 
deflected form. Stein presented load versus end-shortening curves
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for plates of different aspect ratios, including infinitely long. 
The significant thing from these is that the second approximation 
deviates significantly from the first only for loads in excess of 
about 1.5 times the first critical load. Furthermore, the 
out-of-plane deflections which emerged from the analysis, did not 
allow for interaction between symmetric and anti-symmetric wave 
forms, and since initial deflections were not included, major 
changes of buckle-pattern were not investigated.
The same author has reported, however, violent changes in waveform 
in a controlled shortening experiment on an aluminium alloy multibay 
panel. Each bay ostensibly had boundary conditions the same as 
modelled by the theoretical analysis, although in practice 
conditions on the loaded edges approached clamped support. The 
aspect ratio of a single bay was 5.38 and it is important to note 
that compound branching in five and six half-waves, in a direction 
parallel to that of the shortening, should occur at an aspect ratio 
of 5.48. There were, in the experiment, successive violent changes 
in buckle-pattern from five to six to seven to eight half-waves as 
shortening progressed. The first change occurred whilst the
corresponding end load was greater than 1.0 but less than 2.0 times 
the first critical load of the ideal plate. Furthermore, it was 
found that plasticity occurred in the plate for end shortening 
corresponding to load in excess of twice the first critical value 
for the ideal plate. Thus the first waveform change occurred
elastically.
Levy, Coan and Stein investigated simply-supported plates 
only, YAMAKI 1959 (235), 1960 (236) studied a variety of boundary
conditions. The additional and initial deflections were expressed 
as double trigonometric series appropriate to the boundary 
conditions and the von Karman equations were solved using a Galerkin 
integral technique. In the cases where the loaded edges were
simply-supported, provision was made in the deflection series for 
both symmetric and anti-symmetric forms, although mode-jumping was 
not subsequently investigated.
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Numerical results for the square plates were obtained, and of the 
cases considered those corresponding to all edges simply-supported 
are the most relevant here. For the initial deflection Yamaki took 
exactly the same form as Coan, whereas for the additional deflection 
he took Coan's series plus the addition of a fourth term involving 
three half-waves both parallel to and normal to the loading
direction. Yamaki's tabulated results for all edges
simply-supported and unloaded edges constrained to remain straight 
and parallel enables a quantitative assessment to be made of the 
contributions of each of the four terms in the additional deflection 
series to the overall central deflection. This is done in Figure 
1.6 where the coefficients of the additional deflection series have 
been normalised by dividing each by
{bjLi^ + bi3^  + bai^ Each normalised coefficient is
plotted against applied load as a proportion of the critical load of 
the ideal plate. For this example it can be seen that the buckle 
flattening terms, involving three half-waves, do not make a
significant contribution to the overall deflection until 
post-buckling is fairly well advanced. Thus for initial 
post-buckling, with the load less than about 1.5 times the critical 
value for the ideal plate, a description of the deflected form 
involving only the buckling mode (Stein's first approximation) would 
seem to be fairly accurate.
YAMAKI 1961 (237) has also carried out tests on square aluminium 
plates in which the boundary conditions of simple and clamped 
support have been modelled by single and double pairs of knife edges 
respectively. The unloaded edges of the plates were free to slide 
between the knife-edges, and the free-to-wave in-plane theoretical 
boundary conditions were deemed appropriate. It was found that the 
theoretical and experimental results were in good agreement for 
cases where the loaded edges were clamped. Discrepancies were 
observed, however, for the cases where the loaded edges were 
presumed to be simply-supported. These were attributed to the 
knife-edges restraining free rotation at the loaded ends, this 
hypothesis being supported by the presence of appreciable bending 
strains near the knife-edge supports at the loaded ends of the 
plate. No dynamic buckle-pattern changes were reported from these 
experiments.
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WALKER 1969 (238) has also studied, theoretically, simply-supported 
initially imperfect square plates, adopting the same series for 
initial and total out-of-plane deflections as Coan. The novelty in 
this approach was in the perturbation procedure [see WALKER 1969 
(113)] applied to solving the non-linear algebraic equilibrium 
equations which resulted from the application of the Galerkin 
technique to the von Karman equations. The versatility of the 
procedure enabled Walker to investigate a series of imperfections 
rather than just a single one. The unloaded edges of the plate were 
taken as free to translate and either constrained to remain straight 
and parallel or free to wave in-plane. Not unnaturally the 
load-central deflection and load-shortening relationships agree 
exactly with the results of Coan, Stein and Levy for the same 
imperfection.
In conclusion to this subsection the following points can be made 
regarding the foregoing literature:
1 The theoretical analyses included short wavelength displacement 
terms in the out-of-plane deflection. This enabled the 
flattening of buckles, which occurs in the far post-buckled 
range, to be modelled.
2 Generally, there was no provision in the analyses for the 
symmetric and anti-s.vmmmetric out-of-plane deflections to occur 
together, thus interactions between them were not investigated.
3 The analyses for the imperfect plates were concerned solely with 
the calculation of the plates' natural loading paths. The 
complementary paths, known to exist in elastic stability 
problems, were not found.
4 With the exception of WALKER 1969 (238) either only perfect 
plates, or those with a single value of initial imperfection, 
were considered.
5 The ideal plates buckled at stable symmetric points of 
bifurcation.
1.7.2 MODAL COUPLING STUDIES
HLAVACEK 1962 (239) appears to have been the first investigator to 
study the post-buckling of plates with regard to interaction between
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symmetric and anti-symmetric modes of deflection. He considered 
simply-supported boundary conditions with the unloaded edges free to 
translate and constrained to remain straight and parallel or free to 
wave in-plane. Only plates of aspect ratio two were considered. A 
Rayleigh-Ritz energy approach, involving both bending and membrane 
strain energies to achieve the non-linearity, was used. For 
additional out-of-plane displacement functions Hlavacek took linear 
combinations of either one and two half-waves or two and three 
half-waves in a direction parallel to the loading. Initial
deflections were taken as either one half-wave or a linear
combination of one and two half-waves in the loaded direction for 
the first case; and for the second case, three half-waves or a 
linear combination of the two and three half-waves. Although plots 
of equilibrium paths for a number of imperfection combinations were 
given, the variation of all equilibrium paths (natural, as well as
complementary) for a full range of the two imperfections present in
each case was not investigated.
SUPPLE and CHILVER 1967 (240), in a review article, discussed the 
changes of waveform of plates in the post-buckling range. They 
defined two types of change that can occur:
(i) MINOR, which are changes that are brought on gradually as 
loading or end shortening progresses, an example being the 
flattening of buckles in the far post-buckling range
(ii) MAJOR, which involves a change from a form predominantly in say 
N half-waves, to one in N + 1 half-waves, i.e. interaction 
involving both symmetric and anti- symmetric deflection 
patterns, with a change in the number of buckles occurring.
However, an important point not made by these authors regarding 
major changes, is that one ought to distinguish between statically 
continuous and discontinuous changes. The former involve smooth 
modification as loading or end-shortening progresses; the latter are 
achieved by means of a dynamic snap or jump, i.e. through a loss of 
stability.
Minor changes have been indicated in the previous subsection. Major 
continuous changes are to be found in Hlavacek's diagrams and are
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brought about through imperfections. Major discontinuous changes 
occurred in Stein's exoeriments. Earlier, STEIN 1959 (128) had
proposed a rigid-1ink-spring model which attempted to explain major 
discontinuous changes observed in plate post-buckling behaviour. 
This model possessed an equilibrium path which formed a closed 
unstable transition between purely symmetric and purely 
anti-symmetric modes of deformation (see Plate 1.1). Thus upon 
loading, or controlled end-shortening, the model would buckle 
initially into a purely symmetric form, upon encountering the 
bifurcation with the transition path it would snap dynamically to 
the nearest stable equilibrium position, which would be the purely 
anti-symmetric form. Importantly, the jumping mechanism occurred in 
the absence of initial imperfections.
SUPPLE 1970 (241) investigated simply-supported rectangular plates, 
with unloaded edges free to translate but constrained to remain 
straight and parallel. His approach was more general than that of 
Hlavacek's because the aspect ratio of the plate and the ‘ two 
half-wave forms in the initial and total out-of-plane deflection 
series were retained as variables. This enabled a variety of aspect 
ratios to be investigated if desired. Supple concluded that in the 
ideal case, the coupled equilibrium path always took the form of a 
hyperbola branching from an upper uncoupled path (see Plate 1.1), 
thus major changes of buckle-pattern could only be effected through 
the agency of initial imperfections.
He defined a "critical imperfection locus" which specified two 
groups into which pairs of imperfections would fall. One group lead 
to the deflected form being predominant in one mode of buckling; the 
second group lead to a deflection predominant in the other mode. 
The only numerical example given in Reference 241, for a plate of 
aspect ratio two, showed natural loading paths which resulted from 
one example from each group of imperfections. Of these, one oath 
showed a major continuous buckle-pattern change.
A discontinuous change is to be found in Figure 3.14 of SUPPLE 1956 
(131). This presented equilibrium paths corresponding to a plate of
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aspect ratio two, the initial and total out-of-plane deflections 
were taken as the sum of one and two half-waves in a direction 
parallel to the loading. Reversion to the natural (two half-wave) 
form of the deflection occurred by means of a dynamic snap. An 
imperfection in the single half-wave which was greater than the 
plate thickness was necessary to maintain the plate in the long 
wave-length form.
Analagous behaviour to this was reported in SUPPLE 1980 (242), where 
the single half-wave imperfection was, in effect, replaced by a 
uniform pressure. The numerical results in this reference pertain 
to a plate of aspect ratio 1.5 and this problem differs from the
previous (concerning an aspect ratio of 2.0) in the following 
respect. For the 1.5 aspect ratio plate, the buckling modes 
corresponding to the two lowest buckling loads are those in two and 
one half-waves parallel to the direction of loading. For the plate 
of aspect ratio 2.0, the corresponding modes are two and three 
half-waves. Thus the plate of aspect ratio 2.0, involving the 
single half-wave imperfection, although a modal interaction problem 
involving symmetric and anti-symmetric deflections does not, 
strictly speaking, stem from a double-eigenvalue situation. Hence 
it does not fall under the umbrella of the general theory in 
SUPPLE 1968 (133), The same would be true for a simply-supported 
plate (of the aforementioned in-plane boundary conditions), of any 
aspect ratio greater than /2, which was subjected to either uniform 
lateral pressure or a single half-wave imperfection.
DOMBOURIAN et al. 1976 (243) have studied plates with the same
boundary conditions as Supple, but subjected to specified 
end-shortening. They used two-term series for each of the initial 
and additional out-of-plane and two in-plane deflections. The 
initial and additional out-of-plane deflections were the sum of 
terms in one and two half-waves in a direction parallel to that of 
the end-shortening. Six algebraic equilibrium equations were 
derived by a Rayleigh-Ritz procedure applied to the strain energy of
the plate. A moving perturbation technique was applied to solve
these equations. The authors attempted to demonstrate how the
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natural loading paths are affected (and hence major buckle pattern 
changes effected) by both the imperfections and the variation of the 
plate aspect ratio.
Certainly major changes occurred, governed by these quantities, but 
since only plots of the two additional out-of-plane displacement 
components were provided, it is not possible to determine whether 
these changes were continuous or discontinuous. The authors 
reported that numerically unstable results were obtained in the 
vicinity of Supple's "critical imperfection locus", and this may 
have indicated the presence of small discontinuous changes.
In some of the results presented, aspect ratios greater than /6 were 
used. Thus the plate's natural buckling mode would have consisted 
of three half-waves in a direction parallel to the end-shortening. 
This form of deflection, however, was not included in the originally 
assumed initial and additional out-of-plane displacement series. It 
seems that the results for aspect ratios less than / 6  only, 
presented in this reference, could be considered as valid.
SHARMAN and HUMPHERSON 1968 (244) investigated the problem of
simply-supported plates with unloaded edges rigidly held apart. 
The plates were subjected to a trapezoidal lateral pressure in 
addition to the in-plane edge stress. They took the out-of-plane 
deflection function as the sum of one and two half-wave terms in a 
direction parallel to that of the loading, and used the von Kerman 
large deflection equations in conjunction with a Galerkin integral 
technique. Although imperfections were not present in the analysis 
explicitly, the trapezoidal pressure can be split into two 
components: a constant portion, and a "bending" portion which
mimic single and double half-wave imperfections respectively. This 
was not studied as an interaction problem as such, but. the 
equilibrium equations are pertinent here. As pointed out 
by SUPPLE 1970 (241) various types of behaviour can be anticipated 
from these, depending on Poisson's ratio of the material and the 
plate aspect ratio. For an aspect ratio of 2 and Poisson's ratio 
1/3, when the pressure terms are absent, the closed transition path 
predicted by Stein's model was obtained theoretically (see
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Plate 1.1). Thus upon loading the plate would buckle initially into 
a single half-wave, but upon reaching the branching point, a dynamic 
jump to the two half-wave form would occur. This bifurcation on the 
single half-wave path was found to occur at a value of load 
approximately 2.8 times that at which initial buckling would take 
place. Hence it could be argued that at values of load this far in 
excess of initial buckling, a certain amount of buckle flattening 
would appear in practice. This was an effect not accounted for in 
the deflected shape originally assumed.
Clamped unloaded edges have been examined by SUPPLE 1966 (131), 
where a two term series for the out-of-plane deflection was used. 
This analysis may be regarded as more approximate than corresponding 
simply-supported ones, because the two deflection terms used were 
approximations to the eigenvectors of the linearised buckling 
problem.
A number of authors have tried to explain the major changes in 
buckle-pattern of plates by searching for secondary bifurcations on 
the primary buckled state. NAKAMURA and UETANI 1979 (245)
considered simply-supported plates the unloaded edges of which were 
restrained in-plane by linear elastic springs. As the spring 
stiffness tends to zero and infinity, the in-plane boundary 
conditions of Supple and Sharman and Humpherson respectively are 
reproduced. The authors used a modal expansion technique but argued 
that previous work is only applicable to short plates, having aspect 
ratios close to those at which double eigenvalues occur, thus more 
terms than just two were taken in the deflection series. Secondary 
bifurcations on the primary post-buckling path were obtained, but 
for some cases at loads in excess of three times the initial 
buckling load. Imperfections were not included in the analysis and 
one feels that if they were, major buckle-pattern changes would be 
effected through these well before any of the secondary branching 
points were reached.
UEMURA and BYON 1977 (246) have studied square simply-supported 
plates in which the unloaded edges were free to translate, but 
constrained to remain straight and parallel. The initial and
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additional deflection functions were two term series involving one 
and two half-waves in a direction parallel to the loading. 
Algebraic equilibrium equations were then generated by a Galerkin 
integral technique operated on the von Karman large deflection 
equations. The algebraic equations were solved with a 
Newton-Raphson technique. These authors tried to establish the 
presence of secondary bifurcation points on a primary buckled path; 
in some cases these were detected at loads in excess of six times 
the initial buckling load of the ideal plate.
There are two major faults in this. First, at such large loads the 
assumed form does not describe the out-of-plane deflections of the 
plate sufficiently accurately (it may also be questionable that the 
plate material still remains elastic). Second, the authors have not 
appreciated the role imperfections may play in initiating a major 
buckle-pattern change well before such secondary bifurcations are 
reached.
In conclusion the following observations regarding the foregoing may 
be made:
1 Two term out-of-plane deflection series, involving symmetric.and 
anti-symmetr1c forms, would seem reasonably successful in 
describing major buckle-pattern changes and modal interaction in 
rectangular plates.
2 In light of the views expressed in 1.7.1, solutions obtained from 
assumptions in 1 above should be regarded as, in Stein's 
terminology, first approximations. They can be viewed as 
sufficiently accurate for applied loads which are less than about
1.5 times the initial buckling load of the ideal plate.
3 One must distinguish between two types of interaction problem. 
First, ones in which neither or only one of the participating 
modes corresponds to the buckling deflection associated with the 
lowest buckling stress of the ideal plate. An example of this 
type of problem would be a simply-supported plate of aspect ratio 
three, subject to a uniform lateral pressure, in which the 
interacting modes were taken as one and three half-waves.
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Second, ones in which the participating modes corresponding to 
the two lowest buckling stresses of the ideal plate were taken, 
the problem stemming from a double-eigenvalue. Into this class 
would fall, for example, a plate of aspect ratio 1.5 (being close 
to /2) involving two and one half-wave deflections.
4 Initial deflections or imperfections in each of the participating 
modes must form an intrinsic part of the analysis. It is 
pointless studying an ideal plate problem and locating secondary 
branching points which occur at loads far in excess of initial 
buckling, if imperfections would not allow the plate to reach 
those points. Thus a thorough analysis is essential, with all 
equilibrium configurations investigated for a full range of the 
two imperfections.
1.7.3 ALTERNATIVE NON-LINEAR TECHNIQUES
Alternative analysis techniques which may be applied to plate 
post-buckling problems are: Finite Element Methods (FEM), Finite
Difference Methods (FDM), Dynamic relaxation (DR) and Finite Strip 
Methods (FSM).
FEM has been applied by MURRAY and WILSON 1969 (247), YANG 1971
(248), 1971 (249), COLVILLE et al. 1973 (250), PICA and WOOD 1980 
(251), UEMURA and BYON 1978 (252) and CARNOY and HUGHES 1983 (253). 
This technique is very successful for systems in which deflection 
initiates immediately upon loading and a non-linear equilibrium path 
is to be expected. For example, if the plate is subjected solely to 
a normal pressure. FEM is less successful for problems where a 
bifurcation is likely to occur, convergence dificulties are 
experienced around the critical point. In the case of ideal plates 
loaded by in-plane edge stress only, the method may converge to the 
flat-plate configuration even at loads in excess of the buckling 
load unless some external agency is introduced to "encourage" the 
plate into its buckling mode. Suitable external agencies would be 
initial out-of-flatness (imperfections) or appropriate arrangements 
of lateral loading. Unless these are chosen in the form of the 
buckling mode an "artificial" major waveform change will result upon 
loading as the plate tries to revert to its natural buckling mode.
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The difficulty is compounded at double eigenvalues where there is 
likely to be more than one path into which the plate might buckle. 
If imperfections are chosen as the disturbing agency, special care 
must be taken in the way that they are introduced. Firstly, the 
imperfections will affect the form of the equilibria, so different 
combinations of imperfections will lead to different load-deflection 
behaviours. Secondly, certain combinations of imperfections may 
lead to secondary bifurcations and associated convergence 
difficulties.
Both References 247 and 250 reported artificial major changes in 
buckle-pattern as a result of the introduction of non-natural 
wavemode imperfections. In neither case were the imperfections 
introduced in a well-controlled fashion that would have enabled the 
complete variety of equilibrium configurations to be observed.
FDM has been used by BROWN and HARVEY 1969 (254) to study the 
behaviour of plates under lateral pressure and in plane edge 
stress. Finite difference forms of the von Karman equations were 
solved via an incremental-iterative technique. Here, however, the 
predominant loading was the pressure. The in-plane edge loading for 
the numerical cases considered was never greater than the buckling 
stress of the ideal plate. Significantly the authors report that, 
even with a suitable acceleration factor to aid convergence, the 
introduction of the edge stress resulted in some convergence 
difficulties for the numerical procedure.
RUSHTON 1969 (255), 1970 (256), 1970 (257) has employed DR to a time 
dependent form of the plate differential equations in order to solve 
post-buckling problems. The same difficulty as FEM was experienced 
in that small lateral loads were necessary to promote the plate into 
a buckling mode.
In Reference 255 simply-supported plates with unloaded edges rigidly 
held apart were investigated, aspect ratios of 1.0, 1.5 and 2.0 
being considered. Of particular interest is the latter because 
examination of an initial buckling stress versus aspect ratio
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diagram reveals that it is close to a double eigenvalue in 
wave-forms of one and two half-waves in a direction parallel to that 
of the loading. The author made no note of this, but did report 
convergence difficulties for the method after initial buckling into 
one half-wave had occurred, and before a two half-wave mode began to 
dominate. More careful investigation revealed that upon increased 
end-shortening from initial buckling the wave-form modified from a 
single to a double half-wave. If the rate of loading was too high, 
a sudden buckle-pattern change was initiated resulting in numerical 
instability. This is broadly what is to be expected from Supple's 
interpretation of Sharman and Humpherson's harmonic analysis for 
this same problem.
Reference 256 considered simply-supported plates with unloaded edges 
free to wave, whilst Reference 257 investigated both these and the 
case where the unloaded edges were free to translate but constrained 
to remain straight and parallel. For the latter, aspect ratios of 
1.0, 1.25 and 1.5 were examined. In spite of the fact that 1.25 and
1.5 bracket /2 (a ratio at which a double eigenvalue is expected), 
no coupled paths were detected by the DR method. This was probably 
because of the way the plate was forced into a buckled form by means 
of lateral disturbing loads.
Use of the FSM has been described by GRAVES-SHITH and SRIDHARAN 1978 
(82), 1978 (83), 1981 (258), in a number of papers; although
designed initially for use in assemblies of thin plates, it is 
easily brought to bear on individual plates. Since harmonic terms 
are used in the shape functions for the individual strips, it would 
seem very suitable for the solution of buckling and post-buckling 
problems.
1.7.4 MATHEMATICAL LITERATURE
There are a number of relevant references in the mathematical 
literature which should be mentioned. In general, however, they are 
highly fundamental and mathematically rigorous, using specialist 
techniques of topology or functional analysis and accessible to 
specialists working in those areas only. Thus a detailed discussion 
of this work is not appropriate here. Some references are mentioned 
below, however.
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A number of investigators have been concerned with the von Kerman 
equations, the existence of non-trivial solutions to those 
equations and the continuous dependence of such solutions on 
the edge thrust.
Into such a category fall the works of DO 1977 (259), KNIGHTLY 1967 
(260), KNIGHTLY and SATHER 1970 (261), 1974 (262), SATHER 1970
(175), BERGER 1967 (263) and BERGER and FIFE 1968 (264). These
were concerned with, not only simple eigenvalues, but also solutions 
where the nul 1-space was greater than one.
Being aware of the mode-jumping phenomenon reported elsewhere, 
investigators, in a similar way to the engineering literature, 
attempted to explain this by searching for secondary bifurcations on 
the primary non-trivial solutions. BAUER and REISS 1965 (265)
solved the von Karman equations by means of an iterative finite 
difference scheme, applying it particularly to square and aspect 
ratio 2.0 plates. They assumed that the plates remained elastic 
indefinitely, because they felt it in order to apply edge stresses 
which were 10 to 17 times the initial buckling stress. Moreover, no 
imperfections were included in the analysis and it seems likely that 
the mode-jumping would be effected by these, rather than the
secondary bifurcations which occurred only at extremely high loads.
Nevertheless, STROEBEL and WARNER 1973 (266) continued in this vein, 
again without the benefit of imperfections, using a dynamical method 
based on linear vibrations about a buckled equilibrium state.
The above two references were concerned with simply-supported plates 
at aspect ratios where simple eigenvalues occurred. BAUER, KELLER 
and REISS 1975 (267) rediscovered the generation of secondary
branching points brought about by the splitting of a multiple 
primary branching point. These secondary points were significant in 
that they occurred at load values near to, rather than far in excess
of, the lowest primary branching point. They used a splitting
parameter in a perturbation procedure and analysed a rig id-link- 
spri ng model similar to those used by Stein and Chilver.
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Plates under two-fold branching conditions were studied 
by MATKOWSKY, PUTNICK and REISS 1980 (268) in which the von Karman 
equations were employed and the plate's aspect ratio was used as a 
splitting parameter. In both this and the previous reference, the 
coupling effects first described by Chilver and Supple are 
reproduced. MATKOWSKY and PUTNICK 1974 (269), 1974 (270) studied 
the equilibrium paths at two-fold branching points for plates under 
simply-supported boundary conditions, but free to translate and wave 
in-plane on the unloaded edges. They noted that, excluding the 
trivial solution, there were four equilibrium paths branching from 
the bifurcation point. All the paths were shown to be rising with 
respect to load in an initially parabolic fashion. Time-dependent 
von Karman equations were used to study the stability of these paths 
under small dynamical disturbances; of the four paths, two were 
uncoupled and stable, whereas the remaining two were coupled and 
unstable. No imperfections were considered in the analysis.
Obviously of great significance to mode-jumping and plate 
post-buckling behaviour is the generating behaviour associated with 
aspect ratios at which double-eigenvalues occur. The catastrophe 
geometry at such a singular point is very complicated, as pointed 
out by POSTON and STEWART 1978 (172). It is based around a guartic 
catastrophe germ, to which perturbing functions must be added in 
order to fully unfold the catastrophe. The geometry is essentially 
ten dimensional, requiring two state variables (deflections) and 
eight control parameters which appear in the perturbing functions. 
Of these: two are uniform edge thrusts, one is a linearly varying
edge thrust, four are akin to geometric imperfections (two of which 
are major with respect to the two deflections) and the final control 
parameter is an eigenvalue splitter (a suitable one being the plate 
aspect ratio). SCHAEFFER and GOLUBITSKY 1979 (272) have
investigated ideal plates in a Bifurcation Theory context with a 
view to explaining the mode-jumping phenomenon. They demonstrated 
the importance of boundary conditions and the eigenvalue splitter. 
Also emphasised was the significance of s^ymmetry groups, present in 
the solutions to the von Karmân equations, which enable certain 
higher-order terms in the algebraic equilibrium equations to be
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legitimately neglected topologically speaking. Because of the 
absence of secondary bifurcations on a primary post-buckled state, 
the authors argued that mode-switching will not occur for 
simply-supported plates (this is, in fact, only true in the absence 
of initial imperfections, as will be shown later). Secondary 
bifurcations could be made to take place if the loaded edges were 
clamped (a condition realised practically by S tein’s experiment) 
hence the mode-jumping would happen.
1.8 CLOSING REMARKS, PROPOSALS FOR WORK AND ORGANISATION OF REST OF 
THESIS
Generally, the critical points which can be experienced by ideal 
elastic systems under conservative loading may be classified as:
(i) distinct
(ii) compound
At distinct critical points stability is lost with respect to a 
single principal buckling displacement coordinate. These points 
have a degree of instability of one. Into this category fall: the
limit point, the asymnvetric point of bifurcation, the stable and 
unstable symmetric points of bifurcation. The equilibria, stability 
and imperfection sensitivity of these phenomena are now well 
understood.
At compound critical points, the degree of Instability is greater 
than one. They may be regarded as resulting from a coalescence,of a 
number of otherwise distinct critical points. The compound critical 
points may be regarded as m-fold, in which case m is the number of 
critical principal buckling deflection coordinates. For the 
purposes of these closing remarks, compound critical noints may be 
classified as: (i) two-fold; or (ii) m-fold, in which m is an
unspecified integer greater than two.
The following fall into the two-fold critical point category. The 
Hill-top, general (asymmetric), semi-symmetr1c (Mono-, Anti-, and 
Homeoclinal), Paraclinal and doubly-symmetric branching points. The
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equilibria, stability and imperfection sensitivity of the Hill-top, 
general and semi-symmetric branching points are now well 
understood. Investigation of the Paraclinal branching point is at 
present being vigorously pursued.
After a fruitful outbreak of activity regarding the doubly-symmetric 
branching point, in the late 1 9 6 0 's and early 1 9 7 0 's, interest in 
this complex phenomenon appears to have waned. The
multi-dimensional nature of the problem, as outlined by 
mathematicians, may have contributed to this. Of the many questions
about this type of critical point which remain unanswered, two would
seem worth new attention.
First, there is the question of the effects of imperfections on the 
equilibria of doubly-symmetric branching systems. Valuable inroads 
into this have been made, but in the Author's opinion these were 
mainly qualitative. No effort has been made yet to quantify these 
effects, particularly with regard to the dynamic versus non-dynamic 
mode-switching phenomenon which is observed in practice. The 
dynamic behaviour will be referred to as hysteresis.
Second, there is the question of imperfection sensitivity. Whilst 
it is appreciated that the imperfection sensitivity surfaces
resulting from two major imperfections and load only, will be
topologically unstable, their derivation would contribute much 
towards a better understanding of doubly-symmetric branching.
The minimum and maximum numbers of paths passing through m-fold 
symmetric critical ooints is well understood. It has been 
established that for the imperfect system, the worst imperfection 
sensitivity will result from a combination of imperfections which 
causes the natural loading path of the system to lie under the ideal 
path with the least curvature. These results raise several points 
which warrant further attention.
First, it would seem necessary to derive conditions for the 
existence of a set of equilibrium paths. Second, the least
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curvature law is only useful if a quantitative expression for the 
ideal path with the least curvature is available. Third, it is not 
sufficient only to have quantitative expressions for the ideal 
equilibrium paths which exist; it is also important to be able to 
assess the stability of those paths.
The remainder of this thesis splits into three distinct parts.
The first part, which comprises Chapter 2, addresses the problem of 
ideal m-fold symmetric branching points and answers the questions 
raised above. Results, relevant to two-fold doubly-symmetric 
branching points, are derived from these answers as a special case.
The second part is made up of Chapters 3, 4 and 5 and is devoted to 
the problem of two-fold doubly-symmetric branching points in general 
coordinate terms.
As a necessary precursor. Chapter 3 summarises the spatial forms of 
the equilibrium paths for ideal and imperfect systems. For the 
purposes of identification, systems are classified according to the 
forms which the equilibrium paths take.
Based partly on Chapter 3, an accurate numerical technique for the 
solution of the equilibrium equations, and calculation of critical 
points on the equilibrium paths, is proposed in Chapter 4.
Chapter 5 addresses the problem of imperfection sensitivity. With 
the use of algebraic techniques, complemented by the numerical 
method, proposals for the forms of the critical load-displacement 
and imperfection sensitivity surfaces are made. The quantitative 
difference between hysteresis and non-hysteresis behaviour is 
explained.
The third part comprises Chapters 6 and 7, which detail two 
examples, namely: an axially compressed pin-ended strut on a
Winkler-type elastic foundation; and a bi-axially compressed plate.
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Complete equilibria and imperfection sensitivity are studied 
numerically and the results, in the form of equilibrium paths and 
surfaces, are presented graphically.
A discussion of the whole thesis is given in Chapter 8.
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AFIGURE 1.1: Spatial Forms oF the Four distinct critical points, aFter THOMPSON and HUNT 1973 (11). (a) limit point,
(b) asymmetric branching point,(c) stable symmetric branching point, (d) unstable symmetric branching point
80
IP
-U2
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FIGURE 1.2: Equilibrium paths For the ideal general (asymmetric) two-Fold branching point, aFter CHILVER 1967 (130).(a),(c) & (e) one path case; (b),(d) & (F) three path case, (e) & (F) are paths resulting From slight eigenvalue split
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CHAPTER 2
EXISTENCE AND STABILITY OF EQUILIBRIUM PATHS 
FOR SYMMETRIC SYSTEMS
89
2.0 INTRODUCTION
A conservative elastic system, which exhibits an m-fold compound 
branching point on a single-valued fundamental path, is studied. It 
is assumed that the total potential energy of the system is an 
even-ordered function of m active incremental displacement 
coordinates u-j: it is also a function of a single scalar
incremental loading parameter X.
A T a y l o r ’s series expansion, in the incremental variables about the 
compound branching point, of the total potential energy is made, m 
approximate truncated non-linear equilibrium equations are derived 
by setting to zero the first variation of the total potential energy 
with respect to the incremental displacement coordinates. The 
criteria for truncating the equilibrium equations are the same as 
those used by JOHNS and CHILVER 1971 (137). It is assumed that 
solutions to the equilibrium equations represent equilibrium paths 
(relationships between load and displacements) which are in SEWELL'S 
1970 (139) terminology "regular". To qualify for this they must be 
expressible in the parametric form
X - X(0) = S dX + (Fx
dC 2! dr
+ !.
0
i = 1, ..., m L— ignored in present analysis
in which ç is a path parameter, 0 is the expansion point and all 
derivatives are evaluated at 0. The derivatives must be unique to 
within a common factor and not all equal zero simultaneously. Hence 
certain types of cusp-like branching path are excluded from 
consideration.
The p-coupled equilibrium equations (those equilibrium equations 
which result after assuming p displacement coordinates vary 
simultaneously, whilst the remaining m - p are zero) are then solved
f Ui - u-j (0) = Ç r dfui + ...
! dg V2! dC^ 0 --  2.0
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by projecting the equilibrium paths into displacement space and
computing the derivatives
dç
. To the order of the analysis used 
0
the derivatives thus found represent the direction cosines of the 
equilibrium paths, in displacement space, with respect to the 
displacement axes. Most important is that explicit quantitative 
conditions are derived for the existence of p-coupled paths, 
enabling a specific value to be put to the number of paths branching 
from the critical point for a particular system. Furthermore, 
explicit quantitative expressions are found for the equilibrium 
paths i.e. specific values may be put to the derivatives duj
dç
and
0
for a particular system, enabling a direct assessment of path
0curvature to be made. (Symmetry considerations would yield the fact
that ^  
dS
= 0 . )  This is in contrast with the work of JOHNS and
10CHILVER 1971 (137) and JOHNS 1972 (138) in which only minimum and
maximum path numbers and qualitative forms for equilibrium paths
were obtained.
Using a matrix of mth order, the elements of which are the second 
variations of the total potential energy, quantitative means are 
devised to determine the statical stability of uncoupled and
p-coupled equilibrium paths. This is achieved by substituting the
explicit forms for the equilibrium paths, already obtained, into the 
stability matrix (which is a function of load and displacement) and 
determining if what results is a locus of absolute minima of the 
total potential energy as C changes.
For those systems which have total potential energies which are 
linear in the load, explicit equations are derived for the 
load-deflection of the load relationships. This enables 
post-buckling stiffnesses of the uncoupled and p-coupled equilibrium 
paths to be obtained.
Particular results for the case m = 2 are obtained, these are shown 
to be in accordance with the equilibrium path studies of CHILVER 
1967 (130) and SUPPLE 1966 (131), 1967 (132), which are seen to be a
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special case of the more general problem considered here. In the 
present case, additional information is provided about the stability 
of the equilibrium paths and the load-deflection of the load 
relationships.
Finally the m = 2 theory is applied to a problem of a two-bar 
pin-jointed plane truss, which is due to BRITVEC 1963 (27) and 1973 
(30). The directness of the technique developed here is clearly 
demonstrated for this particular problem.
2.1 TOTAL POTENTIAL ENERGY AND EQUILIBRIUM
Following THOMPSON 1963 (100) a conservative elastic structural 
system is considered and it is supposed that a total potential 
energy function T can be written for it. This is a function of a 
single scalar conservative loading parameter A and a finite number 1 
of generalised coordinates, H-j, which describe deflected shapes of 
the system. Thus
T = T(A, Hi) i = 1, ..., 1 .... 2.1
Static equilibrium states of the system are defined by the 1 
equations
_3T = T - j = 0 ,  i = 1, ..., 1
9H-J .... 2.2
where a subscript on T indicates partial differentiation of T with 
respect to the subscripted displacement variable. It is assumed 
that there exists a solution to these equations, expressed in the 
parametric form,
= Hif(A), i = 1, 1 .... 2.3
which represent points on a basic-state or fundamental equilibrium 
path in the load-configuration space. It is supposed that the
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are single-valued functions of A so that the basic-state 
path rises monotonically from the origin as the system is loaded 
from zero. Thus limit points are excluded from occuring on this 
path. Introducing the sliding incremental coordinates X and h-j
A = A^ + X .... 2.4
+ hi, i = 1, ...,1
the energy expression 2.1 now appears as
W(X, hi) = T[Af + X, Hif(Af) + hi]
.... 2.5
In order to diagonalise the quadratic form of the total potential 
energy in the incremental coordinates hi, at all load levels, the 
following transformation of coordinates is adopted [after ROORDA 
1965 (101)]
hi = «ijVj i, j = 1, ..., 1 .... 2.6
«ij is an orthogonal transformation matrix which is a function of 
load A. This leaves the total potential energy as
W(X, Vj) = W[A^ + X, Hif(Af) + aij(Af)vj]
  2.7
The incremental coordinates, V j , thus not only slide along the 
basic-state path, but also rotate to allow for continuous 
diagonalisation of the quadratic form in Vi at every point on the 
fundamental path.
It is presumed that the fundamental path experiences an m-fold 
critical point A ° , Hi° at which the m stability coefficients 
corresponding to v-j, i - 1, ..., m are identically zero. The m 
critical coordinates are referred to as ACTIVE whilst the remaining 
1 - m non-critical coordinates are referred to as PASSIVE [HUNT 1971
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(123)]. Equilibrium, at configurations adjacent to the m-fold 
critical point, is enforced by ensuring that W is stationary with 
respect to the 1 incremental displacements v-j. This yields 1 
equilibrium equations which may be split into two groups. First 
there are m active equilibrium equations
9W = W j ( X ,  Vj) = 0, i = 1 ,  ..., 1
9vj j = 1, ..., m- - - - - - - - - - - - - --  2.8
and second there are 1 - m passive equilibrium equations
= Wk(X, Vj) = 0 ,  i = 1 ,  ..., 1
9v|( k = m + 1, ..., 1 .... 2.9
It is presumed that there are solutions to the passive equilibrium 
equations such that the following single-valued relationships exist 
between the active and passive coordinates:
V|< = Vk(X, Vj) j = 1, ..., m
k = m + 1, ..., 1 .... 2.10
Thus the passive coordinates may be eliminated completely from the 
energy function W. This leaves a new energy function V which is a 
function of the incremental load and active coordinates only
V(X, Vj) = W[X, Vj, Vk(X, V j ) ]
j = 1, ...» m
k = m + 1, ..., 1 .... 2.11
It is assumed that the normal equilibrium and stability criteria are 
preserved over all the transformations from T to V.
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2.2 SYSTEM IN WHICH THE TOTAL POTENTIAL ENERGY IS A SYMMETRIC 
FUNCTION IN ALL ACTIVE DISPLACEMENT COORDINATES.
2.2.1 TOTAL POTENTIAL ENERGY AND EQUILIBRIUM EQUATIONS
The study is confined to a system in which the total potential
energy is an even-ordered function of all m active displacement
coordinates. For convenience the incremental displacements are
renamed u-j, 1 = 1» m so the total potential energy function V
appears as
V = V(X, Uj), i = 1, m .... 2,12
This function is expanded as a Taylor series about a point on the 
basic-state equilibrium path A ° , H-|° as follows
V = V° + VjUj +  1 VjjUjUj + 1  VijkUjUjUk + ...
2! 3!
+ x { V ‘ + V-j'uj + Vjj'ujUj + ...}
2 !
+  (V" + Vj"Ui +1 Vij"ujUj + ...)
2 ! 21
+ i, j, k =1, ...m --  2.13
3! .
where a subscript on V represents partial differentiation of V with 
respect to the subscripted displacement coordinate and a prime 
partial differentiation of V with respect to load. All derivatives
are evaluated at the point of expansion and a summation over all
possible values of i, j and k from 1 to m is implied.
A number of coefficients in this polynomial series will vanish for
the following reasons:
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(i) Since the point of expansion, A ° , , is itself a point of
statical equilibrium
Vj = Vj" = V j ' "  = ... = 0 i = 1, ..., m --  2.14
(ii) Because the quadratic form of the total potential energy has 
been diagonalised in the displacement coordinates uj
Vj j = 0 for i f j, i, j = 1, m .... 2.15
(iii) Since A ° , Hj° is an m-fold compound branching point, all m 
stability coefficients associated with it must vanish
Vj j = 0 for i = 1, ..., m .... 2.16
(iv) Because symmetry of the total potential energy in all m 
displacement coordinates is assumed, all derivatives of V 
involving odd powers of Uj must vanish (this will also 
ensure diagonalisation of the quadratic form of V in Uj)
(v) Because only the changes in total potential energy from the 
value at the point of expansion are important, the actual 
value at the point of expansion can be set equal to zero 
without loss of generality. Hence
V° = 0  2.17
The total potential energy in Equation 2.13 becomes
V = i  (ViiiiUj^ + SVjjjjUj^UjZ) + ...
4!
+ X { V  + I Vjj'UjZ + ...}
2!
+ X^ {...} + ... i , j = 1, ..., m .... 2.18
2!
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in which summation over all possible values of i and j from 1 to m
is implied, but with the provision that i ^ j. Equilibrium of the
system, at positions adjacent to the expansion point on . the 
basic-state equilibrium path, is ensured by enforcing the total 
potential energy to be stationary with respect to the incremental 
displacement coordinates. That is
= Vp = 0, r = 1, ..., m .... 2.19
9Ur
this gives the m equilibrium equations
Vy* = 1 {4Vy»y«y'y'Uy» "J" 12 V j j y»y»U j Uy> } ...
41
+ X {Vpr'Ur + ...} + 2.^  {•*•}
2!   2.20
in which r adopts one value between 1 and m per equation and i is 
summed from 1 to m but excluding r i.e. 1 = 1, ..., r - l ,  r + 1 ,
..., m. Thus r is excluded from the summation of i.
Finally, Equation 2.20 is truncated according to JOHNS and CHILVER'S
1971 (137) criterion to give the m equilibrium equations governing
initial post-buckling from the m-fold compound branching point as
Uy« {1 Vy»y‘yy'Uy« + ^  Vj j y'y'U j "i" Vy'y«'X|' = 0 
31 2
r = 1, ..., m
i = 1 ,  ..., r - 1, r + 1 ,  ..., m - - - -  2.21
2.2.2 SOLUTION OF GOVERNING EQUILIBRIUM EQUATIONS
In this sub-section methods are described by which solutions, 
involving variations of the incremental load and displacement 
coordinates, to the equilibrium equations (2.21) may be found. Such 
solutions represent equilibrium paths branching from the m-fold
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critical point and may be projected into the m + 1 dimensional
load-displacement space, or the m-dimensional displacement space.
Upon inspection of Equations 2.21 it can be seen that solutions fall 
into three categories:
(i) A "trivial" solution in which all displacements remain zero;
(ii) Uncoupled solutions in which all displacements except one are 
zero;
(iii) Coupled solutions in which a number of displacements vary 
whilst the remainder are zero.
The trivial solution may be represented as
X 2 0, Ur = 0, r = 1, ..., m .... 2.22
this is the basic-state equilibrium path itself and appears, in
incremental load-displacement space, as an equilibrium path which is 
coincident with the X-axis. It can also be regarded as a null
vector in displacement space.
The uncoupled solutions [SUPPLE 1966 (131)] may be expressed as
Ur ^ 0, Uj = 0, r = 1, ..., m
i = 1, ...» r - 1, r + 1 ,  ..., m .... 2.23
and substituting Equations 2.23 into 2.21 yields the
load-displacement relationship as
X — — Vrrrr ^r
rr  2.24
This is the well-known symmetric point of bifurcation [THOMPSON 1965 
(107)]. The coefficient Vrr' represents the rate of change of the 
stability coefficient Vrr with respect to load and is invariably 
negative [CHILVER 1967 (130)]. In load-displacement space these 
solutions appear as parabolae wholly contained within the X - Ur 
plane. In displacement space the uncoupled equilibrium path
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represented by Equations 2.23 and 2.24 can be reqarded as a line 
coincident with the Uy. axis. Such solutions may thus be
represented by a vector of the form
- (ui U2 ... Uy. ... Urn} = S(0 0 ... 1 ... 0} =y_
.... 2.25
in which ç is a scalar. These ideas are summarised in Figure 2.1.
It is noted that the curvature, but not the existence, of a 
particular uncoupled eqilibrium path, when viewed in
load-displacement space, is influenced by the coefficient V r r r r »
If Vrrrr is positive the path is rising with respect to load, but 
is falling if Vrrrr is negative. Providing that Vrr' ^ 0 for 
all r there will always be m such uncoupled equilibrium paths 
emerging from this type of branching point.
Coupled solutions are obtained by allowing p of the displacements to 
vary simultaneously whilst the remaining m - p are zero, p must lie 
within the range
2 < p < m   2.26
For convenience sake the non-zero displacements and their
corresponding energy derivatives are relabelled from 1 to p, and the 
zero displacements from p + 1 to m. The energy function which
results after this relabelling will be denoted by V and the 
solutions to the resulting equilibrium equations will be referred to 
as p-coupled. The equilibrium equations may be written as
i. Vssss^s^ A  VjjssUj^ Vss'A O
3! 2
s = 1, ..., p
J — X, ...,. s — X, s + X, ..., p ....2.27
in which s adopts one value between X and p per equation and j is
summed from X to p in each equation with the provision that j ^ s.
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The solutions to Equations 2.27 may be projected into displacement 
space by eliminating X between the p equations. Rearranging the
first equation of this set gives
A = - A (A v\iiiUi^  + A Viikk^ k^ }   2*28
V n ' 3 !  2
and the t-th equation gives
X = - A (A Vttttut^  + 1 VttiiUi^  + J, VttqqUq^ l
Vtt' 3! 2 2
.... 2.29
in which k is summed from 2 to p, t adopts one value between 2 'and p 
per equation and q is summed from 2 to p in each equation with the
provision that t q. Equating equations 2.28 and 2.29 and
rearranging yields the p - 1 equations
Vtt' (a  ^ 1111^ 1^  ■’A Viitt^ t^  + A ViiqqUq^ l
3! 2 2
- Vii'{l Vtttt^ t^  A Vttll^ l^  A VttqqUq^ }
3! 2 2 .... 2.30
Collecting together the like displacements gives finally
{ViiiiVtt' - 3ViittVii'
■’* 3(ViiqqVtt' - V-ttqqVn ' }uq^
(3ViittVtt' " VttttVii ‘ }^t^ “ ^
t = 2, ..., p
q = 2, ..., t - Ij t +  1, ..., p .... 2.31
Possible solutions to Equation 2.31 may be written in the parametric
form.
jj = {u2 U2 ••• Up} = Ç1 = ç{li 12 ••• Ip} .... 2.32
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in which £  and ç have been defined previously and ]_ is a vector of 
direction cosines of equilibrium paths (when projected into the 
displacement space) with respect to the relabelled axes u^ , .
Up. Taking the scalar product of the vector J_ with itself yields 
the single equation
1 - 1 = 1  .... 2.33
Substituting for uj from Equation 2.32 into Equation 2.31 and 
taking the resulting equations in conjunction with Equation 2.33 
yields p linear equations in the squares of the direction cosines. 
For brevity those equations may be written as
2  . w = x_ .... 2.34
In which ^  and £  are column vectors
^  = {li^ Ig^ ... Ir^ Ipf} .... 2.35
X, = (0 0 ... 0 ... 1}_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __  2.36
and £  is a pth order matrix in which the elements in the first p - 1 
rows and p columns consist of the coefficients in Equations 2.31. 
This matrix also has the special property that the pth row consists 
entirely of I's, by virtue of the relationship between squares of 
direction cosines in Equation 2.33.
The actual solution to Equation 2.34 is deferred until 2.2.4. A 
discussion of the existence of solutions to Equation 2.34, and the 
number of post-buckling equilibrium paths that might emanate from 
this type of branching point is taken up next.
2.2.3 EXISTENCE DETERMINANT AND NUMBER OF POST-BUCKLING EQUILIBRIUM 
PATHS
The determinant of the matrix £  in Equation 2.34 is referred to as 
the EXISTENCE DETERMINANT, and for solutions to this equation to
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exist (in the form of squares of the direction cosines this
determinant must be non-zero. Some care must be taken at this stage 
because existence of solutions to Equations 2.34 does* not 
necessarily imply that the corresponding equilibrium paths exist. 
The latter can only exist if all the components of are positive.
Let the determinant of £  be denoted by iDI and the signed minor of 
the rth element of the pth row of IDI by Dpr, then expanding IDI 
by means of the pth row gives
P
IDI = I Dpr   2.37r=l
Suppose now that the rth column of IDI is replaced by the vector x_ 
and the resulting determinant is denoted by iDly.. Because the pth 
row of IDIr is unaffected by this, and because of the nature of j(, 
if |Dlr is expanded by means of it's pth row then it is found that
ID| y. = Dpy, .... 2.38
This process of column replacement in IDI by the vector is simply 
the solution of Equations 2.34 by means of Cramer's Rule. 
Proceeding under the assumption that |D| is non-zero, the rth, 
element of the vector denoted by Wy., may be solved for as
Wy = 1 y = Dpy
IDI .... 2.39
A necessary and sufficient condition for Wy > 0 for r = 1, ..., p 
is that all the cofactors of the pth row of the existence 
determinant are of the same sign
Dpr ^ ^
or for al 1 r = 1, ... ,• p .... 2.40
Dpr 0
Under these circumstances, by virtue of Equation 2.37, the existence 
determinant is always non«zero.
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Hence the non-vanishing of the existence determinant is a necessary, 
but not sufficient, condition for the existence of p-coupled 
equilibrium paths. The necessary and sufficient conditions are 
exemplified by the two sets of inequalities in Equation 2.40.
In the event that the existence conditions are satisfied, and 
solutions for w emerge, the question arises as to the number of 
distinct post-buckling equilibrium paths which occur from such 
solutions. For a p-coupled situation, a solution for w exists in 
the form given by Equation 2.35, but the distinct post-buckling 
equilibrium paths would be given by all possible sign combinations 
of
11 ~ I2 - I3 • • • - ir • • • - Ip   2.41
after backsubstitution for 1-j into Equation 2.32. Hence there 
w i 11 be
= 1 2P   2.42
distinct displacement vectors corresponding to a p-coupled set of 
equilibrium equations. There are
m!
(m - p)! p!
different ways of choosing p from m, so the maximum number of 
distinct post-buckling equilibrium paths possible for choices of p 
is
2Pm!
2(m - p)! p!   2.43
But p may assume any value between 2 and m, so the total maximum 
number of paths must be
V . , V gPml
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Presuming all the uncoupled equilibrium paths discussed in 2.2.2 
exist, then the total maximum number of paths N must lie between 
the limits
. ,  Î  '".I
This range may be simplified to
m < N < 1,(3^ - 1)
2  2.46
which is in agreement with the numbers provided by SEWELL 1970 (139) 
and JOHNS and CHILVER 1971 (137).
2.2.4 SOLUTIONS AND POST-BUCKLING CURVATURES
It is assumed, for a particular p-coupling set of equations, that
the existence conditions (Equation 2.40) are satisfied and that 
solutions for equilibrium paths, in the form of Equation 2.39, 
exist. Substituting for ly^ from Equation 2.39 into Equation 2.32 
yield the parametric relationships
Uy^ = £ p y  r = 1, ..., p
IDI .... 2.47
These equations enable the remaining s coordinates Ug to be
written in terms of the first coordinate Ui, say as
Is = - fDncf Ui , s = 2lpsT u ,
ID n i l 2.48
Hence, with due regard to the labelling of the axes, and to the 
limit of the analysis, the p-coupled equilibrium paths all appear as 
pairs of straight lines, symmetrically disposed about the 
displacement axes, when projected onto any displacement plane 
Uy - Ug. Taking Equation 2.28 and substituting for U2, U3, ..., 
Up from Equation 2.48 gives:
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X = - 1
p1111 + 3 I Viiss Dps ui%
6Vii' s=2 Dpi .... 2.49
Thus all p-coupled equilibrium paths in the load-displacement space, 
to the limit of the analysis, appear as parabolae when projected 
onto any load-displacement plane X - Uy. The sign of the
curvature of these parabolae with respect to load is determined by
the quantity within the braces in Equation 2.49 and the
cross-product derivatives ^ u s s  Play a major role in influencing 
this. Figure 2.2 shows, schematically, some p-coupled equilibrium
paths arising from Equations 2.48 and 2.49 in both displacement 
space and load-displacement space.
Although, for a particular choice of p displacements varying 
simultaneously, there are the possible number of distinct paths 
given by Equation 2.42, these distinct paths all have the same 
curvature when projected onto a particular load-displacement plane. 
So the maximum number of distinct curvatures (as opposed to distinct 
paths) possible for any choice of p must be given by
Nr = ml
(m - p ) ! pi .... 2.50
Since p may assume any value between 2 and m, the total maximum
number of distinct curvatures must be
V mlpI^Nc 2.51
Including the uncoupled paths, the total maximum number of distinct
curvatures N' must lie between the limits
V ml m  < N' < I (m - p)l pi + mp=2 .... 2.52
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This range may be simplified to
m < N' < 2^ - 1   2.53
a result first pointed out by JOHNS 1972 (138). The different
curvatures may be examined to determine the paths which have the 
least, negative value. As shown by HO 1974 (152), an imperfection
vector directed along one of these paths, i.e. as given by Equation
2.47, is then likely to have the most degrading effect on the 
critical load. However, in comparing curvatures care must be taken 
to ensure that a true assessment is being made, i.e. comparing
curvatures when the equilibrium paths are projected onto a
load-displacement plane may lead to erroneous conclusions. It is
best that the parametric forms of load-displacement relationships 
are used for this purpose.
Hence using Equations 2.24 and 2.25 an uncoupled equilibrium path 
m ay be written as
X = — Vyyyy
5^ 6\T7' ■••• 2.54
and using Equations 2.47 and 2.49 the p-coupled equilibrium paths
may be written as
PA  = " [ V u i i D p i  + 3 I ViissDps]_________  s=2___ __
eViilDl .... 2.55
The fact that the displacement coordinates were re-labelled does not
affect the magnitude of the curvature of a particular set of
p-coupled paths.
2.2.5 STABILITY OF EQUILIBRIUM PATHS
In order to investigate the stability of the equilibrium paths it is 
necessary to form the stability matrix. This is an mth order matrix 
which takes as its elements the second variations of the total 
potential energy. The curvature of the total potential energy
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surface is represented by the determinant of this matrix and stable 
equilibria correspond to points at which the surface is a strict 
relative minimum. Thus in investigating the stability of the 
uncoupled and coupled equilibrium paths the computing of the 
stability determinants must only be reqarded as a first step. It 
must subsequently be decided whether the determinant under 
consideration is representative of an absolute minimum on the total 
potential energy surface. Only this will guarantee stability of the 
paths concerned. If the relevant stability determinant is negative, 
the stability of the corresponding equilibrium path(s) is not 
assured. The question is then decided and there is no need to 
consider further.
Alternatively if the stability determinant turns out to be positive, 
stability of the corresponding path(s) is only assured if all the 
eigenvalues of the stability matrix are themselves positive. If it 
can be shown that one or more of these eigenvalues is negative then 
the equilibrium path(s) cannot be reqarded as stable.
The first variation of the total potential energy is given by the 
left-hand-side of Equation 2.21. Hence an element which lies on the 
leading diagonal of the stability matrix is qiven (to the order of 
the analysis) by
Vgs = JL Vssii^i^ Vgs'A
2 .... 2.56
and an off-diagonal element is given by
Vts = VttssUt^s •••• 2.57
in which t and s adopt one value between 1 and m per equation, with
the provision that t *  s, and i is summed from 1 to m in each
equation. It can be seen from Equation 2.57 that the stability
matrix is symmetric. An uncoupled solution to the equilibrium
equations is considered first. Taking Equation 2,23 it is noted 
that the stability matrix diagonalises i.e.
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Vts = 0   2.58
and Equation 2.56 becomes
V$s = i  Vrrss^r^ ■** Vgg'X
2   2.59
Use of Equations 2.24 and 2.25 enables this equation to be written 
in the parametric form
Vgg =  ^ (3VypggVyy‘ “ VyyyyVgg')
6Vyr' .... 2.60
Hence the stability determinant, at points on an uncoupled 
equilibrium path in the Uy direction, denoted by Ay, is
m
Ay = n(  ^ (3VyyggVyy' - VyyyyVgg’)}
S=1 6Vyy' .... 2.61
There will be m such expressions, one corresponding to each of the 
uncoupled equilibrium paths. The eigenvalues of the stability 
matrix will assume importance in investigating the stability of an 
uncoupled equilibrium path; since it is diagonalised these may be 
taken as
Gg ~ §lss = 2  (3VyyggVyy' - VyyyyVgg')
Vrr'   2.62
of these the eigenvalue e y , which corresponds to the non-zero 
displacement, is of some interest. Putting s = r into Equation 2.62 
gives
ep = 2Vyyyy .... 2.63
Hence it can be seen that although an uncoupled equilibrium path 
appears like a distinct symmetric point of bifurcation in load-
deflection space, it's stability is not uniquely governed by the
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sign of it's curvature as it is in the single degree-of-freedom 
case. As stated previously if Ay is negative, then the uncoupled 
path under consideration is unstable. If Ay is positive the path
is stable if and only if all the corresponding eigenvalues are 
positive, if one or more is negative then the path is unstable.
Since the sign of Vyyyy governs whether ey is positive or
negative and whether the uncoupled path is rising or falling with
respect to load, it may immediately be deduced that a falling path 
is always unstable. A rising uncoupled path may be either: (i)
stable if all eg are positive; or (ii) unstable if Ay is 
negative or if Ay is positive and at least one eg (other than
ey) is negative.
To summarise: the necessary and sufficient condition for an
uncoupled equilibrium path involving the rth displacement coordinate 
to be stable, to the order of the analysis, is that
Vrrrr^ss* ” 3VyyggVyy' ^ 0  .... 2.64
for al1 s = 1, ..., m
In examining a coupled solution, involving p of the displacement 
coordinates varying simultaneously, the non-zero displacements and 
their corresponding energy derivatives are relabelled from 1 to p. 
The zero displacements and their corresponding energy coefficients 
are relabelled from p + 1 to m. The effect of this on the stability 
determinant is to carry out a number of row and column interchanges 
until it is reduced to the partly diagonalised form shown in Figure 
2.3. This process will always involve an even number of such 
operations, so the sign of the stability determinant will be 
unaltered by these row-column interchanges.
The stability determinant in the p-coupled case, denoted by A, may 
be written as the product of two determinants and Az as follows:
A = Ai.Ao . . . . 2 . 6 5
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In which is the pth order full determinant, and A2 the (m - p)th 
order diagonal determinant indicated in Figure 2.3.
The elements of the determinants A^ and A2 will be given by 
Equations 2.56 and 2.57 but with two minor adjustments: (i) the 
displacement coordinates have been relabelled, so V needs to be 
introduced; (ii) i is now summed from 1 to p. With due regard to 
these changes, substituting for u-j from Equation 2.47 and X from 
Equation 2.55 into Equations 2.56 and 2.57 yields the determinant A^ 
as
= |dts| fin|P .... 2.66(a)
in which d^g are the elements of a symmetric pth order determinant 
and are given by
^ss = i  (Viiss “ Viijj V_ss') Dp-j + _1 V i m  V g g 'Dpi 
2 Vii' 3 Vii'
.... 2.66(b)
for an element on the leading diagonal, and
dts = Vttss(DpS'Dpt)^^^» t *  s
.... 2.66(c)
for an off-diagonal element. The elements of the diagonal 
determinant A2 will be qiven by Equation 2.66(b) and hence A2 will 
be
m
A2 = n dss.s=p+l iDl(tn-p) .... 2.67
Finally, from Equations 2.65, 2.66(a) and 2.67, the stability
determinant for the p-coupled equilibrium paths is 
m
A = M t s l  • % dgg .
s=P+l IDim . . . .  2 . 68
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Because of the symmetry, the stability of the 2^"^ distinct 
equilibrium paths, corresponding to a particular choice of p 
displacement coordinates varying, may be considered as a set. Hence 
in substituting from Equation 2.47 into Equation 2.57 the possible 
plus/minus sign combinations corresponding to each of the 2^"^ 
paths do not need to be distinguished. This is because an even 
number of row-column operations on will always be possible that 
eliminate any minus signs in the off-diagonal elements, without 
changing the overall sign of A^.
There will be, therefore, 2^ - m - 1 stability assessments to be 
made if all possible p-coupled equilibrium paths exist. As stated 
previously if, for a particular p-coupled solution (whose existence 
has been established ), A in Equation 2.65 is found to be negative, 
then the paths are unstable. If A is positive, then the signs of 
the eigenvalues of the stability matrix, of which A is the 
determinant, must be found. Although not proved here, it should 
follow that downward turning coupled paths in load-displacement 
space are unstable.
In the event that the existence of an m-coupled set of equilibrium 
paths is established, then in assessing the stability, the product 
expression in Equation 2.68 is omitted. The stability matrix and 
it's determinant are then of full mth order and not partly 
diagonal ised. No relabelling of coordinates is necessary, ançi the 
bars on V may be dropped.
2.2.6 LOAD-DEFLECTION OF THE LOAD RELATIONSHIPS
For a great many structural systems the total potential energy is 
linear in the conservative loading parameter A. The total potential 
energy has two clearly distinctive components: (i) the elastic
strain energy stored; (ii) the work done by the conservative load in 
moving through a corresponding deflection. In such cases
derivatives of V with respect to load of higher order than one 
vanish. Hence in the Taylor series expansion of V, no terms
involving powers of X of two and greater appear. Thus Equation 2.18
takes the form
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V = i {ViiiiUi '* + 3ViijjUi^u/l + ...
4!
+ a { V  + j, Vii'ui^ + ... }
2! .... 2.69
from this the Incremental deflection of the load, denoted by e (to 
the order of the analysis) can be deduced as
e = -4 V-j i ' u-j^
2 .... 2.70
in which a summation on i from 1 to m is implied. For an uncoupled 
equilibrium path, given by Equations 2.23 and 2.25, the relationship 
between the non-zero displacement coordinate and the deflection of 
the load will be given by
e — —1 Vy'y'Uy^ — —1
2 2   2.71'
This relationship is parabolic on a plot of e against Up (or 5), 
since Vpp' is negative the parabola always has positive 
curvature. Substituting for Up from Equation 2.24 into Equation 
2.71 gives the incremental load-deflection of the load relationship 
as
X — Vpppp e
3 ( \ l r r ' f  .... 2.72
On a graph of X against e this is linear, and as can be seen the 
incremental post-buckling stiffness is directly related to the 
curvature of the post-buckling equilibrium path in load-displacement 
space. If the curvature is positive the post-buckling stiffness is 
positive and vice-versa.
For a p-coupled equilibrium solution, the relationship between the 
deflection of the load and the non-zero displacement coordinates is, 
after relabelling the displacements and their corresponding energy
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derivatives,
2.73
in which j is summed from 1 to p. After substituting for u-j from 
Equation 2.47 this appears, in parametric form, as
I
e = -i Vjj'Dpj
2 101 .... 2.74,
which is again parabolic if e is plotted against ç and has positive 
curvature. Substituting for ç into Equation 2.74 from Equation 2.55 
gives the load-deflection of the load relationship as
^ 3ViikkDpk] G3Vii'Vjj'Dpj .... 2.75
in which j is summed from 1 to p, but k is summed from 2 to p.
The incremental post-buckling stiffness for p-couplinq is again 
related to the curvature of the p-coupled paths in load-displacement 
space. The curvature and post-buckling stiffness both have the same 
sign. The number of distinct load-deflection of the load paths that 
may occur in X - e space is not necessarily the same as the total 
number of paths that might be seen in displacement or 
load-displacement space. This is because the load-deflection of the 
load response depends on the curvature of the paths. Hence there 
will be as many distinct load-deflection of the load paths as there 
are distinct load-displacement path curvatures. Thus the number of 
distinct load-deflection of the load paths will lie within the 
limits given in Equation 2.53. Schematic representations of 
uncoupled and p-coupled equilibrium paths in X - ç, ç - e and X - e 
spaces are shown in Figure 2.4. , This figure shows a stable rising 
path and an even unstable falling path.
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2.3 APPLICATION TO TWO DEGREE-OF-FREEDOM SYSTEMS
Much of the work on equilibrium path configurations and, to a 
certain extent, the existence of coupled equilibrium paths for m = 2 
has been carried out by SUPPLE 1966 (131) and 1967 (132). These 
contain no full discussion of the stability of the equilibrium 
paths, and no load-deflection of the load relationships were 
derived. It will be useful to see how the results for the case 
m = 2 may be obtained from the more general case considered here.
2.3.1 EQUILIBRIUM PATHS
The equations of the uncoupled equilibrium paths will be given by 
Equation 2.24 and r taking values of 1 and 2 i.e.
X = - V^rrr ^r^ » r - 1 ,  2 ...
T r  2.76
The signed minors of the existence determinant are easily evaluated 
as
2^1 = V2222V 11' - 3V 1122V22' •••• 2.77(a)
D22 = V 1111V 22' - 3V 1122V 11' .... 2.77(b)
and the projection of the coupled equilibrium paths onto the u% - U2 
plane is given by
U2 - - 3ViiooVii'*f1111*22 - 1122*11 
1^2222^11 ' “ 3V H 22V22',
Ul
  2.78
It is obvious from this expression that in order for coupled 
equilibrium paths to exist the two signed minors of the existence 
determinant, given in Equations 2.77, must both be of the same 
sign. If this condition is met, then the projections of the coupled 
paths onto the X - u% and X - U2 planes are
14
 ^ " i (V1II1V2222 - 9(Vii22)^)Ui^
6 D 2 1  . . . .  2 . 7 9 ( a )
^ “ 1. (V11I1V2222 “ 9(Vii22)^)U2^
6D 22 .... 2.79(b)
Thus the sign of the curvature of the coupled paths depends on the 
signs of the existence determinant and the quantity 
V 1111V 2222 - 9(Vii22)^. This is better appreciated if the
parametric form of the coupled paths is used , Equation 2.55. With 
p = 2 this equation reduces to
^ "  i .  ( V1111V2222 -  9( ^ 1122) ^ ) 5 ^
61D| .... 2.79(c)
From this equation it can be seen that if the existence determinant 
is negative, the coupled paths are upward turning with respect to 
load if V 1111V2222 - 9(Vii22)^ is positive, and downward turning 
with respect to load if V 1111V 2222 - 9( V u 22)^ is negative. The 
converse is true if the existence determinant is positive.
2.3.2 STABILITY OF THE EQUILIBRIUM PATHS
The equations relevant to the stability of the uncoupled paths are 
Equations 2.61 and 2.64, with r, s = 1, 2. These become, after some 
algebra,
“ ” Xiiii . £22 .
6V 11' 3 .... 2.80(a)
with the associated two conditions for the stability of the path
Viiii > 0, D22 ^ 0 .... 2.80(b)
these conditions apply to the path involving the u% coordinate. For 
the uncoupled path comprising the U2 displacement coordinate 
Equation 2.61 becomes
15
= - ^ 2222 • J?,21 •
6 V 2 2 '  3 . . . .  2 . 8 1 ( a )
with the associated two stability conditions from Equation 2.64 as
V 2222 ^ 0, D21 y 0 .... 2.81 (b)
Hence it can be concluded that the stability of an uncoupled
equilibrium path is governed by the sign of its curvature in 
load-displacement space and the sign of a signed minor of the 
existence determinant. Uncoupled paths which are downward turning 
with respect to load, in load-displacement space, are unstable. If 
the uncoupled paths turn upwards with respect to load in 
load-displacement space they are stable if and only if the 
appropriate signed minor of the existence determinate is positive.
These conclusions lead to some further results in the cases where 
coupled equilibrium paths exist, and both uncoupled equilibrium 
paths are upward turning with respect to load. Both uncoupled 
equilibrium paths will be stable, if and only if, the existence 
determinant is positive. In the event that the existence
déterminent is negative, both uncoupled paths will be unstable.
For the coupled paths it should be remembered that the stability 
matrix and its corresponding determinant will be of full 2 x 2
order. Bearing this in mind, Equation 2.68 for this case becomes
A = (V1II1V2222 9(^1122)^) 2 P2I . P22'S^
6 ID I 3 iDj .... 2.82(a)*
and the elements of the stability matrix are given by
Vii = 1  Viiii ^21 »
3 ID I .... 2.82(b)
V 22 = 1  V 2222 £22 •
3 101 .... 2.82(c)
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Vl2 = V21 = V1122 (D2lDl2)^^^'5^
.... 2.82(d)
Hence the coupled equilibrium paths are stable only if the following 
conditions are satisfied
V 1111^2222 - 9(^1122)^ > 0» Viiii > 0 .... 2.83
2.3.3 LOAD-DEFLECTION OF THE LOAD RELATIONSHIPS
For an uncoupled equilibrium path the relationship between the 
non-zero displacement coordinate and the deflection of the load will 
be given by
e = - V^r'Ur^ 9 r = 1, 2
2 .... 2.84(a)
and the corresponding load-deflection of the load relationships are
X — e , r - 1, 2
3(Vr/)Z .... 2.84(b)
For the coupled equilibrium paths, the.equation which relates the 
deflection of the load and the displacement coordinates, in 
parametric form, is given by Equation 2.74. In the present case 
this reduces to
e = - 1 (Vii'D2i + ^22*022) ^
2 IDI __  2.85
The corresponding load-deflection of the load is given by Equation 
2.75 which, after some algebra, becomes for the m = 2 case
^ " ^^111^2222 ” 9(1/1122)^ 6
3 { V i i 'D21 + V22'H22) •♦*• 2.86
Thus the two or possibly four equilibrium paths map to two or 
possibly three load-deflection of the load relationships. Two of
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these relationships correspond to the uncoupled equilibrium 
paths, and the third corresponds to the two coupled equilibrium 
paths, if they exist. Hence there may be either two or three 
distinct post-buckling stiffnesses associated with the 
load-deflection of the load equations. The signs of these 
stiffnesses will be the same as the signs of the curvatures of the 
corresponding equilibrium paths in load-displacement space.
2.4 APPLICATION OF THE GENERAL THEORY TO STATICALLY DETERMINATE 
PIN-JOINTED TRUSSES
One possible application for the preceding theory is to statically 
determinate pin-jointed trusses. A restriction on this application 
would be that the compression members must be sufficiently slender 
to buckle elastically, and that no plasticity occurs in the initial 
post-buckling. In fact an optimisation process for pin-jointed 
trusses would to be to arrange the inertia values of the compression 
members such that they all buckle simultaneously when the loads 
applied to the truss reach a certain value. However, this would 
create a compound branching point, the multiplicity of which equals 
the number of compression members. The generalised displacement 
coordinates could then be taken as. some suitable buckling 
deflection of the compression members, a total potential energy 
expression derived, and the initial elastic post-buckling studied.
A convenient theory on which to operate exists, and is due to 
BRITVEC 1973 (30). This theory presumes that, for the purposes of 
an initial post-buckling study of pin-jointed trusses, the component 
compression members are axially inextensible, and end-shortening is 
due to elastic flexural buckling only. This assumption is 
consistent with linear approaches to finding the buckling loads of 
plane frames, e.g. stability functions.
Reference 30 provides a simple exgmple of a two-bar truss, to which 
the preceding general theory can be applied, on pages 134 - 136 and 
206 - 212. The truss is shown in Figure 2.5(a), which defines the
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dimensions and properties of the members. The buckling deflections 
of the system are taken as the end-rotations of the members at the 
loaded joint and, by virtue of the member properties, both members 
reach their Euler buckling loads at a value of external load given 
by
A° = /3 tt^ EI
.... 2.87
The non-dimensionalised total potential energy for this simple
system, when in the general displaced configuration shown in Figure 
2.5(a), taken from Reference 30 page 135, is
V - - 77t^  U]_^  + Ui^U2^ - 7tt^  U2^ + ...
192 12 192
- X( Ui^ + U2^ + ... )
4/3 4/3 .... 2.88(a)
in which X is a non-dimensional incremental loading parameter 
defined as
A = dP + X lE^
  2.88(b)
Clearly the total potential energy is an even-ordered function of 
both displacement coordinates, u^ and U2, and can be dealt with by 
means of the foregoing general theory. The relevant energy 
coefficients are listed in Table 2.1.
2.4.1 EQUILIBRIUM PATHS
The equations for the uncoupled oaths are given by Equation 2.76,
and after substituting for the energy coefficients from Table 2.1,
these appear as
X = - 7ïï^U 1^  = “ 7it^U2^
8/3 8/3 .... 2.89
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Thus both uncoupled paths are downward turning with respect to load 
and have the same curvature. The uncoupled paths, and their 
associated modes of deflection, are illustrated schematically in 
Figures 2.5(b) and 2.5(c). The forms of the uncoupled equilibrium 
paths are in complete contrast to that for an isolated pin ended 
member in compression, which exhibits a stable-symmetric point of 
bifurcation.
The signed minors of the existence determinant are given by 
Equations 2.77 which are easily calculated for the present case as
D21 = D22 - 15ïï^
16/3  2.90
Hence the projection of the coupled equilibrium paths (which exist) 
onto the u^ - U2 plane is given by
U2 = ± Ui .... 2.91(a)
and onto the A - u^ and A - U2 planes is
A = TT^  Ui^ = TT^  U2^
8/3 8/3 .... 2.92(b)
Clearly the coupled equilibrium paths are rising with respect to 
load. The coupled paths and their corresponding, mode of deformation 
are shown schematically in Figure 2.5(d), in which u^ and U2 both 
positive has been taken.
2.4.2 STABILITY OF THE EQUILIBRIUM PATHS
Since both uncoupled equilibrium paths are downward turning with 
respect to critical load in load-displacement space they must be 
unstable. A check with Equations 2.80(b) and 2.81(b) via Table 2.1 
and Equation 2.90 verifies that the conditions for stability of the 
uncoupled paths are violated.
Regarding the coupled paths, A is calculated from Equation 2.82(a) 
as
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A ~ - 5 it^
768  2.93
this is negative, so that the coupled equilibrium paths are risinq, 
but unstable.
A somewhat surprising result, therefore, is that a system that is 
made up of individual parts which themselves exhibit stable points 
of bifurcation on buckling, is unstable; the load-displacement 
behaviour is comprised, in part, of unstable symmetric components.
2.4.3 LOAD-DEFLECTION OF THE LOAD RELATIONSHIPS AND EXPERIMENTAL 
BEHAVIOUR
For both uncoupled paths, the load-deflection of the load 
relationships will be given by Equation 2.84(b), which after 
substitution from Table 2.1 yields
- 7ïï^ e
 2.94
Hence the uncoupled modes of buckling of the truss have a negative 
incremental post-buckling stiffness.
The load-deflection of the load equation for the coupled equilibrium 
paths can be taken from Equation 2.86, which for this case reduces 
to
A = e
.... 2.95
This gives the coupled mode of buckling positive incremental 
post-buckling stiffness. Reference 30 also provides some 
experimental results from a test on a small scale model of this 
truss, constructed from high-tensile steel. Properties of the model 
were as follows:
members, length = 15 in.
rectangular cross-section 1 x 0.0625 in.
Euler buckling load = 2 9  lb.
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Assuming the Euler formula for pin-ended bars applies gives 
E = 3.2495 X 10^ Ib/in^.
minor principal 2nd moment of inertia of cross-section,
I = 2.0345 X 10-5 1^4_
Bearing in mind that X and e in Equations 2.94 and 2.95 have been 
non-dimensionalised as follows
A = AL^ ; e = S 
El L
in which S is the actual deflection of the load, in inches and the 
'theoretical buckling load of the truss is given by Equation 2.87, 
the theoretical initial post-buck1inq equilibrium paths are given 
by:
A = 50.229 - 6.766S lb. .... 2.96(a)
A = 50.229 + 0.483S lb.   2.96(b)
for the uncoupled and coupled paths respectively. Hence the initial 
post-buckling stiffnesses of the uncoupled and coupled equilibrium 
paths are given by
dA (uncoupled) = -6.766 lb/in. 
dS
dA (coupled) = 0.483 lb/in. 
dS
These agree very closely with the values obtained by BRITVEC in 
Reference 30 pages 209 and 211 (after a correction) of -6.736 and 
0.481 lb/in. respectively. The values in this reference were 
calculated by a statical (as opposed to an energy) approach to the 
problem.
Figure 2.5(e) shows a graph of load versus deflection of the load 
obtained from an experiment on the model [see also BRITVEC 1963
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(27)]. The insert diagram in this figure shows the mode into which 
the truss buckled: this was an uncoupled path involving the Ui 
displacement only. The unstable symmetric behaviour of the truss is 
clearly demonstrated: the model would naturally be imperfect and 
this shows itself in the load-deflection of the load behaviour. 
There was a reduction in critical load of the truss from the value 
of 50Tb. for the ideal system and a rounding off of the ideal 
bifurcation behaviour because of the imperfections in the truss.
2.5 CONCLUSIONS
Symmetric m-fold compound branching points have been studied with a 
view to establishing (to the order of the analysis):
(i) conditions for the existence of p-couoled equilibrium paths, 
where 2 < p < m;
(ii) the spatial forms which the equilibrium paths take in 
displacement space and load-displacement space and 
quantitative expressions for the relationships between the 
load and displacements;
(iii) quantitative expressions for assessing the statical stability 
of all equilibrium pathsr 
(iv) for those systems in which the total potential energy is 
linear in the load, quantitative expressions for 
load-deflection of the load equations for uncoupled and 
p-coupled equilibrium paths.
The results obtained have applications to such structures as
trusses, plates and columns on elastic foundations.
The conditions for existence of p-coupled equilibrium paths have 
been shown to depend on pth order, square EXISTENCE DETERMINANTS. 
The elements of these determinants are the coefficients of the
equilibrium equations for p-coupling paths when projected into 
displacement space. Consequently the existence determinant is
comprised of coefficients in the polynomial form of the total
potential energy of the system. It was shown that if, and only if, 
all the p signed minors of the pth row of the existence determinant
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were all the same sign, then the p-coupled equilibrium paths exist. 
They do not exist otherwise.
Explicit, quantitative expressions for the relationships between 
load and displacements for the p-coupled equilibrium paths have been 
devised. The relationships between the displacements have been 
shown to be linear, the constant of proportionality is a function of 
the ratio of the signed minors of the existence determinant referred 
to above. The load was seen to be a quadratic function of the 
displacements, the curvature of the p-coupled paths (when projected 
onto a load displacement plane) was shown to be a function of energy 
coefficients and signed minors of the existence determinant. 
Parametric forms for the equilibrium paths were derived, which would 
be invaluable in comparing the curvatures of the uncoupled and 
p-coupled equilibrium paths. This comparison would be necessary in 
order to find the equilibrium path with the least curvature, this 
path will assume some importance when imperfections are present in 
the system [see HO 1974 (152)].
Quantitative means have been devised for assessing the statical 
stability of uncoupled and p-coupled equilibrium paths. The method 
uses the matrix of second variations of the total potential energy 
of the system and determines whether points on a equilibrium path 
correspond to a locus of strict relative minima of the energy. The 
stability matrix (matrix of second variations of the total potential 
energy) for an uncoupled equilibrium path was shown to take an mth 
order diagonal form. Hence the condition for the statical stability 
of an uncoupled equilibrium path is that the diagonal elements of
the stability matrix are all positive. Thus it was shown that if an 
uncoupled equilibrium path is downward turning with respect to load 
in load-displacement space then it is unstable. Furthermore, an
uncoupled path which turns upwards with respect to load may be
stable or unstable. The stability matrix for a p-coupled set of
equilibrium paths was shown to reduce to a partly diagonalised mth 
order form and the condition for the stability of these paths is 
that all the eigenvalues of the stability matrix are positive.
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For those systems which have total potential energy functions which 
are linear in the load, projection of the uncoupled and p-coupled 
equilibrium paths into load-deflection of the load space has been 
carried out. The deflection of the load is a quadratic function of
the non-zero displacements and the curvature of this relationship
has been shown to be positive. To the order of the analysis, the
load-deflection of the load interdependence has been proved to be 
linear for both uncoupled and p-coupled equilibrium paths. Explicit 
expressions for the initial post-buckling stiffnesses have been 
derived and it has been shown that the signs of the post-buckling 
stiffness of an equilibrium path in load-deflection of the load 
space and the curvature of the path in load-displacement space are 
the same. It has been demonstrated that the number of distinct
incremental post-buckling stiffnesses in load-deflection of the load 
space is not the same as the number of distinct equilibrium paths in 
load-displacement or displacement space. The curvature of 
equilibrium paths in load-displacement space plays a key role in
determining the post-buckling stiffness of the equilibrium paths in 
load-deflection of the load space; hence the number of distinct
post-buckling stiffnesses equals the number of distinct 
post-buckling curvatures.
The situation in which m = 2 (two active generalised displacement 
coordinates) has been treated as a special case of the more general 
problem considered here. Previous results regarding equilibrium
configurations have been confirmed and results regarding the 
stability of those paths have been obtained. For m = 2 systems
which have total potential energy functions which are linear in the 
load, the initial post-buckling stiffnesses of the uncoupled 
equilibrium paths in load-deflection of the load space have been 
derived. Where they exist, the post-bucklinq stiffness of the 
coupled equilibrium paths has been obtained. The two coupled 
post-buckling equilibrium paths in load-displacement or displacement 
space have been shown to map to a single path in load-deflection of 
the load space.
A s i m p l e  elastic two-bar pin-jointed truss, whose deflected form may 
be defined by two buckling displacement coordinates, has been
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analysed using the m = 2 theory operating on an available total 
potential energy function. Coupled equilibrium paths were shown to 
exist for this system along with the two uncoupled paths. In 
load-displacement space the two uncoupled paths were shown to be 
falling with respect to load, both with the same curvature: the 
coupled paths were determined to be rising with respect to load. In 
spite of the differences in curvature sign all the paths were found 
to be unstable. When the equilibrium paths were projected into 
load-deflection of the load space, two distinct linear post-buckling 
paths resulted: one corresponding to the coupled paths; and one 
associated with both uncoupled paths. The fact that the two 
uncoupled equilibrium paths in load-displacement and displacement 
spaces map to one in load-deflection of the load space is a result 
of the uncoupled paths having equal curvature in load-displacement 
space. Available experimental evidence, from tests on a 
small-scale hiqh tensile steel model of the truss, suggests that the 
equilibrium path of the imperfect system would tend to follow one of 
the ideal uncoupled modes; i.e. the ideal load-deflection of the 
load path which has negative post-buckling stiffness.
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FIGURE 2.5: Buckling oF a simple two-bar truss, aPter BRITVEC 1973 (30)
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ENERGY
COEFFICIENT V ALU E
Vn i l 8
V 7n^22 2 2 8
V1 U 2 3
. / 1
\ 2 /3
t 1V.22 2 /3
TABLE 2.1 : Total potential energy coeFFiciehts For a simple two-bar truss, aFter BRITVEC 1973 (30)
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CHAPTER 3
FORMS OF EQUILIBRIUM PATHS FOR SYMMETRIC TWO DEGREE-OF-FREEDOM SYSTEMS
133
3.0 INTRODUCTION
The purpose of the present chapter is to delineate the equilibrium 
path behaviour of the doubly-symmetric two-fold branching point, 
including the effects of two major imperfections. A Taylor series 
expansion of the total potential energy is used and approximate 
truncated equilibrium equations are derived from this. A compact 
form for the energy is found from these (using simple 
transformations of variables) from which simplified equilibrium 
equations are derived.
For the ideal system use is made of the general existence theory 
developed previously to find expressions for the uncoupled and 
coupled equilibrium paths, along with the existence conditions for 
the latter. The system is then divided into two cases: the
Non-existence (two path) and Existence (four path) cases. These are 
studied individually in the following way.
The ideal case is re-examined to establish a further 
subclassification. The forms of the imperfect equilibrium paths are 
summarised: generally this is achieved by examining their
projections onto the displacement plane. This is carried out 
systematically by introducing into the. ideal equations first one 
imperfection alone, then the other imperfection alone and finally 
both imperfections together. Approaching the problem in this way, 
one is able to build up the full equilibrium path behaviour, 
including not only the natural, but also the complementary loading 
portions for a range of imperfections.
In the imperfect cases, particularly for the Existence system, a 
large number of equilibrium paths occur. An identification system 
for these paths is proposed because of this.
3.1 TOTAL POTENTIAL ENERGY AND EQUILIBRIUM
The general principles involved are well known and are not repeated
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in full here. For the full development of the truncated equilibrium 
equations by means of a Taylor's series expansion, reference should 
be made to SUPPLE 1966 (131), 1967 (132), 1968 (133). The basic
assumptions and major steps in the derivation are outlined in what 
fo l l o w s .
An elastic structural system (loaded by a single scalar loading 
parameter. A) whose deformation may be completely described by two
active generalised displacement coordinates Hi, H z is considered.
The total potential energy V of the ideal system can be written in
terms of two incremental displacements u % , U z and an incremental 
loading parameter X, as follows
V = V(X, ui, U2) = V(A + X, Hi + ui, H2 + U2)  3.1
Symmetry of the total potential energy in both the displacements is 
enforced by stipulating that V is an even-ordered function of Ui and 
U 2*
V(X, u 1, u2) “ V(X, -Ui, U2) = V(X, u 1, -U2) .... 3.2
Introducing two imperfection parameters ei and tz into the 
structural system, the total potential energy now appears as
V = V(X, Ui, U2" El, 62) .... 3.3
The two imperfections are, in the terminology of ROORDA 1965 (102), 
major in the two buckling modes Ui and U2* Hence, as far as the 
function V is concerned, the ei and £2 ^ne also symmetric parameters
V = (X, U i , U2s E l , £2) = V(X, -Ui, U2, “ El, E2)
“ V(X, u 1, -U2, El, -£2) .... 3.4
The function V is expanded as a Taylor series about a point on a
sinqle-valued basic-state equilibrium path H i ° , 82°. In what 
follows a subscript 1 and ej on V represents partial 
differentiation of V with respect to the ith displacement and the
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jth imperfection respectively. A prime represents partial 
differentiation with respect to the load so for example
ViGj'
9Hi 9ej aA
In the expansion all derivatives are evaluated at the point A ° , 
H-j°at which A = Ui = U2 = £i = £2 “ 0» The point of expansion on 
the basic-state equilibrium path is made a two-fold branching point 
by enforcing the condition
V-j-j = 0 for i = 1, 2   3.5
Equilibrium of the system at positions adjacent to the basic-state 
equilibrium path is ensured by enforcing the total potential energy 
to be stationary with respect to the incremental displacements. That 
is
_8V = ^  = 0
9uI 9U2 .... 3.5
Finally, assuming the imperfections to be small, the expanded 
equilibrium equations are truncated to obtain equations governing 
initial post-buckling from the basic-state as
Vie^El + l.ViiiiUi^ + 1.^1122^1^2^ + AVii'Ui = 0 .... 3.7(a)
31 2
■‘'1.^1122^1^^2 1^2222^2^ + AV22'U2 = 0 •••• 3.7(b)
2 3!
3.2 CENTRAL POLYNOMIAL FORM FOR THE SYSTEM
3,2.1 THE CENTRAL POLYNOMIAL
Integration of Equations 3.7(a) and (b) with respect to u% and U2 
respectively and equating yields the CENTRAL POLYNOMIAL [THOMPSON 
and HUNT 1975 (186)] as
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V = !_ + _3V 11221^1^^2^ + 1X 2222^ 2^ }
3! 4 2 4
+_X(Vii'Ui^ + V22'U2^} + Vie^eiUi + V2e2^2^2
2  3.8
A more compact form for the central polynomial is created by 
introducing some simple transformations of coordinates.
First let
Vii = iVii'l , 1 = 1, 2 .... 3.9
and rescale the Ui, U2» and £2 axes as follows
Vi = /?iiui .... 3.10(a)
ii = -ViejEi , i = 1, 2
/Vii   3.10(b)
the energy function now becomes
0(A, vi, V2, Til, TI2) = jyi^  + ^vi^ V2^  + cyz^
4 2 4
”_X(Vi^ + y 2^) “ t^Vi - ^ 2^2
2 .... 3.11
in which
a = l - ^ n i i
5 ( V n ) ^  .... 3.12(a)
b = _1.V i 122
2 V 11V22 .... 3.12(b)
C = J^.V222_2
6 (V22)Z .... 3.12(c)
The convention that a subscript on 0 indicates partial 
differentiation of 0 with respect to the subscripted variable etc. 
is retained. Thus, for the purposes of the preceding General 
Theory, the energy coefficients of the 0 function are summarised in 
Table 3.1.
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The equilibrium equations now appear as
01 = _^ = avi^  + bviV2^ ~ Xvi - ni = 0
8vi  3.1.3(a)
02 = _80 = bVi^V2 + CV2^ - XV2 - n2 = 0
av2  3.13(b)
Finally, the projection of the equilibrium paths for the
imperfection system onto the V 1-V2 plane is obtained by eliminating 
the load parameter between the two equilibrium Equations 3.13. This 
appears, after some algebra, as:
V i V2{(a-b)vi^ - (c-b)v 2^ } - V2ni + Vin2 = 0 .... 3.13(c) '
This is also referred to as the coupled equation of equilibrium.
In some circumstances it will be more convenient to write the I
imperfections in a polar coordinate form I
ni = ncos0 .... 3.13(d) I
ri2 = nsine .... 3.13(e) !I
whereupon the coupled equation becomes i
I
ViV2{(a-b)vi^ “ (c-b)v2^) ~V2ncos0 + Vins1n0 __  3.13(f)
3.2.2 EXISTENCE CONSIDERATIONS AND POST-BUCKLING CURVATURES
The ideal system is now considered, for which ni = n2 = 0, whereupon 
the equilibrium Equations 3.13(a) and (b) reduce to
vi(avi^ + b v 2^  - X) = 0 .... 3.14(a)
V2(bvi^ + CV2^ - X) = 0 __  3.14(b)
By inspection of the above equations there are the expected three
solutions given by:
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(1) Vi f 0, V2 = 0 UNCOUPLED
(11) Vi = 0, V2 f 0 UNCOUPLED
(111) Vi f 0, V2 * 0 COUPLED
The uncoupled solutions always exist and from the General Theory 
(and with reference to Table 3.1) the corresponding equilibrium 
paths appear as
A - avi'
A = cv
.... 3.15(a) 
.... 3.15(b)
Thus the signs of the coefficients a and c will determine whether 
the uncoupled paths are upward or downward turning with respect to 
the loading parameter A. The existence determinant |DI will be 
given by
101 =
6(b-a) 6(c-b)
3.16
and of interest will be the cofactors of the second row of this
D 21 “ “6(C“b) = 6(b“ C)
D 22 = 6(b-a)
.... 3.17(a) 
.... 3.17(b)
The necessary and sufficient condition for the existence of coupled 
paths is that the cofactors in Equations 3.17 are both of the same 
sign. Hence for EXISTENCE
a - b > 0 and c - b > 0 
or a » b < 0 and c - b < 0
  3.18(a)
.... 3.18(b)
and for NON-EXISTENCE
a - b > 0 and c - b < 0 
or a - b < 0 and c - b > 0
  3.19(a)
.... 3.19(b)
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The relationship between the displacements for the coupled
equilibrium paths, where they exist, is given by
V2 =s ± a - bl1/2
c - bj
vi
.... 3.20
The expression for the load-displacement relationship for the 
coupled paths (where they exist) when projected onto the X - v% 
plane appears as
A = (ac - b ^ ) v i^
c " b .... 3.21
and when projected onto the A - V2 plane these paths appear as
A = (ac - b^)v 2^
a - b  .... 3.22
It is noted that the signs of the coefficients a - b, c - b and 
ac - b^ will determine whether the coupled equilibrium paths are 
upwards or downwards turning with respect to load.
To summarise the results in parametric form requires the magnitude 
of the existence determinant, this is given by
[Dj= 6(2b - (a + c)} .... 3.23
Writing the equilibrium paths in the form
[vi V2] = ç[li I2] .... 3.24(a)
X = \ {K ) .... 3.24(b)
the uncoupled equilibrium paths appear as
[vi V 2] = ç[l 0], A = aC^   3.25(a)
[vi V z ]  = Ç[0 1], A = ce.^ .... 3.25(b)
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and the coupled paths as
[vi V2] = C c - b a — b
(a + c) - 2b (a + c) - 2b
A = ac -- b^ ^  = 6(ac - b^) ^  
(a + c) - 2b -ID I
.... 3.25(c)
.... 3.25(d)
The parametric representations are summarised in Table 3.2.
Thus as predicted by SUPPLE 1966 (131), 1967 (132) and CHILVER 1967 
(130) there are at least two, and possibly four, equilibrium paths 
emerging from a compound branching point of this type. The minimum 
and maximum path numbers formulae for m = 2 in the fully symmetric 
case will also verify this. The two uncoupled paths are present in 
both the EXISTENCE (four path) and NON-EXISTENCE (two path) cases.
An uncoupled path is rising with respect to load if a (or c) is
positive, and is falling with respect to load if a (or c) is 
negative.
For the existence case the sign of the curvature of the two 
additional equilibrium paths depends on the signs of the existence 
determinant and the quantity ac - b^. If the existence determinant 
is positive, then the paths are rising if ac - b^ is negative and
falling if ac - b^ is positive. The converse is true if the
existence determinant is less than zero.
3.3 THE NON-EXISTENCE CASE
3.3.1 CLASSIFICATION BASED ON THE IDEAL SYSTEM
The non-existence case is characterised by the inequalities in 
Equations 3.19. These place certain restrictions on the signs of a, 
b and c. Since a and c indicate the signs of the curvatures of the 
uncoupled equilibrium paths, only certain curvature sign 
combinations are permissible for this case. This leads to a 
classification of systems in this category according to the signs of 
a, b and c.
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Rearranging Equation 3.19(b) yields the first condition that
a < b < c ' .... 3.26
By inspection, a, b and c may be of the same sign. If a and c are
to be of the opposite sign then a < 0, c > 0 is the only combination
which does not violate Equation 3.19(b). In this circumstance b may 
be positive or negative. Thus for Equation 3.19(b) to be satisfied, 
the system can accommodate only three uncoupled curvature sign 
combinations: (i) both uncoupled paths upward curving; (ii) both
downward curving; or (iii) the v% path downward curving with the V2
path upward curving with respect to load.
Manipulation of Equation 3.19(a) yields the second condition that
c < b < a   3.27
As before a, b and c may be of the same sign, but if a and c are to 
be of opposite sign then, for the above inequality to hold, c must 
be negative and a positive, b again may take either sign in this 
latter case. Thus for Equation 3.19(a) to hold the system can only 
accommodate three uncoupled curvature sign combinations: (i) as in
(i) before; (ii) as in (ii) before; or (iii) the vi path upward 
curving and the V2 path downward curving with respect to load.
Referring to the systems for which inequalities 3.19(b) and 3.19(a) 
hold as Systems 1 and 2 respectively, each system is subdivided into
four subgroups. It is proposed to distinguish between the cases
when both uncoupled paths have the same sign of curvature. Where 
the coefficients a, b and c are all positive the system 
classification is given the superscript +, and where negative 
These then constitute the first and second subgroups. The opposite 
sign of curvature cases then make up the third and fourth subgroups, 
depending on the sign of b. The classification is summarised in 
Table 3.3 and shown schematically in Figure 3.1 in terms of
equilibrium paths.
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3.3.2 Til IMPERFECTION PRESENT ALONE (0 = 0, 180°)
The forms of the equilibrium paths when 9 = 0, 18(P (Equation 
3.13(f)) will now be summarised. Equations 3.13(a), (b) and (c), 
under these circumstances, become
avi^ + bviV 2^  “ Avi -n% = 0  .... 3.28(a)
V2(bvi^ + cva^ - X) = 0   3.28(b)
V2{(a - b)vi^ - (c - b)viV 2^  - m }  = 0 .... 3.28(c)
By inspection, these equations have two possible solutions:
(i) vi f 0, V2 = 0, UNCOUPLED
(ii) vi f 0, V2 f 0, COUPLED
(1) THE UNCOUPLED SOLUTION
Taking solution (i) and rearranging Equation 3.28(a) yields
X = av - J2i
V 1 .... 3.29
this is the well-known imperfect distinct symmetric point of 
bifurcation [THOMPSON 1965 (107)] and its form is shown
schematically, for various signs of a and ni, in Figure 3.2. It 
should be noted that as v% tends to zero from above, X tends to -«> 
if n% is positive. This means that the natural loading path has 
positive values of displacement for all load if the imperfection is 
positive and the complementary loading path has all negative 
displacement values. The converse is true if the imperfection is 
negative. As the displacements become large, the behaviour tends to 
the ideal uncoupled behaviour in this mode.
(ii) THE COUPLED SOLUTION
It is more convenient for this solution to examine the projection of 
the equilibrium path onto the v% - V2 plane. Taking solution (ii) 
and re-arranging Equation 3.28(c) results in
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V 2^  - (a - b)V - 1 Ti 1
(c - b) (c - b) Vi .... 3.30
The following conclusions may be drawn, regarding the forms that the
coupled equilibrium path takes, from this equation.
1 The coupled path is symmetric about the v% axis.
2 It crosses the vj axis at a value of V2 - 0 and
vi* =  rn
bj  3.31
this represents a branching point as bifurcation from the 
uncoupled solution (i) into the coupled form occurs.
3 For System 1, positive (negative) ni imperfection results in a 
coupled path which consists only of negative (positive) v% 
displacements,
4 For System 2, positive (negative) imperfection results in a 
coupled path which consists only of positive (negative) v% 
displacements.
5 For both systems, the coupled equilibrium path becomes 
asymptotic to the V2 axis (and hence to the ideal uncoupled V£ 
m o d e ) .
The forms of the coupled equilibrium paths when projected onto the 
vi - V2 plane are summarised in Figure 3.3 for both signs of the 
imperfection m .  By considering this figure in conjunction with 
Figure 3.2 it can be seen that there is a marked difference in 
behaviour between Systems 1 and 2. For System 1 the bifurcation 
into a coupled form always occurs from the uncoupled complementary 
loading path. Thus under some practical loading arrangement 
deformation takes place only in the v^ uncoupled mode. For System 2 
the branching into a coupled form always occurs on the natural 
loading portion of the uncoupled equilibrium path. Hence under 
practical loading a system of this type would deform initially in 
the v% uncoupled form. However, possible branching into a coupled 
mode, which eventually would involve mainly the V2 uncoupled mode.
144
may occur. This is the mode-switching phenomenon described by 
SUPPLE 1968 (133). There is a total of three equilibrium paths 
present, including the two uncoupled paths, for both systems.
3.3.3 nz IMPERFECTION PRESENT ALONE (9 = 9CP , 27(P )
The forms of the equilibrium paths when 0 = 9CP , 27CP (Equation 
3.13(f)) will now be summarised. Under these circumstances 
Equations 3.13(a), (b) and (c) become
Vx (avx^ + bvz^ - X) = 0 .... 3.32(a)
bvx^Vz + cvz^ - XVz - nz " 0 .... 3.32(b)
vx{ (a - b)vi^vz - (c - b)vz^ + nz) = 0 .... 3.32(c)
By inspection these equations have two possible solutions:
(1) Vx = 0, Vz f 0, UNCOUPLED
(ii) Vi f 0, Vz * 0, COUPLED
(i) THE UNCOUPLED SOLUTION
Taking solution (i) and rearranging Equation 3.32(b) yields
X = cvz  ^ - nz
Vz .... 3.33
this is recognised as the imperfect symmetric point of bifurcation
and its form is shown schematically, for various signs of c and nz
in Figure 3.4. It is noted that as vz tends to zero from above X
tends to if nz is positive. This means that the natural loading 
path consists of positive displacements for positive imperfections 
and vice versa. The converse is true for the complementary loading 
path. For large displacements the behaviour becomes asymptotic to 
the ideal uncoupled path in this mode.
(ii) THE COUPLED SOLUTION
Again this solution is examined by means of the projection of the
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equilibrium path onto the Vi - Vz plane. Taking solution (ii) and 
rearranging Equation 3.32(c) results in
vi^ = (c - b)vz^ - 1 _Hz
(a - b) (a - b) Vz .... 3.34
From this equation, the following conclusions may be drawn regarding 
the forms that the coupled equilibrium oath takes.
1 The coupled path is symmetric about the Vz axis.
2 It crosses the Vz axis at a value of v% = 0 and
*Vz = Ü 2
.c - b
1/3
... 3.35
this represents a branching point as bifurcation from the 
uncoupled solution (i) into a coupled form occurs.
3 For System 1, positive (negative) nz imperfection results in a 
coupled path which consists only of positive (negative) vz 
displacements.
4 For System 2, positive (negative) nz imperfection results in a 
coupled path which consists only of negative (positive) Vz 
displacements.
5 For both systems, the coupled equilibrium path becomes 
asymptotic to the Vj axis (and hence to the ideal uncoupled vi 
m o d e ) .
The forms of the coupled equilibrium path (when projected onto the 
Vi - Vz plane) are summarised in Figure 3.5 for both signs of the 
imperfection nz- By considering this figure in conjunction with 
Figure 3.4, the marked difference in behaviour between systems 1 and 
2 can be seen.
The bifurcation from an uncoupled into a coupled form for System 1 
always occurs on the natural loading path of the uncoupled form. 
Hence under practical loading a system of this type would deform 
initially in a Vz uncoupled mode. However possible branching into a
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coupled form, which eventually would involve mainly the vi uncoupled 
mode, may occur. Thus mode switching may be possible.
For System 2 the branching into a coupled form always occurs from 
the complementary loading path. Thus under some practical loading 
arrangement, deformation takes place only in the V£ uncoupled mode.
In either case there is a total of three equilibrium paths present, 
including the two uncoupled paths.
3.3.4 BOTH IMPERFECTIONS PRESENT
There is only a coupled solution to Equations 3.13 when both 
imperfections are present.
Firstly a differentiation must be made between the natural and 
complementary loading paths when they are projected onto the v% - vz 
plane. To do this the equilibrium and coupled equations for small 
displacements are considered. These are obtained from Equations 
3.13(a), (b) and (c) as
X = “ P X
Vj .... 3.36(a)
A = -nz
Vz   3.36(b)
^ 2  -
ni .... 3.36(c)
Thus as seen from Equation 3.13(c), when projected onto the 
displacement plane, the paths join at the origin. In fact as the 
displacements tend to zero the load tends to ±«>, so when viewed 
along the load axis, the natural and complementary loading paths
only appear to join at the origin. The natural loading path is that
path which becomes asymptotic to the negative load axis as the
displacements tend to zero, the complementary loading path becomes
asymptotic to the positive load axis. When projected onto the
147
vi - Vz Diane there is an approximate linear relationship between 
the two displacements, the gradient of the approximating line being 
governed by the two imperfections.
Hence, when examining a projection of the coupled equilibrium paths 
onto the displacement plane, the natural and complementary loading 
paths may be distinguished as follows. The natural loading path is 
that part which intersects the origin and consists of displacements 
which correspond in sign to their major imperfections. Conversely 
the complementary loading path is that part which intersects the 
origin and consists of displacements which are of the opposite sign 
to their corresponding major imperfections.
The coupled equilibrium paths, when projected onto the v^ - Vz 
plane, are summarised in general form, for both signs of the 
imperfections ni and nz, in Figure 3.6. The natural and 
complementary loading path parts of the diagrams are marked with an 
N and C respectively.
For both Systems 1 and 2 there is a total of three equilibrium 
paths :
1 A path which is asymptotic to the positive or negative load axis
at one end, and asymptotic to the v% axis (and hence the ideal
Vi uncoupled mode) at the other.
2 A path which is asymptotic to the positive or negative load axis
at one end, and asymptotic to the vz axis (and hence the ideal
Vz uncoupled mode) at the other.
3 A path which is asymptotic to the vj axis (and hence the ideal 
V 1 uncoupled mode) at one end, and asymptotic to the Vz axis 
(and hence the ideal Vz uncoupled mode) at the other.
What distinguishes System 1 from System 2 is the behaviour of the 
natural loading path. In System 1 the natural loading path always 
becomes asymptotic to the ideal vi uncoupled mode, irrespective of 
the size of 6. System 1 is referred to as having a preferential 
buckling mode in the ideal Vi uncoupled equilibrium path. In
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contrast. System 2 has a preferential buckling mode in the ideal Vz 
uncoupled equilibrium path. It is important to note that for both 
systems, where the curvatures of the ideal uncoupled equilibrium 
paths are of the opposite sign (i.e. Systems 1.2, 1.3, 2.2 and 2.3), 
the preferential buckling mode always has negative curvature with 
respect to load.
3.4 THE EXISTENCE CASE
3.4.1 CLASSIFICATION BASED ON THE IDEAL SYSTEM
A classification of this case is more complex than the non-existence 
one because it depends on the signs of five quantities
( i ) a
(ii) b
(iii) c
(iv) ac - b^
(v) ac - b^ + 2(a - b)(c - b)
Terms (i) and (iii) embody the curvatures of the uncoupled paths of 
the ideal system; term (iv), in conjunction with the existence 
determinant, is representative of the curvature of the ideal coupled 
paths and the significance of term (v) will become apparent later.
If a free choice of sign combinations of these five factors was 
possible then SYSTEM 3 (which is governed by inequalities 3.18(a)) 
and SYSTEM 4 (which is governed by inequalities 3.18(b)) could each 
be divided into 32 sub-groups. However, of these 32 sub-groups, only 
10 are possible in each case for the reasons given below.
Considering SYSTEM 3, and by virtue of inequalities 3.18(a):
(i) If b > 0, then a, c f 0
(ii) If a, b, c > 0, then ac - b^ f 0
(iii) If a, b, c < 0, then ac - b^ > 0
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(iv) If ac - > 0, then ac - b* + 2(a - b)(c - b) t 0
(v) If a < 0 and c > 0, or a > 0 and c < 0, then ac - b^ > 0
Considering SYSTEM 4, and by virtue of inequalities 3.18(b):
(i) If b < 0, then a, c } 0
(ii) If a, b, c > 0, then ac - b^ > 0
(iii) If a, b, c < 0, then ac - b^ i 0
(iv) as in (iv) for System 3
(v) as in (v) for System 3
The ten sub-classifications of Systems 3 and 4 are shown in Table
3.4 where it should be noted that, by virtue of inequalities 3.18 
and Equation 3.23, System 3 has a negative existence determinant, 
whereas System 4 has a positive one. In this table the quantities 
ac - b^ and ac - b^ + 2(a - b)(c - b) are denoted by d and e 
respectivel y.
3.4.2 ni IMPERFECTION PRESENT ALONE ( 8 = 0 ,  180°)
Equations 3.28 are relevant here and again have two possible 
solutions:
(i) Vi f 0, Vz = 0, UNCOUPLED
(ii) Vi * 0, V2 f 0, COUPLED
(i) THE UNCOUPLED SOLUTION
The conclusions reached here are the same as in 3.3.2, therefore 
Figure 3.2 is applicable here also.
(11) THE COUPLED SOLUTION
Equation 3.30 needs to be considered in examining the coupled 
solution when projected onto the displacement plane. From this the 
following conclusions may be drawn regarding the forms that the 
coupled equilibrium paths may take:
1 The coupled paths are symmetric about the vj axis.
2 One of the paths crosses the v^ axis at a value of v% = 0 and
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Vi* given by Equation 3.31.
3 No coupled paths exist within a region of vi bounded by
(i) System 3
0 < vi < v%* if ni > 0
vi* < vi < 0 if ni < 0
(ii) System 4
vi* < vi < 0 if ni > 0
0 < Vi < Vi* if m  < 0
4 The coupled paths take the Vz axis and the ideal coupled
equilibrium paths as their asymptotes.
The forms of the coupled equilibrium paths, when projected onto the 
vi - Vz plane, are summarised in Figure 3.7 for both signs of the 
imperfection ni. By considering this figure in conjunction with
Figure 3.2 the marked difference in behaviour between Systems 3 and 
4 can be seen.
For System 3 the bifurcation into a coupled form always occurs from 
the uncoupled natural loading path. Thus under some practical
loading regime a system of this type would deform initially in the 
y I uncoupled form. However, possible branching into a coupled mode, 
which approaches one of the ideal coupled equilibrium paths, may
subsequently occur.
The bifurcation into a coupled form for System 4 always occurs from 
the uncoupled complementary loading path. Thus, under loading,
deformation takes place only in the v^ uncoupled mode. For both 
systems, including the two uncoupled paths means that there is a 
total of five equilibrium paths.
3.4.3 nz IMPERFECTION PRESENT ALONE (0 = 90°, 270°)
Equations 3.32 are relevant here and again have two possible 
solutions:
(i) vi = 0, Vz f 0, UNCOUPLED
(ii) vi f 0, Vz * 0, COUPLED
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(i) THE UNCOUPLED SOLUTION
The conclusions reached here are the same as in 3.3.3, therefore 
Figure 3.4 is applicable here also.
(ii) THE COUPLED SOLUTION
Equation 3.34 needs to be considered in examining the coupled 
solution when projected onto the displacement plane. From this the 
following conclusions may be drawn regarding the forms that the 
coupled paths may take;
1 The coupled paths are symmetric about the Vz axis.
2 One of the coupled paths crosses the Vz axis at a value of
Vi = 0 and Vz* given by Equation 3.35.
3 No coupled paths exist within a region of Vz bounded by;
(i) System 3
0 K Vz ^ Vz if nz ^  0
Vz* < Vz < 0 if nz < 0
(ii) System 4
Vz ^ Vz ^ 0 if nz ^  0
0 < Vz < Vz* if nz < 0
4 The coupled paths take the vi axis and the ideal coupled
equilibrium paths as their asymptotes.
The forms of the coupled paths, when projected onto the Vi - Vz 
plane, are summarised in Figure 3.8 for both signs of the 
imperfection nz. By considering this figure in conjunction with 
Figure 3.4 the marked difference in behaviour between Systems 3 and 
4 can be seen.
For System 3 the bifurcation into a coupled form always occurs from 
the uncoupled natural loading path. Thus under some practical 
loading, a system of this type would deform initially in the Vz 
uncoupled mode. However, possible branching into a coupled mode, 
which approaches one of the ideal coupled equilibrium paths, ma y 
subsequently occur. The bifurcation into a coupled form for System 4 
always occurs from the uncoupled complementary loading path. Thus, 
under loading, deformation takes place only in the Vz uncoupled 
mode.
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3.4.4 BOTH IMPERFECTIONS PRESENT
The forms of the equilibrium paths when both imperfections are 
present will now be summarised. For brevity only positive 
imperfections need to be considered, because of the inherent 
double-symmetry the forms for other sign combinations may be 
obtained by reflection of these about the appropriate plane. 
Equations 3.13(a), (b) and (c) are relevant here. The key tg the 
understanding of the behaviour in this case is the examination of a
special imperfection combination given by
nz = rni , r > 0 __  3.37
in which
r^ = a - b  
c - b
or, with reference to Equations 3.13(d) and (e)
= tan-lr
At this combination Equation 3.13(c) becomes, after some algebra,
(vz -  r v i ) { ( v z  + r v i ) v i v z  + ni 1 = 0
(c - b) .... 3.38
By inspection this equation has two coupled solutions
(i) Vz - rvi = 0
(ii) (vz + rvi)viVz + ni = 0
(c - b)
(i) THE FIRST SOLUTION
As can be seen from (i) the first solution lies exactly in the same 
plane that contains one of the ideal coupled equilibrium paths (see 
Equation 3.20). If the parametric transformations in Equations
3.25(c) and (d), along with
[ni nz] = ç[li I2]
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are used, then the first solution is automatically satisfied and 
Equations 3.13(a) and (b) reduce to the single equation
X - 6(ac - b^) £
-ID! Ç .... 3.39
This is the perturbed form of Equation 3.25(d) and takes the 
appearance of a distinct symmetric point of bifurcation, but 
contained within the plane defined by solution (i). Noting that in 
Equation 3.39 X tends to as C tends to zero from above, the 
natural loading path consists of positive ç (and hence v% and Vz 
positive) displacements. The complementary loading path consists of 
negative ç displacements.
The spatial arrangement of solution (i) is shown schematically in 
Figure 3.9 for the case in which (ac - b^) / | D| is positive.
Natural and complementary loading paths are labelled N and C 
respectively on this figure.
(ii) THE SECOND SOLUTION
In this solution the coupled paths take the v% axis, Vz axis and 
both ideal coupled equilibrium paths as their asymptotes. Taking 
solutions (i) and (ii) together reveals that they intersect at a 
bifurcation point given by
V 1* = - Til___
2(a - b)   3.40
It should be noted that v^* is negative for System 3 (and hence 
the bifurcation point occurs on the complementary loading path of 
solution (i)) and positive for System 4 (and hence the bifurcation 
point occurs on the natural loading path of solution (i)).
The forms of the second solution paths, when projected onto the 
vi - Vz plane, are shown in Figure 3.10, in which the solution (i) 
paths are also included. Both signs of imperfections are shown on 
this figure and natural and complementary loading paths are marked N
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and G respectively. The forms of these paths, excluding the 
solution (i) contributions, for positive imperfections will be 
described.
For both systems solution (ii) consists of three paths. For System 
3: one path is asymptotic to the negative v% axis at one end and the 
negative y 2 axis at the other; the second path is asymptotic to the 
positive vi axis at one end and an ideal coupled equilibrium path at 
the other; the third path is asymptotic to the positive vg axis at 
one end and an ideal coupled equilibrium path at the other. For 
System 4: one path is asymptotic to the positive Vi axis at one end 
and the positive y 2 axis at the other; the second path is asymptotic 
to the negative v% axis at one end and an ideal coupled path at the 
other; the third path is asymptotic to the negative vz axis at one 
end and an ideal coupled path at the other.
Because of the location of the bifurcation point between the 
solution (i) and solution (ii) paths, under this system of 
imperfections, the behaviours of Systems 3 and 4 will be markedly 
different under loading. System 3 would tend to have a system of 
displacements which correspond to an ideal coupled equilibrium 
path. System 4 would, however, displace initially in the same way, 
until experiencing the bifurcation point, whereupon branching into 
another mode may occur.
It will be convenient to introduce a quantity known as the INITIAL 
TRAJECTORY t of the coupled equilibrium paths. It is applicable to 
all systems and is a measure of the relative sizes of the 
imperfections. It is defined as, on a plot of coupled equilibrium 
paths projected onto the Vi - y 2 plane, the gradient of the 
resulting curve at the origin. From Equation 3.13(c) it can be seen 
that
t = dvz 
dv^
= nz
Vi = V2 = 0 x)i
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also from Equations 3.13(d) and (e)
0 = tan'lt
So for example, when t = r (as defined above) the special 
imperfection combination discussed above is obtained. The cases 
t = 0 ( 0 = 0 ,  180°) and t = «» (6 = 90°, 270°) have already been 
discussed in 3.4.2 and 3.4.3 respectively.
It remains to summarise the forms for 0 < t < r and r < t < *. The 
behaviour in these cases can be deduced from those forms obtained 
for t = 0, r and « (0 = 0, 0y., 90°) by using the latter three as 
limiting forms which must be approached as t tends to those values. 
Thus for small values of t within the range 0 < t < r the coupled 
equilibrium paths, when projected onto the v% - Vz plane should lie 
very close to those in Figure 3.7. As the magnitude of t increases, 
and approaches r, the coupled forms should approach those of Figure 
3.10. Similarly further increase in t, such that it now tends to «, 
the coupled forms in Figure 3.8 should be approached. These changes 
are shown schematically in Figure 3.11, which summarises the forms 
of projections of the equilibrium paths onto the vi - Vz plane for 
all 0 < t < », for r\i and nz both assumed positive. Which of the
paths is the natural or complementary loading path has been
established as outlined in 3.3.4, and marked as N and C 
respectively.
Excluding the forms corresponding to values of t already discussed 
(t = 0, r and »), for both Systems 3 and 4 the coupled equilibrium 
forms consist of five paths:
1 A path which is asymptotic to the positive or negative load axis
at one end, and asymptotic to an ideal coupled equilibrium path
at the other end.
2 A path which is asymptotic to the positive or negative load axis 
at one end, and asymptotic to the v^ axis (and hence the ideal 
uncoupled v^ mode) if t < r or asymptotic to the Vz axis (and 
hence the ideal uncoupled vz mode) if t > r.
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3 A path which is asymptotic to an ideal coupled path at one end,
and asymptotic to the vz axis if t < r or asymptotic to the v%
axis if t > r.
4 A path which is asymptotic to an ideal coupled path at one end,
and asymptotic to the Vz axis at the other.
5 A path which is asymptotic to an ideal coupled path at one end,
and asymptotic to the Vi axis at the other.
As was the case for the Non-existence category, what distinguishes 
System 3 from System 4 is the behaviour associated with the natural 
loading path. In the case of System 3 the natural loading path 
becomes asymptotic to an ideal coupled equilibrium path, 
irrespective of the value of t. This system then has a preferential 
buckling mode in the ideal coupled equilibrium path. For System 4 
the natural loading path becomes asymptotic to the ideal uncoupled 
V 1 mode if t < r and the ideal uncoupled vz mode if t > r. 
Therefore its preferential buckling mode is dependent on the 
relative sizes of the imperfections. This is unlike any of the 
systems discussed previously, whose preferential buckling modes were 
found to be independent of initial trajectory.
3.4.5 SPECIAL VALUES OF THE GRADIENT dvz/dvi
Taking the coupled equation 3.13(c) and differentiating implicitly 
gives the gradient of the coupled curve
d V z “ " 3 ( a - b)vi^Vz ~ (c - b)vz^ nz
d v } (a - b)vi^ - 3(c - b)V]_Vz^ - ni .... 3.41
If both imperfections are non-zero then this gradient becomes 
indeterminate, (both numerator and denominator go to zero), when the 
imperfections assume the critical ratio discussed in the previous 
section.
Considering the case n% ^ 0 ,  nz = 0 then the gradient becomes zero 
along loci given by
{3(a - b)vi^ - (c - b)vz^}vz = 0
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Taking vz to be non-zero the loci
Vz " — /3(a - b) V 1
(c - b) .... 3.42
represent two lines symmetrically disposed about the Vi axis which 
lie between the Vz axis and the ideal coupled equilibrium paths. 
The absolute value of the gradient of these lines is /3 times that 
of the ideal coupled paths. At points where the curves of the 
projections of the imperfect coupled paths onto the v i - Vz plane 
intersect with these lines, the curves have horizontal tangents. 
This is summarised schematically in Figure 3.12.
In the case when ni = 0, nz ^ 0 the gradient becomes infinite along 
loci given by
{(a - b)vi^ - 3(c - b)vz^}vi = 0
again considering points on the coupled path only, the loci of such 
points are
Vz = ± / ( a - b )  vi
yj 3(c - b) .... 3.43
This pair of lines are symmetrically disposed about the Vz axis and 
lie between the Vj axis and the ideal coupled equilibrium paths, 
when the latter are projected onto the displacement plane. The 
intersection points between the curves arising from the projection 
of the imperfect equilibrium paths onto the displacement plane and 
these lines have vertical tangents. The gradient of these lines is 
1//3 times the gradient of the corresponding ideal equilibrium path 
line, this being shown schematically in Figure 3.12 also.
These points of zero and infinite gradient assume some importance 
with regard to the numerical technique, which is described in 
Chapter 4.
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3.5 IDENTIFICATION SYSTEM FOR EQUILIBRIUM PATHS
It is clear from the previous sections that either three or five 
separate equilibrium paths constitute the complete set, given any 
pair of imperfections, for the non-existence and existence cases 
respectively. A system of identification of the equilibrium paths, 
based on the coupled projection, is now suggested; in proposing this 
system the following points should be noted.
(i) The natural loading path and one complementary loading path 
have a common point at the origin, but these should be 
regarded as two separate paths because one becomes asymptotic 
to the positive load axis and the other to the negative load 
axis.
(ii) The remaining complementary paths do not pass through the 
origin.
(iii) No path starts and finishes at the same point.
(iv) No point, except for the origin, appears more than once on a 
path.
The extremities of an equilibrium path will be referred to as END 
POINTS and by inspection of the previous coupled plots, the end 
points of any equilibrium path must lie on or close to two of nine 
identification positions on the Vi - y 2 plane. These identification 
positions are numbered in accordance with the ideal existence case 
and are shown in Figure 3.13. The origin is given reference number 
0 and the remaining eight positions are numbered sequentially from 1 
to 8 in an anti-clockwise sense, beginning with the position on the 
positive y I axis. Thus in the non-existence case positions with 
even identification numbers are not used.
Two examples, one each of a non-existence and existence system, are 
also shown in Figure 3.13. From this it can be seen that the 
non-existence example consists of paths 1 - 0, 3 - 5 and 7 - 0, 
whereas the existence example consists of paths 1 - 0, 2 - 3, 4 - 5, 
6 - 0  and 7 - 8 .  Thus, if a particular path is under discussion 
then it can be clearly identified by means of this numbering 
system. This identification system is also very useful in the 
development of the numerical technique described in Chapter 4.
159
3,6 DISCUSSION AND CONCLUSIONS
A doubly-symmetric two deqree-of-freedom structural system, which 
has a two-fold compound branching point in the idealised case, has 
been studied. The objective was to classify the possible different 
behaviours of the system and establish the forms of its imperfect 
equilibrium paths when projected onto the displacement plane.
The ideal system was examined first and conditions derived for the 
coefficients of the system's total potential energy which govern the 
existence, or otherwise, of coupled modes of buckling. The 
curvatures of the uncoupled and coupled modes, where they exist, 
were also found.
The system can be divided into four categories, two of which fall 
into a non-existence group (i.e. for which no coupled equilibrium 
paths exist) and the remaining two into an existence group. In the 
former there are only two uncoupled modes of buckling whilst in the 
latter there are two uncoupled modes along with two further coupled 
equilibrium paths.
For the two non-existence systems it was found that only certain 
combinations of uncoupled equilibrium path curvatures were 
permissible and a sub-classification of these two systems based on 
these combinations was suggested. It was found that there were four 
sub-groups.
For the existence systems a sub-classification was proposed based on 
the curvature of the coupled equilibrium paths as well as those of 
the coupled. Ten sub-groups were necessary for sub-classification 
of these systems.
The forms of the equilibrium paths for the imperfect systems, when 
projected onto the v% - vz plane, were delineated. The idea of 
an INITIAL TRAJECTORY value was introduced. This was chosen to 
represent the relative magnitudes of the initial imperfections as 
well as indicating the behaviour of the projected equilibrium paths 
close to the origin of the displacement plane.
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It was found, by examination of the imperfect equilibrium paths, 
that the behaviours of the four systems were distinguished from each 
other by examination of each systems PREFERENTIAL BUCKLING MODE. 
This was defined as that ideal equilibrium path which was the 
asymptote of the imperfect natural loading path of a system.
Systems 1, 2 and 3 were similar in that their choice of preferential 
buckling modes were each unaffected by the initial trajectory. 
Systems 1 and 2 were in the non-existence class and their 
preferential modes were the ideal uncoupled v% and Vz modes 
respectively. System 3 was an existence case, and its preferential 
buckling mode was an ideal coupled equilibrium path. The behaviour 
of System 4 (an existence case) was quite different from the others 
because its preferential mode was governed by the magnitude of the 
initial trajectory. If the latter was less than a particular value, 
its preferential mode was the ideal uncoupled vj oath, whereas if 
the initial trajectory was greater than this value, the preferential 
mode became the ideal vz uncoupled path.
An equilibrium path identification system has been suggested, based 
on a numbering arrangement for the end points of the equilibrium 
p a t h s .
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XFIGURE 3.1 : Ideal equilibrium path conPigurations:(a) System 1.1? 2.1 (load up or down);(b) System 1.2? 1.3? (c) System 2.2? 2.3
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FIGURE 3.2: ImperFect uncoupled equilibrium pathsFor the case ii2=0
163
5k>-w
<0
CNsLÜi V 1
H,>o
FIGURE 3.3: Projections oF ImperFect uncoupled andcoupled equilibrium paths onto the v, -Vjplane For the case rL=0 (Non-existence)
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FIGURE 3.7: Projections oF imperFect uncoupled andcoupled equilibrium paths onto the v, -v^plane For the case % = 0  (Existence)
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FIGURE 3.8: Projections oP imperFect uncoupled andcoupled equilibrium paths onto the v,plane For the case r], =0 (Existence)
169
ideal coupled equilibrium path
FIGURE 3.9: Existence system. Spatial arrangement oF equilibrium paths For solution (i) in X-v, -Vj space For the case %  =rrj^
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ENERGY
COEFFICIENT VALUE
0n n i ôa
0^2222 6c
0M122 2b
“•1
\
21: -1
TABLE 3.1 : Energy coeFFicients oF the Central Polynomial
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CHAPTER 4
A NUMERICAL METHOD FOR SOLUTION OF THE EQUILIBRIUM AND STABILITY EQUATIONS AND INVESTIGATION OF 
IMPERFECTION SENSITIVITY
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4.0 INTRODUCTION
A thorough understanding of the behaviour of doubly-symmetric 
two-fold branching systems requires TWO activities
1 Complete comprehension of the equilibrium 
configurations.
2 Construction of the critical load-displacement and 
imperfection sensitivity surfaces.
1 is a necessary prerequisite for 2, and must be a rigorous 
examination of the equilibrium configurations which result from
carefully controlled introduction of all possible imperfection 
combinations.
The material presented in Chapter 3 was only qualitative. It gave a 
summary of the general forms of equilibrium paths, when projected 
onto the displacement plane, for doubly-symmetric systems. It is, 
however, incomplete insofar as it represents only a partial 
comprehension of the equilibria that might occur. Nevertheless it 
is a vital step towards the development of a comprehensive 
quantitative technique for the investigation of these systems.
It is essential, therefore, to have an accurate numerical technique 
to enable the activities mentioned above to be carried out. The 
technique must include provision for the computation of equilibrium 
paths, the calculation and identification of critical points thereon 
and graphical presentation of the results. Furthermore, there must 
be methods for the generation of large numbers of critical points
from specified imperfections, sorting of that data and presentation, 
in graphical form, of critical load-displacement and imperfection 
sensitivity surfaces.
The problem requiring numerical solution may be briefly stated as 
follows:
Given a particular system, with specified values for each of the
energy coefficients, and a prescribed pair, or pairs, of
180
imperfections, what are the corresponding equilibrium path 
configurations, critical loads and critical displacements?
The problem is governed by the three algebraic equations
0]^(A, V 1, V 2» ) = 0 .... 4.1
02(^3 V2, V23 2^) ~ Q .... 4.2
A ~ A(X, V 2, V 2) .... 4.3
The first two equations define the loci of equilibrium positions of 
the system and the last equation the stability or otherwise of those 
positions. A numerical technique could have been based on some
standard iterative procedure operating on Equations 4.1 and 4.2, 
(for example, Newton-Raphson). It was felt though that this would 
introduce unnecessary approximation at an early stage and an^yway 
convergence difficulties had already been experienced by previous 
investigators [e.g. DOMBOURIAN et al. 1976 (243)] in using this
approach.
The basis of the numerical technique proposed here involves use of 
the coupled equilibrium equation obtained as a result of eliminating 
X between Equations 4.1 and 4.2. In general terms this appears as
C(v1, V2, ni, P2) = 0 .... 4.4
There are a number of advantages in using this equation:
1 Once the imperfections are prescribed, there are only two 
variables to be considered in the solution.
2 The equation is known explicitly and, since it represents the
projection of the equilibrium paths onto the displacement plane, 
it may be differentiated to obtain an exact formula for dv2/dvi. 
This proves to be a useful quantity, as will be shown later.
3 Equation 4.4 is a cubic, for which exact solution methods are
available. This means that an equilibrium point can be 
calculated exactly and more rapidly than by using an iterative 
procedure.
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4 Once Equation 4.4 is solved, corresponding load values can be 
calculated from either Equation 4.1 or 4.2.
A general suite of computer programs was written which provided the 
following facilities.
1 Calculation of an equilibrium point.
2 Trace a complete equilibrium path, given a start point.
3 Trace all the equilibrium paths present.
4 Investigate the stability of equilibrium paths and identify
critical points.
5 Graphical presentation of 2 - 4.
6 Generation and sorting of critical point data from a large number
of specified imperfections.
7 Graphical presentation of 6 in the form of critical 
load-displacement and imperfection sensitivity surfaces.
The material in this chapter is arranged as follows.
Section 4.1 outlines the number of roots to cubic equations and 
the exact methods available for their solution.
Section 4.2 describes the algorithms devised for carrying out the 
objectives 1 - 4  above.
Section 4.3 outlines the computer implementation of the 
algorithms and the graphical presentation of data necessary for 
objectives 5 - 7  above.
4.1 EXACT SOLUTION OF CUBIC EQUATIONS
Any cubic equation, by means of a suitable transformation of 
coordinates, can be expressed in it's REDUCED CUBIC form
x^ + 3Hx + G = 0 .... 4.5
Exact solution methods for cubic equations are based on the reduced 
cubic and the relationship between the coefficients G and H will 
govern whether the equation has one or three real roots. The 
conditions on G and H which govern the roots of the reduced cubic 
equation are given d i agrammatically in Figure 4.1. Hence the 
conditions on G and H in a given reduced cubic equation will
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determine the solution method to be used to find its roots.
Excepting the possibi1itities in Figure 4.1 for which the solutions 
are obvious, there are two exact methods available for the solution 
of cubic equations: [see ARCHBOLD 1970 (274)]
(a) Tartaglia and Cardan.
This method is suitable for cubics which have one real root, 
that is when
H > 0, G # 0   4.6(a)
H < 0, + 4H^ > 0 .... 4.6(b)
(b) Trigonometric method.
This method is suitable for cubics which have three real roots, 
that is when
H < 0, G% + 4HS < 0 .... 4.7
4.2 NUMERICAL METHOD FOR SOLUTION OF THE EQUILIBRIUM AND STABILITY 
EQUATIONS
4.2.1 CALCULATION OF AN EQUILIBRIUM POINT
Explicitly Equation 4.4 appears as:
v i V a K a  - b)vi^ - (c - b)v 2^ } - V2ni + Vin2 = 0 .... 4.8
If a value of v% is prescribed this equation may be rearranged to
V2  ^ “ {(a — b)v][^ — n % }v2 — n2 ” 0
(c - b)vi (c - b)   4.9
Alternatively, if V2 is prescribed, the corresponding equation is
V “ {(c - b)v2^ - 112}V 1 *“ Til “ 0
(a - b) v2 (a - b) .... 4.10
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and both equations 4.9 and 4.10 are of the reduced cubic form 
Equation 4.5. Hence if the coefficients a, b, c, the two 
imperfections and one of the displacements are all prescribed, the 
corresponding one, two or three values for the other displacement 
may be found exactly. Either of the two methods mentioned in 4.1 
may be used, the appropriate one being chosen after the calculation 
of the values of G and H in Equations 4.9 and 4.10. Once the two 
displacement values at an equilibrium point are known, the 
corresponding load value can be calculated from either of Equations
4.1 or 4.2.
Anticipating that the equilibrium point to be found lies on an 
equilibrium path, in the event of there being two or more roots to 
the cubic equations above, there must be a means of deciding which 
root is the required one. The method adopted to do this assumes 
that there already exists two equilibrium points close-to, the 
required point.
With reference to Figure 4.2, the required point is and is 
referred to as the NEXT POINT. The two known points are referred to 
as the CURRENT POINT , J(p and the PREVIOUS POINT , Yj) and the
example shown is under prescribed v% displacement. First 
an APPROXIMATE PROJECTED POINT , Xa  is calculated as lying along a
line joining to and approximately at the prescribed value 
of vj. The next point is then selected as that root, out of _Ri, ^ 2» 
JR3, which is the least distance from _Xy\. Since it was anticipated 
that the distance from Xf to X.N was to be approximately the same 
as the distance from ](p to X.Fs _^A was taken as
21a  “ JIf (Af - 21p) .... 4.11
Hence Xj^  was chosen as that root which satisfied
2^|\| 5 MlN{llj^ - RiH, I!Xa  - i z  ", “Xa  “ & “}_ _ _ _ _ __ 4.12
It should be noted that _Xp may, if necessary, lie close to, but
does not have to lie on, the same equilibrium path as ^  and
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4.2.2 TRACING A COMPLETE EQUILIBRIUM PATH
A complete equilibrium path, emanating from some known start point, 
may be traced by computing successive equilibrium points, at 
suitable intervals, until some finish point is reached. This could 
be achieved by repeatedly incrementing one of the displacement 
variables (the control variable) by some fixed step-lenqth, and 
solving for the non-prescribed displacement and load after each 
increment in the manner described in 4.2.1. There are, however, a 
number of disadvantages with this simple approach as follows.
It would not be clear at the start point
1 Which displacement is to be chosen as the control variable.
2 Paths in the coupled projection can be very distorted. Keeping a 
fixed increment of the same control variable throughout a path 
trace might lead to a poor representation of the path. For
instance as suggested in Figure 4.3, a small increment in one
displacement might lead to a comparatively large change in the 
other.
3 A limit point, with respect to the control variable, may occur 
with resulting breakdown of the procedure. This is shown 
schematically in Figure 4.4.
To overcome these disadvantages an incrementing displacement path 
tracing algorithm was enhanced with the following automatic 
facilities.
1 Choice of control variable (see 2 below).
2 Variable step-lenqth for the control variable which maintains, as 
near as possible, a constant chord-length between successive 
calculated equilibrium points on a path. This is s u g g e s t e d  in 
Figure 4.5, in which 1 is the chord-length.
3 To change the control variable if necessary, according to the 
slope of the coupled projection of the equilibrium path, at the 
current point. This aids the constant chord-length and enables 
the trace to pass through a limit point. It may be visualised by 
means of Figure 4.6.
It was found that a convenient way of achieving these facilities was 
with the use of the tangent dvg/dvi to the coupled projection curve
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which, as described in 3.4.5, may be calculated exactly at a given 
equilibrium point. Once this is computed the angle the tangent
makes with the v% axis may be found.
With reference to Figure 4.7 0, c and d, are the current, the
previous and the next points respectively. The line aOb is the 
tangent to the equilibrium path at the current point 0 and the
tangent angle is a. If, at 0, the angle a  satisfies the inequality
-45° < a <45°  4.13
then V 1 is taken as the control variable for the calculation of the 
next point. If alternatively
-90° < a < -45° or 45° < a < 90°  4.14
then V2 is taken as the control variable and incremented.
Fixing of the step-length between the current and next points was 
carried out on an iterative basis. With reference to Figure 4.8 the 
procedure was as follows (for v% control). Having determined the 
control variable at 0, by means of the tangent to the equilibrium 
path at 0, aOb and the angle a , the first step-lenqth was
calculated as
Avj = 1 cosa .... 4.15(a)
or Av2 = 1 sina .... 4.15(b)
if under v % or V2 control respectively and where 1 is the required
chord-length. The control variable was incremented and the next
point was calculated. If the computed chord-length from this to the 
current point was sufficiently close to the required value, this 
next point was accepted. If the next point was not acceptable on 
this basis (point d* in Figure 4.8), the angle a in Equations 4.15 
was replaced with the angle 3 (which is the angle the line Od* makes 
with the Vi axis) and a new step-length for the control variable is
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calculated. A new point d" was then computed and its acceptability 
regarding chord-length from the current point was checked. If 
necessary, the adjustment to the step length was repeated until 
convergence to the required chord-length is obtained. It was found 
that the convergence of this approach was very rapid, a suitable 
next point being obtained after two or three iterations.
To ensure that progress along an equilibrium path occured properly
(and the next point did not converge to the previous point) use was
made of a direction vector method shown schematically in Figure
4.9. In this figure Xp is the previous point, Xf the current
point and the true next point. The direction vector AO is 
given by
AO = - Xp
where
Xf = {vip Vzp}, I p = {vip V2p}
The normalised components in the Vi and V2 directions are, 
respectively
AOi = Vip -Vip
IVip -Vipl .... 4.16(a)
and
A O2 = V 2P - V2P
IV2F - V2PI   4.16(b)
Thus the step-length of the control displacement is multiplied by 
the appropriate unit direction vector AOj or AO2 to ensure that 
progress is made along the equilibrium path, in a direction away 
from the previous point.
In order to carry out a path trace a number of quantities need to be 
specified. These are:
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(a) Energy coefficients a, b, c.
(b) The imperfections n% and ri2
(c) A start point on an equilibrium path = (vis V2sl
(d) A dummy previous point X.dp = l^idp V2dpl which is close-to 
X S^, but not necessarily on the same path.
(e) A number of finish points X.E2» •••» I e U  * , X.EN
where X£i = (vigi VgEi)
(f) A chord-length 1
The dummy previous point does not form part of the equilibrium path,
but is necessary to initialise the trace. A number of finish points 
must be specified because, at the outset, the actual finish point of 
an equilibrium path is unknown, but it will be one of a limited 
number. An Equilibrium path trace is terminated when the next point 
_Xfy( is sufficiently close to one of the specified finish points. 
Thus if 6 is some small prescribed positive scalar, then a path is 
terminated when the following condition is satisfied:
MIN ( 1 it, ll_X|\j -Xpa" » • • • s IIX.N " J^ .Ei »
..., 11]^  "21e n ’*1 < ^ .... 4.17
The flow chart for the operation of the path tracing algorithm is 
shown in Figure 4.10. After specifying the quantities (a) to (f) 
above, the previous point is put equal to the dummy previous point,
the current point is taken as the start point and the next point is
calculated. The current point then becomes the previous point, the 
next point becomes the current point and a further next point is 
calculated. Progress along the equilibrium path continues in this
way until criterion 4.17 is satisfied, whereupon the path trace is
terminated. Discussion of the choice of data (c), (d), (e) and (f) 
is to be found in the next subsection.
4.2.3 TRACING ALL THE EQUILIBRIUM PATHS IN A COUPLED PROJECTION
In tracing one or all of the equilibrium paths in a coupled 
projection it was decided that points other than the origin were to 
be used as start points. This was because of two reasons: (a) In a
188
coupled projection there are always two paths which have the origin 
as a common point; (b) for imperfect systems, X goes to ± « for zero 
values of v% and V£. The calculation of suitable start points 
involves the use of PERIPHERAL POINTS calculated as follows.
First, maximum and minimum values of both displacements were 
specified thus creating, on the displacement plane, a window bounded 
by four grid lines, within which equilibrium paths were to be 
constructed (see Figure 4.11). All the equilibrium points which lie 
on these grid lines were then computed. These are called the 
peripheral points and each was assigned a code number as described 
in 3.5 and illustrated in Figure 3.13. Provision was made for a 
maximum of eight peripheral points; this is the maximum number 
expected for the existence case. For the non-existence case a 
maximum of four is found, in which circumstance point numbers 2, 4, 
6, and 8 are assigned dummy values and ignored in subsequent
procedures. The maximum and minimum displacement values are 
calculated semi-automatically such that all important equilibrium 
points - limit points, bifurcations, positions of zero or infinite 
gradient d v2/dvi etc. - were included within the bounds of the 
rectangle.
To initiate a trace, using a peripheral point as a start point, 
requires a previous point. In a similar way to above, DUMMY 
PREVIOUS POINTS are calculated on a new rectangular grid bounded by 
four lines as shown in Figure 4.11. These points, unlike the 
peripheral points, are calculated on the basis of the ideal system, 
but are assigned code numbers in the same way. Hence the trace of 
an equilibrium path is carried out by first specifying an integer
number between 1 and 8. The peripheral point with this as its code 
number is used as the start point, together with its corresponding
dummy previous point. The remaining seven (or three) peripheral
points and the origin are automatically prescribed as finish points 
and the trace continues until one of these is reached.
Tracing all the equilibrium paths in a coupled projection is a 
question of repeating the above procedure through all possible
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paths. As has been seen in Chapter 3, peripheral points may take 
the role of start or finish points to an equilibrium path, but. only 
once. To cater for this each is assigned a status flag. This is an 
integer, 0 or 1, which labels whether a particular peripheral point 
has been used as a start or finish point for any path. Thus each 
peripheral point has associated with it a dummy previous point and a 
status flag.
Beginning with peripheral point 1, its status is changed to used, 
and the path with this as its start point is traced until it 
finishes either at the origin, or another peripheral point. In the 
latter case the status of the finish point is changed to used. 
Attention then turns to the next highest numbered peripheral point 
with an unused status and the path with this as its start point is 
traced until terminating at some suitable point. This process is 
repeated until no peripheral points with an unused status are left 
to be used as start points, whereupon all the equilibrium paths have 
been accounted for.
Rather than specify the chordlenqth 1 directly, it was found to be 
more convenient to prescribe a parameter A. The chordlenqth was 
then taken as A multiplied by the largest absolute value of the 
maximum and minimum displacements i.e.:
1 = A MAX{ ViMAX ) ViMIN @ V2MAX » V2MIN 1
.... 4.18
The flow chart summarising the main activities of the complete path 
tracing algorithm is shown in Figure 4.12.
4.2.4 INVESTIGATION OF STABILITY AND IDENTIFICATION OF CRITICAL 
POINTS
The equation governing the stability or otherwise of an equilibrium 
configuration is the stability determinant
A = 011 012 
021 022  4.19
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This may easily be derived from the central polynomial, and 
expressed in terms of v^, and X, The sign of A, in conjunction 
with those of its diagonal elements, governs the stability of a 
particular equilibrium point, and these signs ma y  be found by 
substituting in values of load and displacement.
Equilibrium points at which stability is lost, occur when A = 0 and 
are given by
011022 “ (012)^ " 0 .... 4.20
from the central polynomial
011 = 3avi^ + b V 2^  - X .... 4.21(a)
022 = bvi^ + 3  v 2^ " X .... 4.21(b)
012 = 021 “ 2bviV2 .... 4.21(c)
Substituting these into Equation 4.20 yields the following quadratic 
in X
X^ + aiX +a2 = 0 .... 4.22
in which
ai = - ((3a + b)vi^ + (3c + b)v 2^ } .... 4.23(a)
a2 = (3avi^ + bV2^)(bvi^ + 3cv2^) - 4b^Vi^V2^ .... 4.23(b)
Thus if equilibrium values of displacement Vi and V2 are found from 
the coupled equation and substituted into Equation 4.22 there may be 
corresponding values of load obtained by solution of this
quadratic. It is possible therefore to represent the solutions to
the A = 0 equation as a pair of curves in X - vi - V2 space. These 
curves have exactly the same projection onto the Vi - V2 plane as 
the corresponding equilibrium paths. Points where stability is lost 
are those for which one of the stability curves and an equilibrium 
path touch (i.e. have a common tangent), or intersect in X - vi - V2 
space. Hence for a critical point to occur on an equilibrium path
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this point and a stability curve, must have a common value of X. 
This is shown schematically in Figure 4.13 and the procedure for 
finding these points is as follows.
A segment of equilibrium path, taken as a straight line joining two 
adjacent equilibrium points, is specified. Conveniently this may be 
taken as one of the chord-lengths between a current and previous 
equilibrium point discussed in the path tracing algorithm. The two 
corresponding line segments of the stability curves are then 
constructed by computing the two loads at each end of the line 
segment, using Equation 4.22, as suggested in Figure 4.14. Having 
done this it can then be established if either of the two stability 
curve line segments (a) intersect or (b) are parallel and 
sufficiently close (to be regarded as touching) to the equilibrium 
path line segment.
Let the equilibrium path line segment have the following position 
vectors at its two extremities
_a and b
where _a = (v^ V2 X^} 
b =  ( v i ‘ V2* Xy}
and the stability curve end vectors are correspondingly
£  and ^
£  and jF
where _c = (vi V2 X^ .}
6 = {vi' V2' Xj}
£  = { v1 V2 Xg} 
f  = ( v i '  V2* Xf )
Importantly, £  and £  have equal v% and V2 components and c[ and 
f have equal v% and V2 components.
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The vector equations of the equilibrium path line segment and one of 
the stability curve line segments are, respectively
£  = _a + t ( lb - £) .... 4.24(a)
s_ = £  + u (£ - £) .... 4.24(b)
and the condition for the two lines to be parallel is that
(A ~ X (É " c) = 0_ .... 4.25
A check is made first that the Wll is sufficiently close to a small 
prescribed number 62 for the two line segments to be considered as 
parallel. If this condition is met, then the perpendicular distance 
between the two line segments is calculated by considering the area 
of the triangle whose vertices are at the position vectors _a, £  and 
£. Referring to Figure 4.15, the required distance is h, taking the 
area of the triangle gives the required perpendicular distance as
h = H(£ - a) X (£ “ _a) H
1 (b — a) I . . . .4,26
In order for the line segments to be close enough to be regarded as 
touching, then the distance h must be smaller than some • small 
prescribed quantity, 0%, say.
In the event that ii_wii is larger than 82 then a check is made to see 
if the two line segments intersect. Let their point of intersection 
have a position vector £, say, then
£  = £  + t*(£ - £) = £  + u*(^ - £)
where t* and u* are the values of the scalars t and u in 
Equations 4.24, at the intersection point. In general this equation 
is overdetermined, but by the nature of the v% and components of 
a, c, b and d, it can be solved in this case to give
(Xb - Xa) - (X(j - Xc)
 4.27
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The two line segments intersect therefore if and only if
0 < t*, u* < 1 .... 4.28
Hence if t*, calculated from Equation 4.27, lies outside these 
limits, then the equilibrium path and stability curve line segments 
do not intersect. If Equation 4.28 is satisfied then the position 
vector of the intersection point is found from either of Equations 
4.24. This then gives the critical load and the values of the two
displacements at which stability is lost.
After checking the first stability curve line segment (£, £) in this 
way, the second may be assessed in a similar fashion by replacing £
by £  and £  by _f in all formulae following Equation 4.24.
The procedure for finding the critical points on an equilibrium path 
is to examine all successive straight line segments along the path, 
which were generated by the path tracing algorithm described in 
4.2.2. The small quantity 6i used to assess the perpendicular 
distance between an equilibrium path and stability curve line 
segments was taken as some proportion B of the chord-length
8i = B . 1 .... 4.29(a)
The small quantity used to assess the inclination between the two 
line segments was taken in a similar way as
62 = B . 1
100 .... 4.29(b)
4.3 COMPUTER IMPLEMENTATION OF THE NUMERICAL TECHNIQUE
4.3.1 EQUILIBRIUM CONFIGURATIONS
Various computer programs and subroutines were written in FORTRAN 
IV, using double-precision arithmetic, to carry out the numerical 
procedures described previously. The output is graphical, enabling
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the user to produce diagrams of equilibrium path configurations for 
specified central polynomial coefficients and imperfection values. 
Facilities are provided for projections of the equilibrium paths 
onto the component v% - va» X - vi and X - V2 planes of 
configuration space. Such drawings may be obtained to show all the 
natural and complementary equilibrium paths for a given imperfection 
pair, or the user may obtain the drawing of a single equilibrium 
path by specifying one of its end point numbers as a start point. 
In both cases, options are provided to enable the morphogenesis of a 
particular path, or paths, to be traced through a series of 
imperfections, by allowing the series of paths to be superimposed on 
the same drawing. In all cases the positions of critical points on 
the paths are calculated and may be indicated on the diagrams.
It was found to be convenient to express the imperfections in the
polar coordinate form given in Equations 3.13(d) and (e), thus h is
a specified imperfection ray length and 8 is the arctangent of the 
initial trajectory discussed in Chapter 3. When 8 = 0°, n% = h and
n2 = 0: and when 8 = 90°, ni = 0 and ÎI2 ” By examination of
equilibrium plots for various values of 8 between and including OP 
and 90°, it was possible to discern the pattern of equilibrium and 
critical equilibrium configurations as the variable 8 changes. From 
this it can be concluded how many sheets comprise the imperfection 
sensitivity surface, if those sheets are single - or double-valued, 
and which critical points (which lie on paths with particular start 
point numbers) comprise a common sheet or sheets of the surface.
4.3.2 IMPERFECTION SENSITIVITY AND CRITICAL EQUILIBRIA
For this the output from the computer programs is initially 
numerical for graphical post-processing. First, a finite number of 
imperfection pairs is generated on a polar grid of prescribed 
maximum radius n^* Two integer numbers, N@ and were also 
specified: represents the number of imperfection rays required
in the grid, and represents the number of equally spaced 
imperfection values along each ray, including h = 0 and h = n^, 
which are required. The integer Hy' is such that either Ny> 
equi-angular values of 8 between and including 0° and 9CP are
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generated, or 
prescribed.
Nr different values of 9 are each otherwise
For each sheet of the imperfection sensitivity surface, the 
corresponding critical load and two critical displacements, for each 
imperfection pair in turn, were calculated by searching along the 
equilibrium path with an end point number appropriate to that sheet 
as a start point, using the procedure described previously.
Hence, at the end of this process, for each sheet of the 
imperfection sensitivity surface, the following data would be 
generated for each point on the polar imperfection grid
ni, 02» V2*, X*
where a superscript * refers to critical values of the relevant 
variables. Either of the imperfection sensitivity (X* - r\i - 02) 
and the critical load-displ acement (X* - v%* - V2*) surfaces 
may be processed graphically from this data into either of the two 
forms;
(a) A pseudo three-dimensional projection, based on the 
transformation of coordinates shown in Figure 4.16. In this X, Y 
and Z are three-dimensional axes and X' and Y' are the axes on the 
two-dimensional plane onto which projection is made. The axes OX 
and OY make angles of and ^2 with the X' axis respectively, which 
are referred to as the projection angles and when put equal to 30P 
the resulting projection is standard isometric. In matrix terms the 
transformation appears as
' X'“ =: -cosfi C0S\^ 2 o' ' X "
Y' -sinil^i -sinil^2 1 Y
Z ^
These three -dimensional projections
of loci on the surfaces: loci of
rays); and loci of constant (i
 4.30
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(h) Projections of loci of constant 0 onto the three component 
planes of the three-dimensional space in which the surface is 
drawn.
4.3.3 VALUES OF THE PARAMETERS A  AND B, AND THE CALCULATION OF 
HYSTERESIS POINTS
The chord-length 1, and hence the parameter A, has no effect on the 
accuracy of the computed equilibrium points, which will always lie 
on the equilibrium paths defined by the given eguations. Ultimately 
the parameter A governs the number of equilibrium points that will 
be calculated during a path trace.
The accuracy of the calculated critical points depends on the 
chord-length, and to a greater extent, the parameter B in Equations
4.29. As experience with the use of the program was gained it was 
found that a fine balance had to be struck between the chosen values 
of A and B. Generally, the limit points on the equilibrium paths 
presented few problems in this respect since it was found that they 
were calculated through line segment intersections. Bifurcation 
points were more troublesome since their calculation required the 
equilibrium and stability curves to touch and in assessing this, two 
"nearness to zero" (one involving inclination and one closeness of 
curve line segments) decisions had to be. made. Hence they were more 
sensitive to the choices of A and B.
The accuracy requirement for the calculation of critical points in 
the case of examining equilibrium configurations was less than that 
for constructing the imperfection sensitivity surfaces.
After extensive numerical investigations it was found that suitable 
A and B values for the equilibrium path plotting were in the range
0.01 < A < 0.02
0.01 < R < 0.02
Depending on the contortion of the equilibrium path being plotted, 
this led to a range of 50 - 100 equilibrium points per path. For
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the imperfection sensitivity the corresponding A, B values were 
taken as
A = B = 0.005
These values were a compromise between accuracy and processor time. 
Where possible, the results from the numerical technique were 
checked against exact solutions; this was done for the specific 
systems investigated in Chapters 6 and 7.
In addition to the above major numerical procedures, many other 
programs and subroutines were written to deal with problems as and 
when they arose during the course of the work. A notable one 
amongst these was an algorithm for calculating the value of 0 at 
which a hysteresis point occurred on a particular equilibrium path. 
These points occur in such a way that as 0 varies the number of
critical points on the path changes from two, to one (the hysteresis 
point) to zero, or vice versa. The value of theta at which the 
hysteresis point occurs is denoted by 0* and a flow-chart for the 
procedure of computing it is shown in Figure 4.17.
The method is based simply on interval halving and works as
follows. Having discovered a path on which this phenomenon occurs, 
two values of 0 are chosen with n remaining at some convenient fixed 
value. At 0^  the path has two critical points and at 02 the path 
has no critical points. A value of 03 is computed as the average 
value of 01 and 02» and the critical points on the path are
calculated for this 03.
Three outcomes are possible; (a) only one critical point is found, 
or two critical points are found which are sufficiently close 
together to be regarded as one; in either case 03 corresponds to the 
hysteresis point and the procedure terminates; (b) two critical
points are found which are not sufficiently close together, in which 
case 01 is put equal to 03 and (c) no critical points are found, in 
which case 02 is put equal to 03. A new value of 83 is then 
calculated and the cycle is repeated until the hysteresis value of 0 
is found.
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4.4 CONCLUSIONS
A numerical technique has been devised for the solution of the 
equilibrium and stability equations for a doubly-symmetric two-fold 
branching system.
The derivation of equilibrium configurations is based on exact 
solution, for system displacements, of the coupled equilibrium 
equation followed by solution for load from one of the associated
equilibrium equations. An incremented displacement technique was
used which incorporates automatic facilities for selection of the 
incremented control displacement. Automatic variable displacement 
incrementing was included, which allowed for constant chord-length 
between the successive equilibrium points that were calculated. 
These enhancements enabled the method to trace complete equilibrium 
paths through limit points and contortions.
The identification of critical points was based on the intersection 
and touching of the equilibrium space curve and one of two space 
curves defined by the zeroing of the stability determinant. 
Critical points were calculated using successive line segments
between equilibrium points on the three space curves.
The technique for finding critical points was used to formulate a 
method to generate data for the construction of critical
load-displacement and imperfection sensitivity surfaces. It was 
also used in a method devised for the identification and computation 
of hysteresis points.
Various graphical procedures were designed for the presentation of 
equilibrium configurations, imperfection sensitivity and critical 
load-displacement surfaces.
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comparatively large change In Vi
FIGURE 4.3: Poor path representation. Small change in Vj displacement leads to comparatively large change in v, displacement
solutions for V; no solutions for
FIGURE 4.4: Breakdown oF a numerical procedure under prescribed v, displacement
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variable increments
FIGURE 4.5: Variable step-length in controls which maintains a constant chord-length between successive points
Vi control
2
8
V, control -H
FIGURE 4.6: Change oF control variable to enable a limit point to be passed through
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a
^  V,K
FIGURE 4.7: Automatic choice oF control variable according to the tangent angle (a) V, controls (b) Vj control
FIGURE 4.8: Procedure For Fixing the step length between successive points when under V, displacement control
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FIGURE 4.9: Vector method to ensure correct progress along an equilibrium path
C F
I Vi MIN
■ - J L -
grid for dummy previous points'
Vj MAX
,grid for peripheral points
- i h - chord length I
Vi M A x j
V2 MIN
FIGURE 4.11: Grids For calculation oF Peripheralpoints and Dummy previous points
205
C a l c u l a t e  n e x t  p o i n t ,  _X| a n d  c h o r d - 1e n g t h  1'
YE S
X w c l o s e  to a T i n i s h  p o i n t ? NO
Y E S
S T O P
F i x  s t e p - l e n g t h
D e t e r m i n e  c o n t r o l  d i s p l a c e m e n t
M u l t i p l y  s t e p - l e n g t h  by f ü n i t  d i r e c t i o n  v e c t o r
S p e c i f y
s t a r t  poi n t  . d u m m y  p r e v i o u s  p o i n t  c h o r d - 1e n g t h  1. f i n i s h  p o i n t s
FIGURE 4.10: Flow chart For the operation oF the
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E X I S T E N C E N O N - E X I S T E N C E
NO
Y E S
NO
Y E S
S T O P
S y s t e mt y p e ?
Is S t a t u s  of p e r i p h e r a l  p o i n t  i u n u s e d ?
S p e c i f y :
T r a c e  p a t h  w i t h  p e r i p h e r a l  p o i n t  i as s t a r t  p o i n t .  P u t  s t a t u s  of p e r i p h e r a l  p o i n t  t h a t  is p a t h  f i n i s h  p o i n t  to u s e d .
FIGURE 4.12: Flow chart For the operation oF thecomplete path tracing routine
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AsO curves
equilibrium paths
critical points
FIGURE 4.13: Critical points as intersections orpoints oF common tangency between an equilibrium path and a stability curve
■AsO curveline segments
>— equilibrium path 
,■— AaO  curve
FIGURE 4.14: Approximation oF an equilibrium pathand it's corresponding stability curves as a series oF line segments
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(c -a)
FIGURE 1.15: Vector method For Finding the shortestdistance between two parallel line segments
209
z.v
T
FIGURE 1.16: Coordinate systems used For the pseudothree-dimensiohaI projection
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S p e c i f y :
1. P a t h  s t a r t  p o i n t  n u m b e r  i2. P a t h  i w i t h  8% (2 c r i t i c a l  p o i n t s )3. P a t h  i w i t h  02 (0 c r i t i c a l  p o i n t s )
63 = h i B i  + 82)
C a l c u l a t e  c r i t i c a l  p o i n t s  on p a t h  i c o r r e s p o n d i n g  to 83
01 = 01 N u m b e rof c r i t i c a l02 = 03 p o i n t s
A r e  p o i n t s  s u f f i c i e n t l y  c l o s e  t o g e t h e r ?
NO
Y ES
8* = 83 H y s t e r e s i  s p o i n t  f o u n d
01 = 83
02 = 02
FIGURE 4.17: Flow chart For the procedure oFcomputing the Value oF 0 at which hysteresis point occurs
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CHAPTER 5
IMPERFECTION SENSITIVITY AND CRITICAL EQUILIBRIA
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5.0 INTRODUCTION
Two surfaces are of direct interest with respect to the critical 
equilibria at which stability of an imperfect two-fold 
doubly-symmetric branching system is lost.
First, there are the loci of critical displacements vi* and V£* 
with the critical load X*. This is a surface in 
A* - Vi* - V2* space, referred to as the CRITICAL 
LOAD-DISPLACEMENT SURFACE, and is represented mathematically by the 
equation (see Equation 4.3) A = 0. Second, if v^* and V2* can 
be eliminated and replaced by n% and t\2 in this equation, using the 
equilibrium equations 4.1 and 4.2, what remains is an equation 
involving X*, m  and TI2 which defines the IMPERFECTION SENSITIVITY 
SURFACE. This is of most direct importance because from it 
predictions of the buckling loads of the system can be made from a 
knowledge of its imperfections.
Unfortunately, it is not possible to obtain complete closed form 
expressions for either of these surfaces by algebraic manipulation 
of the stability and equilibrium equations. However, exact 
expressions for certain loci lying on these surfaces can be derived 
for particular special cases, and qualitative observations can be 
made about some of their properties. This information can provide 
vital clues, when coupled with the numerical approach in Chapter 4, 
to the nature of the complete critical load-displacement and 
imperfection sensitivity surfaces.
The purpose of the present Chapter is to carry out an investigation 
of this type. POSTON and STEWART 1978 (172), in examining the 
unfolding of the double-cusp catastrophe (as it applied specifically 
to the buckling of short rectangular plates) indicated that it is 
necessarily ten-dimensional. Excluding the two state variables, 
this means that eight controls are essential. It was suggested that 
a change in aspect ratio would act as one. If, as in the normal 
engineering context, load is included as a control, this means that 
six imperfections would be necessary. Here only load and TWO major
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Imperfections have been considered, along with the two state 
variables. The resulting imperfection sensitivity surfaces are 
therefore three dimensional sections of the full catastrophe in 
eight dimensional control space and would therefore be unstable in 
the topological sense.
The problem is tackled in a manner similar to JOHNS 1974 (140), but 
here the approach is supplemented by the numerical technique 
described in Chapter 4. Use of the technique enables imperfections 
to be varied in a controlled fashion and allows an examination of 
the morphogenesis of the equilibria and critical equilibria to be 
made.
In the first section some general algebraic equations are derived 
which pertain to rays through the critical load-displacement and 
imperfection sensitivity surfaces. Specific loci on the surfaces 
are also found for the cases when either imperfection goes to zero, 
or the special trajectory r obtains for the existence cases.
A behavioural subdivision of Systems 1 and 2 is suggested in the 
second section. This is based on the number of critical points
occurring for the n2 - 0 and ni = 0 initial trajectories.
In section three a set of specific cases, representative of all 
behaviours from the Non-existence class, are examined in detail via 
the numerical technique. This, in conjunction with the results from 
the first section, enables proposals for the critical
load-displacement and imperfection sensitivity surfaces to be made 
in the fourth section.
The Existence class of behaviour is not examined in any detail in
this chapter, although the results of section one are relevant to
this also. Specific systems which exibit this behaviour are treated 
in detail in Chapters 6 and 7. ■
For the purposes of the algebraic study Equations 4.1 to 4.3 are 
used, which from the Central Polynomial appear explicitly as
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12 ~ bv i^V2 CV 2^  — Xv2 ’" 2^ ” 0
A = 3avi + bv2 - X 2bviV2 
2bviV2 bvi^ + 3cv2^ - X
.... 5.1
.... 5.2
5.1 GENERAL EQUATIONS
5.1.1 GENERAL INITIAL TRAJECTORY
Consider the critical load-displacement surface defined by the 
equation A = 0 and suppose this is cut by a plane, the equations of 
which are given by
vi* = k(S
2 \l/2V2* = (1 - 0 < k < 1
.... 5.4(a) 
  5.4(b)
The normal to this plane is parallel to the v%* - V2* plane and 
k is a scalar that defines the inclination of this normal to the 
V 1* and V2* axes. 6 is a parameter representing the position on 
the curve that results from the intersection of the plane defined by
5.4 and the critical load-displacement surface.
Expanding Equation 5.3, putting the result equal to zero, and 
substituting for v%* and V2* from Equations 5.4 leads to the 
following quadratic in X*/ 6^ :
- (A + B)_X* + (AB - C) = 0f 2
in which the constants A, B and C are given by
A = b + k^(3a - b) .... 5.6(a)
B = 3c + k^(b - 3c)   5.6(b)
C = 4kZ(l - kZ)b2 .... 5.6(c)
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The roots to this quadratic (a^ and «2 say) will be given by
“1. “2 = i[(A + B) ±/{(A - B)^ + 4C}]
Z .... 5.7
As can be seen there are always two real roots to this equation, 
irrespective of the signs or sizes of a, b, and c. Of these two 
roots one may be zero.
Hence the curves arising from the intersection of the plane, defined 
by Equations 5.4, and the critical load-displacement surface will be 
parabolic. Parametrically the intersection curves appear as:
X* = a-j 6^ , i = 1, 2 . . . . 5 . 8
or if projected onto the X* - v%* and X* - V2* planes they
take the form
X* = ^%(vi*)^ i = 1, 2
k^ --  5.9(a)
X* = g-j (V2*)^ i = 1, 2
1 - k% , .... 5.9(b)
These loci of critical points must, in addition, satisfy the two 
equilibrium equations 5.1 and 5.2. Substituting into these from 
Equations 5.4 and 5.8 and rearranging yields
ni = k{ak^ + b(l - k^) - a-|}ô^ --- 5.10(a)
P2 = (1 - k^)^^^{bk^ + c(l - k^) -
i = 1, 2 .... 5.10(b)
These equations also represent planes, but this time in 
X* _ Tij _ ri2 space, intersecting the imperfection sensitivity 
surface. These planes have corresponding initial trajectories (see 
Chapter 3) given by
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t-j = (1 - + c(l - k^) - «il , 1 = 1, 2
" k{ak% + b(l - k^) - « i } .... 5.11
Elimination of 6 between Equations 5.10 and the appropriate equation 
from 5.8 gives the impefection sensitivity as
X* =  oj_ _ _ _ _ _ _ _ _ _  . m
k^^^fak^ **■ b(l - k^) "
2/3
... 5.12(a)
X* =   «i  . n2
(1 - k2)2/3{bk^ + c(l - k^) “
2/3
5.12(b)
Hence the curves arising from the intersection of the planes defined 
by Equations 5.10 and the imperfection sensitivity surface will be 
2/3 power-1 aw cusps. Schematic representations of the intersection 
curves in Equations 5.8 and 5.12 are shown in Figure 5.1. Whether 
the intersection curves defi-ned by these equations are upward or 
downward turning with respect to critical load, is solely determined 
by whether the particular value of « i , from Equation 5.7, is 
positive or negative respectively.
There may be particular values of k for which one of the roots to 
Equation 5.7 is zero. Under such conditions the parabolic critical 
load-displacement intersection curve has zero curvature. 
Alternatively these values of k may be regarded as curves resulting 
from the intersection of the critical load-displacement surface with 
the Vi* - V2* plane. Corresponding to these values of k will be 
initial trajectories, given by Equation 5,11 with a-,* = 0. Along 
these trajectories the critical load is unaltered from zero, and 
they represent curves arising from the intersection of the 
imperfection sensitivity surface with the ni - ri2 plane.
Putting X = 0 into the A = 0 equation, expanding and rearranging the 
result, yields the following quartic equation in V2*/vi* (and 
hence k)
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 5.13
in which
A' = a(3 - b^)"5" ac .... 5.14(a)
B' = ac .... 5.14(b)
Depending on the coefficients A* and B' this quartic equation has 
either none, two, or four real roots for V2*/vi*. These 
solutions appear as none, one or two pairs of lines lying on the 
V 1* - V2* plane, symmetrically disposed about the critical
displacement axes. They also represent loci of vj* and V2* 
along which sign changes to the roots and «2 to Equation 5.7 
occur. Thus as the coefficient k in Equations 5.4 varies from 0 to 
1 there may be up to two sign changes to the curvatures of Equation 
5.8.
If B' < 0 there are always two roots to Equation 5.13. This 
situation will arise if a and c are of the opposite sign, 
irrespective of the sign of b.
If B ‘ > 0 (corresponding to a and c being of the same sign) then 
there are no real roots to the quartic if A' > 0 or if A* < 0 and
(A')^ - 4B' < 0. There are, however, four real roots if A' < 0 and
(A')2 - 4B' > '0. Writing W ‘ = (A')^ - 4B' then
W' = _a^(9 - ^ ^ ) (1 -
b^ ac ac .... 5.15
A* and W ’ may be plotted against b^/ac, bearing in mind that this 
latter quantity is positive if B' > 0. From this diagram the ranges 
of values of b^/ac for which Equation 5.13 has none or four real 
roots may be deduced.
These plots of W' and A' (for a/b both positive and negative) are
shown in Figure 5.2 and inspection of this reveals that
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1 if a/b > 0 (which implies that a, b and c are of the same sign)
then there are no roots to Equation 5.13 if 0 < b^/ac < 9 and
four roots if 9 < b^/ac.
2 if a/b < 0 (which implies that a and c are of the same sign,
while b is of the opposite sign) then there are four real roots
to Equation 5.13 if 0 < b^/ac < 1 and no real roots if
1 < b^/ac.
Equation 5.13 may be solved as a quadratic to give the vi* - V2*
loci for which the critical load zeros, as those roots for which the
following equation has a real positive right-hand-side
I V2*\^ = l[±/{(3a - b)^ ” 4a} “ (3a “ b ) ]\vi*Jo 2 c c "E c .... 5.16
The values of k, corresponding to the values of (v2*/vi*)o from
Equation 5.16, may be obtained from Equations 5.4 rearranged as
kn - m
Having found the ko values, the initial trajectories along which the 
critical load goes to zero may be calculated from Equation 5.11 with
a-j = 0.
5.1.2 SPECIAL INITIAL TRAJECTORY
The special initial trajectory, which occurs only for the existence 
case, corresponds to a particular imperfection combination given by
P2 = "(a - b)l
/ c - b)
l/2ni = rni
5.18
Under these conditions of imperfection, there are two distinct 
coupled solutions to the equilibrium equations. The first, when 
projected onto the displacement plane, is exactly col inear with one 
of the ideal coupled equilibrium paths. The second branches from 
the first. The value of k (kp), corresponding to this situation
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is given by
1 + r' .... 5.19
In parametric form, the first solution was shown to be (Chapter 3 
Equation 3.39)
X = { ac - b^ - £
(a + c) - 2b Ç  5.20
where ç and ç are displacement and imperfection parameters 
respectively.
The equation for limit points on this path may immediately be 
written as
Ç = - f 2(ac - b^) 
(a + c) - 2b .... 5.21
The critical load-displacement relationship is then obtained as
x \  = 3(ac - b^) (%L*)2
(a + c) - 2b  5.22
and the corresponding imperfection sensitivity for limit points 
appears as
X \  = 27(ac - b^)
4{(a + c) - 2b}
1/3 2/3
.... 5.23
in which a subscript L denotes critical limit points.
Use of Equations 3.40 and 3.39 in Chapter 3 yields the relationship 
for bifurcation points (at which branching from the first solution 
into the second solution occurs), analogous to Equations 5.21, as
Ç “ ” 2(a - b)(c - b) (Çg*)^ 
(a + c) - 2b ... 5.24
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The critical load-displacement relationship is then
X*B = (ac - b^) + 2(a - b)(c - b) (Sg*)^ 
(a + c) - 2b 5.25
and the corresponding imperfection sensitivity is
(ac - b^) + 2(a - b)(c - b) (a + c) - 2b 2/ 3^ 2/3
(a + c) - 2b 2 ( a - b)(c - b) .... 5.26
In which a subscript B refers to bifurcation points. Thus the role 
of the quantities ac - b^ and (ac - b^) + 2(a - b)(c - b) in 
classifying the existence case is seen from Equations 5.22, 5.23, 
5.25 and 5.26, where their signs are seen to dictate (in conjunction 
with that of (a + c) - 2b) whether these curves are upward or 
downward turning with respect to critical load.
The condition for the limit and bifurcation point to occur on the 
same natural or complementary loading path is that, for the same 
sign of imperfection ç, in Equation 5.21 and in
Equation 5.24 must be of the same sign. This condition will be met 
if (ac - b^) and (a - b)(c - b) are of the same sign. Since the 
latter is always positive in an existence case, the necessary 
condition is quite simply
ac - b > 0 5.27
Thus in the case of System 3 (in which a - b > 0 and c - b > 0), if 
the ideal coupled equilibrium paths are upward curving with respect 
to load then, at the special ratio of imperfections, a limit and 
bifurcation point will occur on the same natural or complementary 
loading path. A similar situation will arise in the case of System 
4 if the ideal coupled paths are downward curving with respect to 
load.
In the event that this does happen, it may be of some importance to 
determine whether the bifurcation point is reached before the limit
221
point occurs, particularly in those cases where they are both to be 
found on a natural loading path. This is achieved by comparing the 
curvatures of the critical load-displacement loci Equations 5.22 and 
5.25. After some algebra, it is found that the condition for the 
bifurcation point to occur at a smaller value of absolute critical 
displacement than the limit point, then the following inequalities 
must be satisfied
(a + c) - 2b > b, if b < 0 __  5.28(a)
or (a + c) - 2b < b, if b > 0_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __  5.28(b)
If the converse to these inequalities is true, then the limit point 
occurs at a smaller value of absolute critical displacement than the 
bifurcation point.
It should be noted that the limit and bifurcation points are not 
necessarily the only critical points present when special initial 
trajectory obtains. As shall be shown in following sections for 
other initial trajectories, the spatial arrangement of equilibrium 
paths may generate further critical points. Such points may or ma y
not occur in the present case, but unfortunately the complexity of
the algebra prohibits the verification of their existence.
5.1.3 TÎ2 = 0 INITIAL TRAJECTORY
The equilibrium equations relevant to this case are Equations 3.28 
in Chapter 3. As discussed previously there are two solutions to 
these equations: (a) an uncoupled solution involving v% and X alone; 
(b) a coupled solution part or all of which branches from (a) by
means of a bifurcation point.
The limit points on the uncoupled equilibrium path are given by
simultaneous solution of Equation 3.29 and the condition
9 X ^ 0
9vi .... 5.29
Upon solution these equations yield the expected cubic relationship 
between the critical v% displacement and the non-zero imperfection
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as
Til = - 2a(v%LU*)^ .... 5.30
The critical load-displacement relationship may then be obtained as 
)'*LU = 3a(viLu*)2 .... 5.31
As expected this latter parabolic locus has three times the 
curvature of the corresponding ideal uncoupled equilibrium path. 
The limit point imperfection sensitivity then appears as
X*LU = 27a 1/3 „ 2/3  5.32
In this and the preceding formulae the subscript LU has been used to 
denote limit points occuring on uncoupled equilibrium paths.
Equation 5.31 may be regarded as a curve that results from the 
intersection of the critical load-displacement surface with the 
plane va* = 0. Similarly Equation 5.32 may be regarded as a curve 
that results from the intersection of the imperfection sensitivity 
surface and the plane na = 0. Putting k = 1 in Equation 5.6 and 
solving Equation 5.7, yields one of the a roots as 3a, thus 
verifying Equation 5.31. Substituting this value of a into Equation 
5.10(a), along with k, verifies Equation 5.30, and in 5.12(a) 
verifies Equation 5,32. Whether the curves defined by Equations 
5.31 and 5.32 are upward or downward turning with respect to 
critical load, depends solely on the coefficient a. The geometric 
interrelationship between these curves, and that given by Equation
5.30, for the case where a is negative, is shown in Figure 5.3.
The bifurcation points, at which the coupled equilibrium solution 
branches from the uncoupled pathi are given by simultaneous solution 
of Equations 3.29 and 3.31. Rearrangement of the latter immediately 
gives the cubic equation relating the critical vj displacement and
223
the imperfection as
Tii = (a - b) (Vi g*)3 .... 5.33
The critical load-displacement relationship is then given by 
= b(viB*)^
.... 5.34
and the imperfection sensitivity for bifurcation points appears as
*A B = b /s
,(a - b)J   5.35.
In equations 5.35, 5.34 and 5.33 the subscript B has been used to 
denote bifurcation points.
Equation 5.34 represents another curve which results from the
intersection of the critical load-displacement surface.wi th the 
plane Va* = 0. Similarly Equation 5.35 may be regarded as another
curve which results from the intersection of the imperfection 
sensitivity surface with the plane na = 0. The second root for a in 
Equation 5.7 is b, thus confirming Equation 5.34. Further use of 
Equations 5.10(a) and 5.12(a) verifies Equations 5.33 and 5.35
respectively. Whether the curves defined by Equations 5.34 and 5.35 
are upward or downward turning with respect to critical load depends 
solely on whether b is positive or negative respectively. The 
geometrical inter-relationship between these curves and the cubic
given by Equation 5.33 for the case when b is positive and a is
negative is shown in Figure 5.4.
It is possible for both a limit and a bifurcation point to appear on 
the same natural or complementary uncoupled loading path. A
necessary condition for this situation to arise is that (from
Equations 5.30 and 5.33) a and (a - b) are of the opposite sign.
This condition will only be met if a and b are of the same sign and 
|aI < |b| . Geometrically this means that the parabola given by
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Equation 5.34, when plotted on the X - vi plane, lies on the concave 
side of the ideal uncoupled X - v% equilibrium path. Thus the 
necessary and sufficient conditions for a limit and bifurcation
point appear on the same uncoupled loadinq path are that
£  > 0 and 1 a 1 < Ib 1
b_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __  5.36
If the bifurcation point is to have a smaller absolute value of 
critical displacement, then the following inequality must be 
satisfied
3 la I < I b| .... 5.37
Geometrically this may be interpreted as follows: if the parabola 
given by Equation 5.34 lies within the concave side of the parabola 
given by Equation 5.31 then the bifurcation point always has a 
smaller value of absolute critical displacement than the limit point 
for a given imperfection. If, in addition, inequality 5.36 is 
satisfied with a negative, then the natural loadinq path always 
loses its stability first at a bifurcation point. It is 
geometrically obvious that in such a situation, the bifurcation
point is more imperfection sensitive than the limit point. In the 
event that Equation 5.36 is satisfied, but Equation 5.37 is violated 
and a is negative, stability of the natural loading path is always 
lost first at a limit point.
These are not necessarily the only critical points that occur when 
this particular initial trajectory obtains. Taking Equations 
3.28(a) and (b) and eliminating V2 between them, gives the
projection of the coupled equilibria onto the X - v% plane as
X = (ac - b^) v i^ - c
(c - b) (c - b) Vi --  5.38
As can be seen, this takes the form of perturbed distinct s.ymmetric 
bifurcation point, the appearance of which has been discussed
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previously. Not all of the natural and complementary loading paths 
in this projection will exist since the exact form of equilibria 
resulting from Equation 5.38 also depends on the appearance of their 
projection onto the displacement plane (see Figures 3.3 and 3.7). 
The full discussion of this is deferred until the non-existence 
systems are examined in 5.2. For the present the forms resulting 
from Equation 5.38 are considered by regarding all natural and 
complementary load paths resulting from the projection to be 
present.
The coefficient preceding the vi^ term in Equation 5.38 corresponds 
to the curvature term of the ideal coupled equilibrium paths, where 
they exist, when projected onto the A - vj plane (see Equation 
3.21). The sign of the coefficient c/(c - b), in conjunction with 
that of ni, governs whether the natural loadinq path portion of 
Equation 5.38 corresponds to positive or negative values of 
displacements. Figure 5.5 summarises the forms of equilibria 
resulting from Equation 5.38 for positive ni, with the coefficients 
(ac - b^)/(c - b) and c/(c - b) taking both positive and negative 
s igns.
The cubic equation relating the critical v% displacement to the 
imperfection, the critical load - v% displacement relationship and 
the imperfection sensitivity are derived in the usual way and appear 
as follows
n% = - 2(ac - b^) (vilc*)^
c .... 5.39
%*LC = 3(ac - b^) (viLC*)^
(c " b) .... 5.40
A*l c = 3(ac - b^) c CTii
(c - b) 2(ac - b"^ )
2/  3
.... 5.41
In these formulae the subscript LC is used to denote limit points 
which are found on the coupled equilibrium paths. Since these
226
critical points occur on coupled equilibrium paths there is a 
critical V2 displacement associated with the critical vi 
displacement. The locus between the two critical displacements may 
be obtained by substituting for X in Equation 3.28(b). This yields
(be - 3ac + 2b^)(vii_c*)^ + c(c - b)(v2LC*)^ = 0
5.42
As will become clear later, the coefficients of this equation 
represent a necessary condition for critical points of this type to 
exist. This condition is satisfied if the coefficients preceding 
the displacement terms in Equation 5.42 are of the opposite sign, 
i .e.
(be - 3ac + 2b^) < 0
c(c - b) .... 5.43
With this inequality satisfied, the locus of critical displacements 
of this type appears as a pair of straight lines, which are 
symmetrically disposed about the axes, when projected onto the 
displacement plane.
Equation 5.41 represents another possible curve generated by the 
intersection of the imperfection sensitivity surface and the plane 
n2 = 0. Unlike the previous cases, the corresponding critical 
load-displacement curve (Equation 5.40) arises as a result of the 
intersection of the critical load-displacement surface with either 
of the two planes
V2* = ± be - 3ac + 2b^
-c(c-- b) 5.44
rather than the plane V2* = 0.
5.1.4 ni * 0 INITIAL TRAJECTORY
This initial trajectory may be analysed in exactly the same way as 
that in 5.1.3 but using Equations 3.32 in Chapter 3. However, the
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equations relevant to this case may be deduced from those for the 
previous by replacing v% by V2, ni by n2 and interchanging the 
constants a and c.
Hence the cubic equation relating critical displacement to 
imperfection, the critical load-displacement relationship and the 
imperfection sensitivity for limit points on the uncoupled 
equilibrium path appear as
n2 “ “ 3 (v 2LU*)^ .... 5.45
= 3c(v2LU*)^
X*LU
.... 5.46
1/3 „ 2/3 n2
.... 5.47
Equation 5.45 represents a curve resulting from the intersection of 
the critical load-displacement surface and the plane v%* = 0. 
Similarily the intersection between the imperfection sensitivity 
surface and the plane ni = 0 results in a curve the equation of 
which is Equation 5.47. Putting k = 0 into Equations 5.6 and
solving 5.7 yields one of the a roots as 3c, thereby confirming
Equation 5.46. Substituting these values of a and k into Equations 
5.10(b) and 5.12(b), verifies Equations 5.45 and 5.47 respectively.
Whether the curves defined by Equations 5.46 and 5.47 are upward or
downward curving with respect to critical load depends solely on the 
coefficient c. The geometrical interrelationships between the loci
in Equations 5.45 and 5.47 is illustrated in Figure 5.6 for the case
when c is negative.
Correspondingly, the equations pertaining to bifurcation from the
uncoupled equilibrium path into a coupled form are
n2 = (c - b)(v2B*)^ .... 5.48
= b(v2B*)^
.... 5.49
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X * B  =' b T  112 T z / 3
.(c - b), ... 5.50
Equation 5.48 may be regarded as a further curve resulting from 
intersection of the critical load-displacement surface and the plane 
Vi* = 0. Similarly the intersection between the imperfection 
sensitivity surface and the plane ni = 0 generates another curve 
given by Equation 5.50. The second root to Equation 5.7 is a = b, 
thus verifying Equation 5.49. Further use of Equations 5.10(b) and 
5.12(b) confirms Equations 5.48 and 5.50 respectively. The sign of 
b in Equations 5.49 and 5.50 uniquely determines whether those 
curves are upward or downward turning with respect to critical 
load. Figure 5.7 gives a schematic representation of these curves 
for the case when b is negative and (c - b) is positive.
A necessary condition for both a limit point and bifurcation point 
to occur on the same natural or complementary uncoupled loading path 
is (from Equations 5.45 and 5.48) that c and (c - b) are of the 
opposite sign. This phenomenon will take place if and only if c and 
b are of the same sign and |c| < |b|. Geometrically this means that
the parabola given by Equation 5.49 when plotted on the X - V2
plane, lies on the concave side of the ideal uncoupled X - V2
equilibrium path. Hence, the necessary and sufficient conditions 
for a limit and bifurcation point to appear on the same loading path 
are
£  > 0 and |c| < ) b I
b .... 5.51
If the bifurcation point is to have a smaller absolute value of
critical displacement than the limit point, then the following 
inequality must be satisfied
3|c| < |bl .... 5.52
Geometrically this may be interpreted as follows: if the parabola 
given by Equation 5.49 lies on the concave side of the parabola
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given by Equation 5.46, when both are plotted on the critical 
load - V2 displacement plane, then the bifurcation always has a 
smaller value of critical displacement than the limit point for a 
given imperfection. If, in addition to Inequality 5.52, Inequality
5.51 is satisfied with c negative, then the natural loadinq path 
always first loses its stability at a bifurcation point. The 
bifurcation point is more imperfection sensitive than the limit 
point. In the event that Equation 5.51 is satisfied but Equation
5.52 is violated with c negative, stability is always first lost at 
a limit point.
The projection of the coupled equilibria onto the X - V2 plane is 
given by
X = (ac - b^)v 2^  - a ji2
(a - b) (a - b) V2 __  5.53
The coefficient preceding the V 2^  term in this equation corresponds 
to the curvature term of the ideal coupled equilibrium paths, where 
they exist, when projected onto the X - V2 plane (see Equation 
3.22). The sign of the coefficient a/(a - b), in conjunction with 
that of n2, governs whether the natural loading path portion of
Equation 5.53 corresponds to positive or negative values of
displacements. Figure 5.8 summarises the forms of equilibria
resulting from Equation 5.53 for positive n2 and both sign
combinations of both coefficients (ac - b^)/(a - b) and a/(a - b ) . 
The equations corresponding to Equations 5.39, 5.40 and 5.41 that 
apply to this initial trajectory are as follows
P2 = - 2 ( ac “ b^) (V2LC*):a .,., 5.54
&*LC = 3(ac - b") (V2LC*)"
( a - b) 5.55
A*LC — 3 ( ac - b^) an2 2/ 3(a - b) 2(ac - b^) ••■tt 5.55
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The locus for the two critical displacements is
a(a - b)(viLc*)^ + (ab - 3ac + 2b^)(v2LC*)^ ” 0
 5.57
and the necessary condition for critical points of this type to 
exist is
(ab - 3ac + 2b^) < 0 
a(a - b) .... 5.58
With this inequality satisfied, the locus of critical displacements 
of this type takes the form of symmetrically disposed straight lines 
when projected onto the displacement plane.
Equation 5.56 represents another possible curve generated by the 
intersection of the imperfection sensitivity surface and the plane 
ni = 0. Unlike the previous cases, the corresponding critical 
load-displacement curve (Equation 5.55) arises as result of the 
intersection of the critical load-displacement surface with either 
of the two planes
V2 a(a - b)
ab - 3ac + 2b^   5.59
rather than the plane v%* = 0.
5.1.5 SUMMARY OF PERTINENT FORMULAE
A summary of the formulae relevant to the critical load-displacement 
and imperfection sensitivity surfaces is given below.
1 ni2 = 0 initial trajectory 
(i) uncoupled limit points
*^LU - 3a(vin_j*)*\2
A*LU = [27a
(5.31)
(5.32)
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*\ 3Til = - 2a(viLu ) (5.30)
(11) bifurcation points
= b(viB*)^
X B = b 2/3( ~  b)J
ni = (a - b)(viB*)3 
(iii) coupled limit points
X*Lc = 3(ac - b^) (viLC*)^ (c - b)
2(be - 3ac + 2b^)(viLC ) + c(c - b)(v2tC ) = 0
= - 2(ac - b ^ ) (viin*)^ c
2 ni = 0 initial trajectory 
(i) uncoupled limit points
X*L(j = 3 (v 2LU*)^
LU = 27c
* \  3TI2 - “ 2c(v2LU )
(11) bifurcation points 
X*B = b(v2B*)2
^*B “ br r)2_ _ ' 2/3[(c - b) 
ri2 = (c - b)(V2B*)^
(iii) coupled limit points
A*LC = 3 ( ac - b ^ ) (V2LC*)^ ( a - b)
(5.34)
(5.35) 
(5.33)
(5.40) 
(5.42)
(5.41) 
(5.39)
(5.46)
(5.47) 
(5.45)
(5.49)
(5.50) 
(5.48)
(5.55)
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a(a - b)(viLc*)^ + (ab - 3ac + 2b^)(v2LC*)^ " Q
2/ 3X*LC " 3(ac - b ^ ) ^ (a - b)  _aP2.,_2(ac - b )
%2 = - 2(ac - b )(v2i n ) a
(5.57)
(5.56)
(5.54)
3 TI2 = ±rni initial trajectory 
(1) limit points
X*L = 3(ac - b%) (%L*)^(a + c) - 2b
x \  = 2 7 (ac - b^) 4{(a + c) - 2b}
2\ n / 3^ 2/3
(ii) bifurcation points
(5.22)
(5.23)
x*R = (ac - b^) + 2(a - b)(c - b) (SB*)=(a + c) - 2b
= (ac -b^) + 2(a - b)(c - b) (a + c) - 2b(a + c) - 2b 2(a - b)(c - b)^
2/3ç2/3
(5.25) 
(5.26)
Vl* = l l  s*, V2* = Iz s*
ni = li %2 = I2 S
1/2h  = 
l2 =
(c - b)(a + c) - 2b
(a - b)(a + c) - 2b
1/2
I2 = r Ti
5.2 FURTHER SUBDIVISION OF THE NON-EXISTENCE CASE
5.2.1 A  NOTE ON TRANSFORMATIONS AND SYMMETRY
Certain symmetry properties of the central polynomial indicate that 
the behaviour of some categories of system can be deduced from the 
detailed study of a limited number of others.
The following transformations of coordinates are considered;
1 Reflection about the v% - V2 and ni - n2 planes, i.e. sign change
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to X, followed by sign change to 0:
T1 : X' -»■ -X, v-j' + VI, ni ' + ni, 0' > -0
2 Reflection about the X - vz plane, i.e. sign change to Vj
Tz : X' + X, Vl' + -Vl, vz' -»■ vz, n^  ' ni
3 Reflection about the X - vi plane, i.e. sign change to Vz
T3 : X' 4- X, Vl' + Vl, Vz' + -Vz, ni ' 4- ni
4 Reflection about the X - nz plane, i.e. sign change to ni
Ï4 : X' + X, Vi' 4- Vi, ni' 4" -ni, nz' 4- nz
5 Reflection about the X - ni plane, i.e. sign change to nz
T5 : X' 4- X, Vi' -4 Vi, ni' 4- m , nz' 4 -nz
6 Rotation about the X axis by tt/2:
T5 : X' 4- X, V1 ' 4- Vz? Vz' 4- -V1, ni' 4 nz, nz' 4 -m
7 Rotation about the X axis by ir:
T7 : X' 4- X, V1 ' 4 -V1, Vz' 4 -Vz, ni' 4 -m, nz' 4 -nz
8 Rotation about the X axis by 3n/2: |
Tq : X' 4 X, V 1' 4 -Vz, Vz' 4 Vl, n i ' 4 -nz, nz' 4 m  I
With regard to these transformations the following points are noted: |
1 Because of their double symmetry, reflection of the critical 
load-displacement or imperfection sensitivity surfaces about the 
X* - Vl*, X* - Vz*, X* - ni or X* - nz planes is an
identity transformation. For the same reason if the surfaces are 
rotated by ±ir about the critical load axis the result is an 
identity transformation.
2 Tz and Ti+ applied independently, result in reflection of the 
equilibrium configurations about the X - vz plane. If applied 
consecutively what results is an identity transformation.
3 The remarks in 2 apply to Ts and Is but with respect to the
X - Vl plane. An identity transformation results if they are 
applied together.
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4 T 7 results In the same transformation as Tg and T3 or Ti^  and T5 
applied consecutively.
With the use of these transformations it can be shown that the
following interrelationships between members of the non-existence 
group of systems apply:
1 Î2 : T3 : Ti : l.l" + 2.1+
2 Î2 : T3 : Ti : Te : 1.1' > 1.1+
3 Te : 1.1" + 2.1- '
4 Î 2 : T 3 : Ti : 1.2 + 2.3
5 Î 2 : T 3 : Ti : 1.3 + 2.2
Hence detailed studies of systems 1.1", 1.2 and 1.3 only are
necessary to determine the full behaviour of the non-existence 
group.
5.2.2 EXISTENCE OF COUPLED LIMIT POINTS
The possible existence of limit points occurring on coupled 
equilibrium paths was outlined in 5.1.3 and 5.1.4. The following 
conditions must be satisfied for coupled limit points to exist, at 
particular initial trajectory values, for the non-existence group of 
systems.
(a) The critical displacements at which the coupled limit point and
the bifurcation point occur must be of the same sign. This
condition can be understood by examining, for example. Figure
3.3, in which it can be seen that, for the nz = 0 initial 
trajectory, the coupled equilibrium path consists entirely of v% 
displacements of one sign for a given sign of imperfection n % .
(b) The absolute value of critical displacement for the couple^d 
limit point must be less than for the bifurcation point. This 
condition ensures that the coupled limit point is confined to a 
region of coupled equilibrium path which actually exists.
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(c) There must be a real locus between the two critical
displacements of the coupled limit point. (See Equations 5.42 
and 5.57)
1 = 0  i n i t i a l  t r a j e c t o r y
Use of Equations 5.33 and 5.39 yields condition (a) mathematically 
as
ac - b^ < 0
c(a - b) .... 5.60
From Equations 5.34 and 5.40 conditon (b) becomes
3(ac - b^) < b, if b < 0
(c - b) .... 5.61(a)
or 3(ac - b^) > b, if b > 0
(c - b) .... 5.61(b)
For condition (c) Inequality 5.43, repeated below, must be
sati sfied.
be “ 3ac + 2b^ < 0 
c(c - b)
2 n i  = 0  i n i t i a l  t r a j e c t o r y
Use of Equations 5.48 and 5.54 yields condition (a) mathematically 
as
ac - b^ < 0
a(c - b) .... 5.62
From Equations 5.49 and 5.55 condition (b) becomes
3(ac - b^) < b, if b < 0
(a - b) .... 5.63(a)
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or 3(ac - b^) > b, if b > 0
( a -  b) .... 5.63(b)
For condition (c) Inequality 5.58, repeated below, must be
satisfied.
ab - 3ac + 2b^ < 0 
a(a - b)
Systems 1 and 2 are each considered in turn, for each initial
trajectory, in the following subsections.
5.2.3 SYSTEM 1
For System 1 (a - b) < 0  and (c - b) > 0
(a) ni2 = 0 initial trajectory
Inequality 5.60 is satisfied only under the following conditions
if c > 0 by ac - b^ > 0
or if c < 0 by ac - b^ < 0
In the event that these conditions are met. Inequalities 5.61 must 
be satisfied. Assuming they are, 5.61 may be rearranged as follows
if b > 0 then be - 3ac + 2b^ < 0
or if b < 0 then be - 3ac + 2b^ > 0
If conditions 5.60 and 5.61 are satisfied. Inequality 5.43 will only 
be satisfied under the following conditions
if b > 0 by c > 0 
or if b < 0 by c < 0
Hence System 1.1+ will exhibit coupled limit points only if the
following inequalities are satisfied
ac - b^ > 0 and 3(ac •» b^) > b .... 5.64
(c - b)
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Similarly, System l.l” will exhibit coupled limit points only if
ac - b^ < 0 and 3(ac - b^) < b   5.65
(c - b)
Systems 1,2 and 1.3 do not exhibit coupled limit points, because
Inequality 5,60 is violated in each of these cases.
(b) ni = 0 initial trajectory
Inequality 5.62 is satisfied only under the following conditions
if a > 0 by ac - b^ < 0
or if a < 0 by ac - b^ > o
In the event that these conditions are met. Inequalities 5.63 must 
be satisfied. Assuming they are, 5.63 may be rearranged as follows
if b > 0 then ab - 3ac + 2b^ > 0
or if b < 0 then ab - 3ac + 2b^ < 0
If conditions 5.62 and 5.63 are met, Inequality 5.58 will only be 
satisfied under the following conditions
if b > 0 by a > 0
or if b < 0 by a < 0
Hence System 1.1+ will exhibit coupled limit points only if the
following conditions are met
ac - b^ < 0 and 3(ac - b^) > b
(a - b) .... 5.66
Similarly, System 1.1“ will exhibit coupled limit points only if
ac - b^ > 0 and 3(ac - b^) < b
(a - b) .... 5.67
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Systems 1.2 and 1.3 do not exhibit coupled limit points because 
Inequality 5.62 is violated in each of these cases.
Table 5.1 summarises the number of critical points that may occur 
for the n2 = 0 and ni = 0 initial trajectories for each of the 
subdivisions of System 1. It should be remembered that there are 
always at least two critical points for each initial trajectory. 
These are the uncoupled limit and bifurcation points found earlier. 
Two distinct categories can be distinguished from this table based 
on the number of critical points.
(a) A NON-HYSTERESIS category
In this category, systems have two critical points, and no 
coupled limit points, for each of the two initial trajectories.
Into this category fall
1.1+ ac - b^ < 0, 0 < 3(ac -( 3 - b^)b) < b
1.1+ ac - b^ > 0, 0 < 3(ac - (c - b^)b) < b
1.1- ac - b^ > 0, b < 3(ac - (a - < 0
1.1- ac - b^ < 0, b < 3(ac - (c -4?< 0
1.2 and 1.3.
A HYSTERESIS category
In this category. systems have two
initial trajectory and four critical
Examples of this are
1.1+ ac - b^ < 0, b < 3(ac - ( a -
1.1+ ac - b^ > 0, b < 3(ac - (c - b^)b)
1.1- ac - b^ > 0, 3(ac - b^) ( a - b) < b
1.1- ac - b^ < 0, 3(ac - b^) < b
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5.2.4 SYSTEM 2
For System 2 (a - b) > 0  and (c - b) < 0  
(a) 02 = 0 Initial trajectory
Inequality 5.60 is satisfied only under the following conditions
if c > 0 by ac - b^ < 0
or if c < 0 by ac - b^ > 0
In the event that these conditions are met. Inequalities 5.61 must 
be satisfied. Assuming that they are, 5.61 may be arranged as 
follows
if b > 0 then be - 3ac + 2b^ > 0
or if b < 0 then be - 3ac + 2b^ < 0
If conditions 5.60 and 5.61 are satisfied. Inequality 5.43 will only
be satisfied under the following conditions
if b > 0 by c > 0
or if b < 0 by c < 0
Hence System 2.1+ will exhibit coupled limit points only if the 
following inequalities are satisfied
ac - b^ < 0 and 3(ac - b^) > b
(c - b) .... 5.68
Similarly, System 2.1” will exhibit coupled limit points only if
ac - b ^ >  0 and 3(ac - b^) < b
( c - b )  . . . . 5 . 6 9
Systems 2.2 and 2.3 do not exhibit coupled limit points because 
Inequality 5.60 is violated in each of these cases.
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(b) ni = 0 in i t ia l  tra je c to ry
Inequality 5.62 is satisfied only under the following conditions
if a > 0 by ac - b^ > 0
or if a < 0 by ac - b^ < 0
In the event that these conditions are met, Inequalities 5.63 must
be satisfied. Assuming that they are, 5.63 may be rearranged as
follows
if b > 0 then ab - 3ac + 2b^ < 0
or if b < 0 then ab - 3ac + 2b^ > 0
If conditions 5.62 and 5.63 are met. Inequality 5.58 will only be 
satisfied under the following conditions
if b > 0 by a > 0
or if b < 0 by a < 0
Hence System 2.1+ will exhibit coupled limit points only if the
following conditions are met
ac - b^ > 0 and 3(ac - b^) > b
( a - b )  ,... 5.70
Similarly, System 2.1” will exhibit coupled limit points only if
ac - b^ < 0 and 3(ac - b^) < 0
( a - b )  .... 5.71
Systems 2.2 and 2.3 do not exhibit coupled limit points because 
Inequality 5.62 is violated in each of these cases.
A summary of the number of critical points which may occur for 
System 2 is made in Table 5.2. Again two distinct categories can be 
distinguished from this table.
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(a) A NON-HYSTERESIS category
Into this group fall systems
2.1+ ac - b% > 0, 0 < 3(ac - b^) < b(a - b)
2.1+ ac - bf < 0, 0 < 3(ac - b^) < b(c - b“)
2.1" ac - b^ < 0, b < 3(ac - b^) < 0( a - bj
2.1" ac - b^ > 0, b < 3(ac - b^) < 0(c - b)
2.2, 2.3
(b) A HYSTERESIS category
Into this group fall systems
2.1+ ac - b^ > 0, b < 3(ac - b^)[a - b)
2.1+ ac - b% < 0, b < 3(ac - b^)(c - b)
2.1" ac - b^ < 0, 3(ac - b^) < b( a - b )
2.1" ac - b^ > 0, 3(ac - b^) < b(c - b)
5.3 NUMERICAL EXAMPLES FROM THE NON-EXISTENCE CASE
5.3.1 SUMMARY OF NUMERICAL VALUES
A number of numerical examples were considered to illustrate
Hysteresis and Non-hysteresis behaviour. These are summarised in 
Table B.3 and are all taken from System 1.
Example 1 is of System 1.1" with a = -7, b = -4, c = -2. As can
be seen ac - b^ = -2 and, with reference to Table 5.1, since 
3(ac - b^)/(c - b) lies between 0 and -4 coupled limit points are 
excluded. The second example is also of System 1.1", but with 
a = -6, b = -4 and c = -2. ac - b^ is therefore equal to -4 and
since 3(ac - b^)/(c - b) = -6 (which is less than b) reference to
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Table 5.1 indicates that coupled limit points occur for the n% = 0 
initial trajectory. Examples 3 and 4 are of Systems 1.2 and 1.3 
respectively, neither of which exhibits coupled limit points.
Each example was analysed using the numerical technique described in 
Chapter 4. A variety of imperfections were introduced in the form 
of Equations 3.13 and resulting equilibria presented graphically. 
The imperfections were introduced in two ways:
(a) the value of the imperfection ray-length n was fixed and a 
number of initial trajectories, represented by values of 0 
between and including 0 and 90°, were taken;
and
(b) the value of 0 was fixed and a number of values of n were 
taken. Because of the inherent symmetry in the system it was 
only necessary to consider positive n.
5.3.2 EXAMPLE 1, a = -7, b = -4, c = -2
With reference to Equation 5.36, these inequalities are violated, so 
that for the n2 = 0 (0 = 0) initial trajectory the limit and 
bifurcation point do not occur on the same natural or complementary 
path. For the n% = 0 (0 = 90°) initial trajectory however,
Equations 5.51 are satisfied, so that the limit and bifurcation 
point occur on the same natural loading path. Moreover, the
inequality in Equation 5.52 is not satisfied, so that the limit 
point occurs at a smaller value of critical V2 displacement and,
since c is negative, will be the first critical point experienced by 
the natural loading path when 0 = 90°.
These results are confirmed by examination of Figure 5.9 which shows 
the equilibrium paths resulting from n = 0.001 with 0 assuming 
values of 0, 5, 15, 30, 45, 60, 75, 85, 90°. The values of A and B
(Equations 4.18 and 4.29) were taken as 0.02 and 0.0 respectively,
and the critical points are marked as triangles. No critical points 
occured on the paths 7 - 0  and these have been omitted for clarity.
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The following observations may be made from this figure:
1 For all initial trajectories (0 < 8 < 90°) there are always two 
critical points. For all general initial trajectories
(0 < 9 < 90°) the two critical points are both limit points: one 
occurs on path 1 - 0 ;  and the other on path 3 - 5 .  The two 
critical points appear to lie on two distinct loci.
2 One critical locus appears to contain the limit point on path 
1 - 0  (labelled LI) for 0 = 0 ,  the limit points on paths 1 - 0  
for 0 < 0 < 90° and the limit point on path 3 - 0  (labelled L2)
for 0 = 90°. This locus is the most important in practice, on it
lie all the critical points on the natural loading paths.
3 The second critical locus appears to contain the bifurcation 
point on path 5 - 0  (labelled Bl) for 0 = 0 ,  the limit points on 
paths 3 - 5  for 0 < 0 < 90° and the bifurcation point on path
3 - 0  (labelled B2) for 0 = 90°.
4 All the critical loads are negative, and are thus occurring at 
values less than the critical load of the ideal system.
Figure 5.10 shows equilibrium paths 1 - 0 and 3 - 5 resulting from 
0 = 45° and n taking values of 0.0005, 0.001, 0.002, 0.003 and 
0.004. Two critical loci mentioned above appear to be straight
lines when projected onto the v% - V2 plane and parabolae when
projected onto either or the A - v% or A - V2 planes. This figure 
confirms the conclusions reached in 5.1.1 regarding a general
initial trajectory.
5.3.3 EXAMPLE 2, a = -6, b = -4, c = -2
For the n2 = 0 (0 = 0) initial trajectory the inequalities in 
Equation 5.36 are violated, so that the limit and bifurcation points 
do not appear on the same natural or complementary loading path. 
However, the inequalities in Equation 5.51 are satisfied, so the
limit and bifurcation points occur on the same natural loading path 
for the ni = 0 initial trajectory (0 = 90°). The inequality in 
Equation 5.52 is not satisfied, so that the limit point occurs at a 
smaller value of critical V2 displacement than the bifurcation point 
and, since c is negative, will be the first critical point 
experienced by the natural loading path which corresponds to the
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0 = 90° initial trajectory.
These results are confirmed by Figure 5.11 which shows equilibrium 
paths resulting from n = 0.001 with 0 taking values of 0, 5, 15, 30, 
45, 60, 75, 85 and 90°. The values of A and B were taken as 0.02 
and 0.0 respectively and the critical points are marked as 
triangles. All equilibrium paths are shown for the cases 0 = 0  and
0 = 90° but for the general initial trajectories {0 < 0 < 90°) only 
the natural loading paths 1 - 0  are shown. A region of special 
interest has been indicated on this diagram, enclosed within which 
is the bifurcation point (Bl) and the coupled limit point (LCl) 
corresponding to 0 = 0°.
Equilibrium paths resulting from n = 0.001 and 0 = 0 ,  5, 15, 30, 45, 
60, 75, 85 and 90° are shown in Figure 5.12. The values of A and B 
were taken as 0.02 and 0.0 respectively and the critical points are 
marked as triangles. All equilibrium paths are shown for the cases 
0 = 0  and 0 = 90° but for the general initial trajectory
(0 < 0 < 90°) only paths 3 - 5  are shown.
The special region of interest mentioned in connection with Figure 
5.11 has been shown in greater detail in Figures 5.13, 5.14 and 5.15 
which give the v% - V2, & - v% and A - V2 projections respectively. 
These diagrams show a small portion of equilibrium paths resulting 
from n = 0.001 and 0 = 0, 0.5, 1.0, 1.3, 1.532 and 2.fP with 
critical points again being shown as small triangles. Equilibrium 
paths 3 - 7  and 5 - 0  have been drawn for the 0 = 0 initial 
trajectory and for non-zero values of 0, only paths 7 - 0  have been 
shown.
The following observations may be made from these figures:
1 The number of critical points is not constant as 0 varies: (a)
for 0 < 0 < 1.532° there are FOUR critical points; (b) for
0 = 1532° there are THREE critical points and (c) for 
1.532° < 0 < 90° there are TWO critical points. The critical 
points lie on three distinct loci,
2 One critical locus (Figure 5.11) contains the limit point on oath
1 - 0 (LI) for 0 = 0, the limit points on paths 1 - 0 for
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0 < 0 < 90° and the limit point on path 3 - 0 (L2) for 0 = 90°. 
The number of critical points associated with this locus is 
always one, irrespective of the value of 0. This locus is the 
most important in practice since on it lie all the critical 
points associated with the natural loading paths.
3 The second critical locus (Figure 5.12) contains the coupled 
limit point with positive V£ displacement (LC2) on path 3 - 7  for 
0 = 0 ,  the limit points on paths 3 - 5  for 0 < 0 < 90P and the 
bifurcation point on path 3 - 0  for 0 = 90° (B2). The number of 
critical points associated with this path is one, irrespective of 
the value of 0.
4 The third critical locus (Figures 5.13, 5.14 and 5.15) has 
associated with it a hysteresis point on path 7 - 0  occurring at 
a value of 0 of 1.532°. This is seen most clearly as point H on 
Figures 5.14 and 5.15 and thus the locus only exists for
0 < 0 < 1.532°. For values of 0 in excess of 1.532° no critical 
points occur on path 7 - 0 .  The locus contains the bifurcation 
point (Bl) and the coupled limit point with negative 
displacement (LCl) for 0 = 0 ,  along with the two limit points on 
each path 7 - 0  for 0 < 0 < 1.532° and the hysteresis point on 
path 7 - 0  for 6 = 1.532°. Hence the number of critical points 
associated with path 7 - 0 is either two, one or zero depending 
on the value of 0. It can clearly be seen in these figures, how 
the two critical points on paths 7 - 0  evolve from the 
bifurcation point Bl and the coupled limit point LCl as 0 is 
increased from zero. Moreover, with further increase in 0, these 
two critical points become closer before becoming merged 
completely and annihilated at the hysteresis point with 
0 = 1.532°.
5 All the critical loads are negative and thus occur at values less 
than the critical load of the ideal system.
5.3.4 EXAMPLE 3, a = -2, b = 1, c = 2
With reference to Equations 5.36 and 5.51, both these sets of 
conditions are violated so that for the ri2 " ^ and r\i = 0 initial 
trajectories, the limit and bifurcation points do not occur on the 
same uncoupled natural or complementary loading path. This 
conclusion is confirmed by examination of Figure 5.16, which shows
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the equilibrium paths resulting from n = 0.001 and 8 assuming values 
of 0, 5, 15, 30, 45, 60, 75, 85 and 90°. The values of A and B were 
taken as 0.02 and 0.0 respectively and the critical points have been 
marked as triangles. No critical points occurred on the paths 3 - 5  
and for each value of 0 taken, this path has been omitted for 
clarity.
The following observations may be made from this figure:
1 For all initial trajectories (0 < 0 < 90°) there are always two 
critical points. For all general initial trajectories
(0 < 0 < 90°) the two critical points are both limit points: 
one occurs on path 1 - 0 ;  and the other on path 7 - 0 .  The two 
critical points lie on two distinct loci.
2 One critical locus contains the limit point on path 1 - 0  (LI)
for 0 = 0 ,  the limit points on paths 1 - 0  for 0 < 0 < 9(P and
the bifurcation point on path 3 - 0  (B2) for 0 = 90°. This locus 
is the most important in practice, because on it lie all the 
critical points on the natural loading paths.
3 Some of the critical loads associated with points on the first
locus are negative (and are thus occurring at values less than
the critical load of the ideal system) and some are positive 
(thus indicating the converse). Since B' [in Equation 5.14(b)] 
is negative, the quartic Equation 5.13 has only two real roots 
for the ratio V2*/vi* which admit zero critical load values.
Use of Equation 5.16 and 5.11 yields the initial trajectory for 
which zero critical load values (and hence values equal to that 
of the ideal system) are obtained as 0 = 82.813°. From Figure 
5.16 it can be seen that the critical loads on path 1 - 0  change 
sign between 0 = 75° and 0 = 85°.
4 The second critical locus contains the bifurcation point on path 
5 - 0  (Bl) for 0 = C P , the limit points on paths 7 - 0  for
0 < 0 < 90°, and the limit point on path 7 - 0  (L2) for 0 = 90^. 
All the critical loads on this locus are positive, indicating 
that they occur at loads which are in excess of the critical load 
of the ideal system.
Figure 5.17 shows equilibrium paths 1 - 0  and 7 - 0  resulting from 
0 = 45° and n = 0.0005, 0.001, 0.002, 0.003 and 0.004. The
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critical points on the two loci mentioned above appear as two 
straight lines when projected onto the v% - V£ plane, and two 
parabolae when projected onto either the X ~ vj or A - V2 planes.
5.3.5 EXAMPLE 4, a = -2, b = -1, c = 2
With reference to Equations 5.36 and 5.51, both these sets of 
conditions are violated, so that for P2 = 0 and ni = 0 initial 
trajectories the limit and bifurcation points do not occur on the 
same natural or complementary uncoupled loading path. This 
conclusion is confirmed by examination of Figure 5.18, which shows 
the equilibrium paths resulting from n = 0.001 and 0 assuming values 
of 0, 5, 15, 30, 45, 60, 75, 85 and 90°. The values of A and B 
were taken as 0.02 and 0.0 respectively and the critical points have 
been marked as triangles. For a general initial trajectory 
(0 < 0 < 90°), no critical points occurred on the paths 3 - 5, so 
these paths have been omitted for clarity.
The following observations may be made from this figure:
1 For all initial trajectories (0 < 0 < 90°) there are always two 
critical points. For all general initial trajectories
(0 < 0 < 90°) the two critical points are both limit points: one 
occurs on path 1 - 0 ,  and the other on path 7 - 0 .  The two 
critical points lie on two distinct loci.
2 The first critical locus contains the limit point on path 1 - 0  
(LI) for 0 = 0 ,  the limit points on paths 1 - 0  for 0 < 0 < 90P 
and the bifurcation point on path 3 - 0  (B2) for 0 = 90°. This 
is the most important locus in practice since on it lie all the 
critical points associated with the natural loading paths. All 
the critical loads on this locus are negative, indicating that 
they occur at values which are less than that of the ideal 
system.
3 The second critical locus contains the bifurcation point on path 
5 - 0 (Bl) for 0 = 0 ° ,  the limit points on paths 7 - 0  for
0 < 0 < 90° and the limit point on path 7 - 0  (L2) for 0 = 90°.
4 Some of the critical loads associated with points on the second 
locus are positive and some are negative. Since B' [in Equation 
5.14(b)] is negative, the quartic Equation 5.13 has only two
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roots at which the ratio V2*/vi* admits zero critical load 
values. Use of Equation 5.16 and 5.11 yields the positive 
initial trajectory for which zero critical load values (and hence 
values equal to that of the ideal system) are obtained as 
0 = 7.187°. From Figure 5.18 it can be seen that the critical 
loads on path 7 - 0  change sign between 0 = 5 and 0 = 15°.
Figure 5.19 shows equilibrium paths 1 - 0  and 7 - 0  resulting from 
0 = 45° and n = 0.0005, 0.001, 0.002, 0.003 and 0.004. The same
conclusions for the two critical loci can be drawn as for the 
previous examples.
5.4 CRITICAL LOAD-DISPLACEMENT AND IMPERFECTION SENSITIVITY SURFACES 
FOR THE NON-EXISTENCE CASE
5.4.1 PREAMBLE
Because of the inherent double symmetry, only one-quarter of the 
full surfaces needs to be obtained. The remainder of the surfaces
can be deduced by reflection of this about the X* - v%* and
X* - y 2* 0^ - ni and X* - nz planes. By virtue of the
equilibrium studies presented before, it can be concluded that the
critical load-displacement and imperfection sensitivity surfaces 
consist of two distinct, but possibly interconnecting, sheets.
The critical load-displacement surface results from the loci 
obtained by the rotation of two parabolae in X* - v%* - V2* 
space. As the two parabolae rotate about the X* axis they 
continuously change the value of their curvature with respect to 
X*. Mathematically this may be written as follows:
X* = , 1 = 1, 2  5.72
where the a-j are continuous functions of k ( see Equation 5.5 et 
seq.) and 5, vi*, vz* and k are related together as in Equation
5.4. So, for example, if ai(l) = 3a (Equation 5.31) and = b
(Equation 5.34) then a study of the equilibria might show that
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ai(0) = 3c (Equation 5.46) and «2(0) = b (Equation 5.49), 
alternatively it might show that «^(O) = b and «2(0) = 3c.
or
In a similar way the imperfection sensitivity surface results from 
the loci obtained by the rotation of two 2/3 power law cusps about 
the X* axis in X* - ni - n2 space. As the two cusps rotate, the 
scalar coefficients preceding the imperfection terms change their
values. In the absence of hysteresis behaviour the coefficients 
change values continuously. If hysteresis behaviour is present,
then the coefficients may change value in a discontinuous way. 
Mathematically the imperfection sensitivity may be represented as 
follows:
X* = @1(8)32/3 . i = 1, 2 .... 5.73(a)
in which
0 < 6 < 90° 
ni = n COS0 
\ T12 “ n sin0 
n > 0
In cases where hysteresis behaviour takes place, one of the 
functions may not be single valued over a particular range of 0. 
For a given value of 0 within this range, there may be two or three 
values of this particular 3 i . So, to continue from the previous
example, if 3i(0) = (27a / 4 ) ( E q u a t i o n  5.32) and
32(0) = b/(a - b)2/s (Equation 5.35) then a study of the
equilibria might show that 3i(90) = (27c/4)^^^ (Equation 5.47) 
and 32(90) = b/(c - b)^/^ (Equation 5.50). Alternatively, it 
miqht show that 3i(90) = b/(c - b)^/^ and 
32(90) = (27c/4)l/s.
5.4.2 EXAMPLE 1, a = -7, b = - 4 ,  c = -2
For this case the following values of coefficients apply:
(a) regarding the critical load-displacement surface
3a = -21, b = - 4 g 3c = -6:
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(b) regarding the imperfection sensitivity surface 
27a"
4 , 
27c
3/3 = -3.615, b = -1.923
(a - b)2/3 
3/3 = -2.381, b = -2.520
(c - b)2/3
Considering the critical load-displacement surface and taking
otj(l) = "21 and 82(1) ~ "4
it is clear from the preceding equilibria studies (5.3.2) that
a^(0) = -6 and «2(0) = -4
Hence the deduced variations of and «g with k are shown
schematically in Figure 5.20(a). The locus of represents the 
critical points on the natural loading paths and may be viewed as a 
stability boundary, since it is at these points that, under
controlled loading, the system will first lose its stability.
One quarter of the critical load-displacement surface must take the 
form shown in Figure 5.21. Figure 5.21(a) shows a schematic 
representation of the sheet associated with aj (i.e. the critical 
points which lie on the natural loading paths 1 - 0 ) .  The sheet
associated with ag is shown schematically in Figure 5.21(b).
Considering the imperfection sensitivity surface and taking
Bi(0) = -3.615 and 3g(0) = -1.923
it is clear from the preceding equilibria studies (5.3.2) that
61(90) = -2.381 and 6g(90) = -2.520
Hence the deduced variations of 61 and 6g with 6 are shown
schematically in Figure 5.20(b), The locus of 3i represents the
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critical points on the natural loading paths and hence is 
the most important in practice. For a given value of n, the 
critical point corresponding to 6 = 0 represents the minimum 
buckling load experienced by the system. Examination of the 
equilibrium plots in Figure 5.9 verifies this. Thus HO's theorem 
(152) that the lower bound to the buckling load results from the 
direction of the imperfection vector such that the imperfect natural 
loading path lies under the ideal equilibrium path of the least 
curvature is confirmed. Here the lower bound corresponds to the 
preferred buckling mode of the system (see Chapter 3). The
cusp-like behaviour of $2 at e = 0 and 6 = 90° is to be expected
because this locus is associated with the bifurcation points at
these values of 8.
One quarter of the imperfection sensitivity surface must take the 
forms shown in Figure 5.21. Figure 5.21(c) shows a schematic
representation of the sheet associated with 3i (i.e. the critical 
points on the natural loading paths, and in practice, the most 
important part of the surface). The sheet associated with 32 is
shown schematically in Figure 5.21(d).
5.4.3 EXAMPLE 2, a = -6, b = -4, c = -2
For this case the following values of coefficients apply:
(a) regarding the critical load-displacement surface
3 a = —18, b = —4, 3c = —6
Substituting for a, b and c into Equation 5.44 gives the ratio 
V 2*/vi* at which coupled limit points occur as
V2*/Vi* = 1
and the corresponding value of k can be obtained as 
><LC = 1//2
Use of Equations 5.6 and 5.7 yields the values of and ag 
corresponding to this value of k as
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«1 = -13.0 and «2 = -3.0
(b) regarding the imperfection
'27a' 1/3 , -3.434, b
4 , (a - b)
27c' 1/3 = -2.381, b
. 4 . (c - b)
and from Equation 5.41
3(ac - b^) c 2/3 =
(c - b) 2(ac - bf)^
2/3
z/s
= -2.520
= -2.520
-2.381
Considering the critical load-displacement surface and taking
otj(l) - -18 and #2(1) — -4
the calculation just carried out gives
ai(0.707) = -13 and «2(0.707) = -3
where «i(0.707) is the value corresponding to the coupled limit
points (see also Equation 5.40). From the preceding equilibria 
studies (5.3.3) it can be deduced that
«1(0) = -6 and «2(0) = -4
It should be noted that the values of «2 fon k in the range
1 > k > 0.707 correspond to the critical points on paths 7 - 0 ,  
whereas if k is in the range 0.707 > k > 0 the values of «2
correspond to critical points on paths 3 - 5 .  Furthermore the 
hysteresis point (H in Figures 5.14 and 5.15) occurs at critical 
displacements corresponding to a value of k within the range 
1 > k > 0.707.
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The deduced variations of «]_ and «2 with k are shown schematically 
in Figure 5.22(a). The locus of represents critical points on 
the natural loading paths and since, under controlled loading, these 
are the first experienced it also may be regarded as a stability 
boundary. Moreover, both the «i and «2 loci are single-valued as k 
varies between 1 and 0.
One quarter of the critical load-displacement surface must take the 
forms shown in Figure 5.23. Figure 5.23(a) shows a schematic
representation of the sheet associated with (i.e. the critical 
points which lie on the natural loading paths, and the most 
important part of the surface in practice). The sheet associated 
with «2 is shown schematically in Figure 5.23(b).
Considering the imperfection sensitivity surface and taking
3i(0) = -3.434
it is clear from the equilibria studies that there are three roots 
for 02' The first corresponds to the bifurcation point, Bl. The 
other two are equal and correspond to the coupled limit points LCl 
and LC2. Hence
@ 2 ^ 0 )  = -2.520, @2^(0) = 62^ (0) = -2.381
As 9 increases, the two roots @2  ^ and @2^  approach each other, and 
annihilate each other at the hysteresis point when 6 = 1.532°. 
Further consideration of the preceding equilibria studies yields
Bi(90) = -2.381 and @2^(90) = -2.520
Hence the deduced variations of 3% and 32 with 9 are shown 
schematically in Figure 5.22(b).
The locus of 3i represents the critical points on the natural 
loading paths and hence in practical terms is the most important. 
The locus is single-valued with 9, and for a given value of n, the
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critical point corresponding to 8 = 0 represents the minimum
buckling load experienced by the system. Since this imperfection 
combination causes the imperfect natural loading path to lie under 
the ideal path with the least curvature, this result (confirmed by 
examination of Figure 5.11) verifies HO's theorem (152).
The locus of 32 is triple-valued over the range 0 < 8 < 1.532°, with 
two of the roots being equal for 0 = 0 and e = 1.532° ( the 
hysteresis point). The locus is single-valued for 1.32° < 8 < 90°. 
The appearance of a portion of the Butterfly Catastrophe [see
Reference 172] on the 32 locus within the range 0 < 0 < 1.532°
should be noted. The cusp-like behaviour of the locus 32 at 0 = 9CP 
is to be expected since at this value of 0 the locus is associated 
with a bifurcation point.
One quarter of the imperfection sensitivity surface must take the
forms shown in Figure 5.23. Figure 5.23(c) shows a schematic
representation of the sheet associated with 3% (i.e. the critical 
points on the natural loading paths, and in practice the most
important part of the surface). The sheet associated with 32 is 
shown schematically in Figure 5.23(d) and the Butterfly region, 
around the initial trajectory 0 = 0 ,  is shown schematically in more 
detail in Figure 5.24.
5.4.4 EXAMPLE 3, a = -2, b = 1, c = 2
For this case the following values of coefficients apply:
(a) regarding the critical load-displacement surface
3a = -6, b = 1, 3c = 6 
Furthermore, use of Equations 5.16 and 5.17 yields 
(v2*/Vi*)o = 2.579, ko = 0.362
(b) regarding the imperfection sensitivity surface 
,11/327 a = -2.381, b = 0.481
(a - b)z/3
255
27c 3/3 = 2.381, b = 1.000
(c  -  b ) 2 / 3
and the value of 8 at which the critical load zeros has already been 
calculated as
00 = 82.813°
Considering the critical load-displacement surface and taking
«l(l) = -6 and «2(1) = 1
it is clear from the preceding equilibria studies (5.3.4) that
«1(0) = 1, «2(0) = 6
Hence the deduced variations of «% and «2 with k are shown 
schematically in Figure 5.25(a). The locus of «% represents the 
critical points on the natural loading paths and since it is at 
these points that, under controlled loading,the system first loses 
its stability, it may be regarded as a stability boundary. 
Furthermore, changes sign from negative to positive as k varies 
from 1.0 through 0.362 to zero. One quarter of the critical 
load-displacement surface must take the forms shown in Figure 5.26. 
Figure 5.26(a) shows a schematic representation of the sheet 
associated with aj. The sheet associated with «g is shown 
schematically in Figure 5.26(b).
Considering the imperfection sensitivity surface and taking
3i(0) = -2.381 and $2(0) = 0.481
it is clear from the preceding equilibria studies (5.3.4) that
3 i(90) = 1.0 and 32(90) = 2.381
The deduced variations of 3% and 32 with 8 are shown schematically 
in Figure 5.25(b). The locus of 3i represents critical points on
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the natural loading paths and hence is in practice the most
important. For a given value of n, the critical point corresponding 
to e = 0 represents the minimum buckling load experienced by the 
system. Examination of the equilibrium paths in Figure 5.16
verifies this, and once more HO's theorem (152) is confirmed. 
Furthermore, 3% changes sign from negative (for 0 < 6 < 82.813°) to 
positive(for 82.813° < 0 < 90°) as 6 passes through the value
82.813°. Thus the line 0 = 82.813° divides the imperfections into 
two regions: (a) if the imperfection pair lies within the sector
subtended by 82.813° < 6 < 90°, then the imperfections are
beneficial in that they raise the critical load of the imperfection 
system above that of the ideal system; (b) if the imperfection pair 
lies within the sector subtended by 0 < 0 < 82.813° then the 
imperfections are detrimental in that they lower the buckling load 
from that of the ideal system. The cusp-like behaviour of 3% at
0 = 90° and 32 at 0 = OF* is to be expected since these loci are
associated with bifurcation points at these values of 0.
One quarter, of the imperfection sensitivity surface must take the 
form shown in Figure 5.26. Figure 5.26(c) shows a schematic 
representation of the sheet associated with 3i (i.e. the critical 
points on the natural loading paths, and in practice the most
important part of the surface). The sheet associated with 32 is 
shown schematically in Figure 5.26(d).
5.4.5 EXAMPLE 4, a = -2, b = -1, c = 2
For this case the following values of coefficients apply:
(a) regarding the critical load-displacement surface:
3a = -6, b = -1, 3c = 6 
Furthermore, use of Equations 5.16 and 5.17 yields 
(V2*/vi*)o = 0.387, ko = 0.932
(b) regarding the impefection sensitivity surface 
27a' = -2.381, b = -1.0
(a - b)2/s
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27c 3/3 = 2.381, b = -0.481
(c -  b)2/3
and the value of 6 at which the critical load zeros has already been 
calculated as
00 = 7.187°-
Consldering the critical load-displacement surface and taking
«1(1) = -6 and «2(1) = -1
it is clear from the preceding equilibria studies (5.3.5) that
aj(O) = -1 and «2(0) - 6
Hence the deduced variations of «% and «2 with k are shown 
schematically in Figure 5.27(a). The locus of «% represents the 
critical points on the natural loading paths and since it is at 
these points that, under controlled loading, the system first loses 
its stability it may be regarded as a stability boundary. «g 
changes sign from negative to positive as k varies from 1.0 through 
0.932 to zero.
One quarter of the critical load-displacement surface must take the 
forms shown in Figure 5.28. Figure 5.28(a) shows a schematic 
representation of the sheet "associated with . The sheet 
associated with «g is shown schematically in Figure 5.28(b).
Considering the imperfection sensitivity surface and taking
3^(0) = -2.381 and 3g(0) = -1.0
it is clear from the preceding equilibria studies (5.3.5) that
3i(90) = -0.481 and 32(90) = 2.381
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The deduced variations of 3j and 3% with 8 are shown schematically 
in Figure 5.27(b). The locus of 3% represents critical points on 
the natural loading paths and hence is in practice the most 
important.
For a given value of n the critical point corresponding to 8 = 0 
represents the minimum buckling load experienced by the system.
Examination of the equilibrium paths in Figure 5.18 confirms this, 
and once again HO's theorem (152) is verified. 3a changes sign from 
negative (0 < 6 < 7.187°) to positive (7.187° < 0 < 90°) as 8 passes 
through the value 7.187°. The cusp-like behaviour of 3% at 8 = 9CP 
and 3% at 8 = 0° is to be expected since these loci are associated 
with bifurcation points at these values of 8.
One quarter of the imperfection sensitivity surface must take the 
forms shown in Figure 5.28. Figure 5.28(c) shows a schematic
representation of the sheet associated with 3% (i.e. the critical
points on the natural loading paths, and in practical terms the most 
important part of the surface). It should be noted that in this
case all combinations of the two initial imperfections lead to a 
reduction in the critical load from that of the ideal system. The 
sheet associated with 32 is shown schematically in Figure 5.28(d).
5-5 CONCLUSIONS
The objective of the present chapter has been to suggest 
imperfection sensitivity surfaces for a two degree-of-freedom 
doubly-symmetric structural system, which exhibits non-existence 
compound branching in the idealised case.
Since it is not possible to derive closed-form types of equations 
for all points on these surfaces, the problem has been tackled on 
two complementary fronts. The first involves algebraic manipulation 
of the appropriate equilibrium and stability equations. Use was 
made of these equations to derive certain exact algebraic 
relationships between critical load, critical displacements and
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imperfections. The second uses the numerical technique described in 
Chapter 4. The technique is capable of tracing out complete sets of 
equilibrium paths, given prescribed energy coefficients and 
Imperfections. It may also investigate the stability of those paths 
and Identify any critical points which lie on them.
The relationships, derived in the first approach, indicated that the 
equation of a ray through the stability boundary surface is always 
parabolic, whereas that of a ray through the imperfection 
sensitivity surface is always a 2/3 power law cusp.
It was also found that there may be none, two or four particular 
rays through these surfaces along which the critical load Is zero.
Expressions were derived for these rays and the conditions on the/energy coefficients for their existence were ascertained. These 
rays assume Importance, because they represent curves of
Intersection between the surfaces and either the v^* - V2*. or 
ni - 02 planes.
Broadly speaking, it was found that the non-existence system could 
be regarded as having two modes of behaviour, as defined by the 
number of critical points present on the equilibrium paths for
02 = 0 and o^ = 0 initial trajectories. These two categories were 
seen to correspond to those systems for which: (a) two critical 
points for both the 02 = 0 and o^ = 0 initial trajectories were 
present; (b) two critical points were present for the 02 = 0 and 
four critical points were present for the oi = 0 initial
trajectories, or four and two critical points were present for the 
ni = 0 and TI2 = 0 Initial trajectories respectively.
It was apparent that Systems 1.2, 1.3, 2.2 and 2.3 adopted the first 
mode of behaviour only, whereas, depending on the 
inter-relationships between energy coefficients. Systems 1.1 and 2.1 
were able to exhibit both modes. A further subdivision of Systems 
1.1 and 2.1, into two groups, was thus suggested based on the 
relationships between energy coefficients which governed the number 
of critical points present in each of the ng “ ^ and = 0 initial
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trajectories. The two categories were referred to as (a) 
Non-hysteresis and (b) Hysteresis groups respectively.
For further examination of equilibria and their stability, recourse 
to the numerical technique was made. Prescribed values were 
assigned to the energy coefficients so as to represent typical 
examples of Systems 1.2, 1.3 and each of the new subdivisions of 
System 1.1. The morphogenesis of the equilibria and their critical 
points was then established, for each of the examples, by allowing 
the Initial trajectory to rotate from the = 0 to the = 0 
configuration and studying the resulting equilibrium paths. This 
was with a view to suggesting, in conjunction with the previous 
algebraic work, forms for the critical load-displacement and 
imperfection sensitivity surfaces. The results of this exercise 
suggested that the surfaces consist of two sheets which may or 
may not intersect. Generally one sheet contains all critical points 
which lie on the natural loading paths, whilst the other contains
those critical points which lie on the complementary loading paths. 
A single sheet was a. locus resulting from allowing a parabola or a 
2/3 power law cusp to rotate through 9CP about the critical load 
axis in critical load-displacement or critical load-imperfection 
space. Because the scalar coefficient of the parabola or the cusp 
is also a function of the rotation, the nature of this variation 
defined two basic forms of sheet. These forms depended on the 
number of times the scalar coefficient zeros during the rotation. 
The number of zeros corresponds to the number of rays along which 
the critical load goes to nought, mentioned earlier.
The two forms of sheet were suggested to be: (a) a cone shape, if 
there are no sign changes during rotation; (b) a saddle shape if
there is one sign change. A sheet of the imperfection sensitivity
surface must be symmetric about both X* - and X* - nz planes
and may contain cusped ridges If any loci of bifurcations lie on the 
sheet. The critical load-displacement and Imperfection sensitivity 
surfaces for both Systems 1.2 and 1.3 consisted of a cone sheet and 
a saddle sheet. For System 1.2 the critical points which occur on 
the natural loading paths lie on the saddle sheet whereas for System 
1.3 they lie on the cone sheet.
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For System 1.1, when there are two critical points for both the 
n % =  0 and ni = 0 initial trajectories, the imperfection sensitivity 
surface consists of two cone sheets. In the event that there are 
four critical points for either the n2 = 0 or n% = 0 initial 
trajectory, one of the standard sheets mentioned above is modified, 
in the vicinity of the appropriate trajectory, by the addition of a 
local three cusped surface. This local behaviour would be of 
particular interest to Catastrophe Theorists. It may be regarded as 
an example of a Butterfly Catastrophe when, for example. Figure 5.24 
is compared with the diagrams shown by POSTON and STEWART 1978' (172 
ppl78 Figure 9.9), with their b taken as zero.
The sheet which contains those critical points which occur on the 
natural loading paths are of direct practical interest, since they 
define the critical points first experienced by the system if under 
loading. If this sheet is of the saddle type then this suggests 
that, under certain imperfection conditions, the system buckles at a 
load greater than that of the ideal system, whilst under other 
imperfection combinations the buckling load is less. If the sheet 
is of the cone type and is convex up with respect to positive 
critical load, then the system will always buckle at a load less 
than the ideal buckling load irrespective of the imperfection 
combination.
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FIGURE 5.3: Limit point load, displacement andimperPection curves For the case qg=0.Q=eqn 5.31, R=eqn 5.32 and S=eqn 5.30
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FIGURE 5.4: BiFurcation point load, displacement andimperfection curves For the case r]2=0.Q=eqn 5.34, R=eqn 5.35 and S=eqn 5.33
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FIGURE 5.5: Projections oF the coupled equilibriumpaths onto the X-v, plane For ^ = 0
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FIGURE 5.6: Limit point load, displacement andimperPection curves For the case r], =0Q=eqn 5.46, R=eqn 5.47 and S=eqn 5.45
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FIGURE 5.7: BiFurcation point load, displacement andimperPection curves For the case r], =0.Q=eqn 5.19, R=eqn 5.50 and S=eqn 5.18
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FIGURE 5.8: Projections oF the coupled equilibriumpaths onto the X-v^ plane For q, =0
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FIGURE 5.11: Equilibrium paths 1-0, 1-5 and 3-0 ForEXAMPLE 2, Non-existence case, n=0.0018=0,5,15,30,45,60,75,85 and 90°
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FIGURE 5.13: Equilibrium paths 5-0, 3-7 and 7-0 ForEXAMPLE 2, projected onto v, -v^  plane close-up oF area marked P on Fig 5.11
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FIGURE 5.21 : EXAMPLE 1, Critical Ioad-displacement(a,b) and imperfection sensitivity (c,d)
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cFIGURE 5.23: EXAMPLE 2, Critical Load-displacement(a,b) and imperPection sensitivity (c,d)
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FIGURE 5.24: Schematic representation oF theimperPection sensitivity local to the n, axis For EXAMPLE 2
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FIGURE 5.27; Schematic variations oF the coeFFicientsK(eqn 5.72) with k, and p (eqn 5.73) with 0 For EXAMPLE 4
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FIGURE 5.26: EXAMPLE 3, critical Ioad-dispIacement(a,b) and imperPection sensitivity (c,d)
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FIGURE 5.28: EXAMPLE 4, critical Ioad-dispIacement(a,b) and imperPection sensitivity (c,d)
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SYSTEM I fO .  I f O
i.r
ac-b <0
0<3(ac-b^)^^
a -b
2
2
u,.3(ac-b^)
a-b 4
ac-b^>0
0<3(^c-b^)
c -b 2
2
b<3(ac-b^)
C -b 4
i.r
ac-b^<0
b<3(ac-b=)^0C - b 2
2
3(ac-b^)
C - b 4
ac-b^>0
b < 3 b c -b ')  <0
a - b
2
2 .
3(ac-b=)
a - b 4
1.2 Z
Z1.3
TABLE 5 J : SYSTEM 1, Summary oF number oF critical points For 8=0 & 90°initial trajectories
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SYSTEM q,=0,
21+
ac-b >0
a-b
2
2
b ,3 (ac-b") 
3— b 4
ac-b  <0
0<3(ac-b ' l <b
C -b 2
2
b < 3 (a c V )  .
C -b 4
2.r
ac-b^>0
b<3{ac-b^ )^ 0
C - b 2
2
3(ac-b ) _^ 
c-b 4
ac-krcO
b<3(ac-b '|^Q
a-b
2
2
3(ac-b^)
a -b 4
2.2 2
22.3
TABLE 5.2: SYSTEM 2. Summary oF number oF critical points For 0=0 & 90° initial trajectories
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CHAPTER 5
I N ITI A L P O S T - B U C K L I N G  OF A S T R U T  ON A W I N K L E R - T Y P E
E L A S T I C  F O U N D A T I O N
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6.0 INTRODUCTION
The purpose of the present Chapter is to provide the complete 
imperfection sensitivity of a column on a Winkler-type elastic 
foundation under the conditions of foundation stiffness which lead 
to two-fold branching.
A total potential energy approach is adopted involving a two-mode 
Rayleigh-Ritz technique. The exact curvature expression of THOMPSON 
1973 (226) for the deflected centre-line of the column is utilised 
and the resulting energy expression, which includes the effect of 
geometric imperfections, is expanded as a power series and truncated 
to the level necessary to achieve the desired non-linearity. This 
energy is then transformed such that it is relevant to those values 
of foundation stiffness at which two-fold branching occurs. 
Finally, the truncated total potential energy is transformed into 
the more concise Central Polynomial form to bring the present work 
into line with that of the previous chapters.
The conditions for existence of coupled post-buckling equilibrium 
paths of the column are investigated along with the curvatures and 
stabilities of these and the uncoupled paths. Some comparisons are 
then made between the curvatures of the uncoupled and coupled 
equilibrium paths and their corresponding imperfection sensitivities 
at different values of foundation stiffness for which the two-fold 
branching occurs.
The existence considerations lead to the identification of two 
fundamentally different modes of behaviour of the column, which 
depend on the foundation stiffness.
The complete imperfection sensitivity behaviour of these two modes 
is then investigated more fully using the numerical technique 
described in Chapter 4. The generation of the imperfection 
sensitivity requires three activities: (a) the validity of the
numerical technique is verified by checking the sensitivities
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obtained from this against those which may be obtained exactly; (b) 
the morphogenesis of the equilibrium paths is investigated for a 
full sweep of the two imperfections; (c) the complete imperfection 
sensitivity surface itself is then generated.
6.1 GENERAL CONSIDERATIONS
6.1.1 ENERGY FORMULATION
Consider a pin-ended elastic strut of length L and bending stiffness 
El surrounded by an elastic foundation of stiffness 3 per unit 
length shown in Figure 6.1(a) in its unbuckled configuration. 
Consider a point A a distance x, measured along the centreline of 
the strut, from the left hand support. The strut is assumed to be 
inextensional and before application of the axial loads to the ends 
it has an initial curvature. Thus point A is initially at A ^ , a 
vertical distance Wg(x) from the chord joining the two ends of the 
strut, where Wg is a function of x the distance measured along the 
arc length of the centreline of the strut. In this position the 
strut is unloaded and is shown in Figure 6.1(b).
The axial force P is now applied to the ends of the strut and the 
point displaces to A^ a vertical distance w(x) from the chord 
joining the two end points of the column. w(x) is a function of the 
arclength x of the point under consideration measured from the left 
hand support along the deflected centreline of the beam, x ranges 
from 0 to L.
Consider a small element of the strut, CD of length dx in its 
initially curved position CjD^ deflecting under load to its final 
position C2D2 as shown in Figure 6.2. The change in curvature of 
the element as its position changes from CjDi to C2D2 is given by
X = “ 0Q )
dx  6.1
Denoting a prime as differentiation with respect to x. Equation 6.1 
may be rewritten as
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X = __d{sin“  ^(w‘) - sin“  ^(wq ' )} 
dx ... 6.2
The strain energy U i , stored in the strut in bending during movement 
from Wq to w, is given by
Uj = Ilf'' x^dx
2 J o
the expression 6.2 may be rewritten as
X = w"_ _ __  -  Wq "( 1 “ ( W  {1 _ (wq i)2j 1/2
6.4
this into Equation 6.3 gives as
Ui = n f -  
2 (1 - (w')2}i/2 (1 - (Wo')^}^^^
dx
6.5
The strain energy stored in the foundation, U2 is given by
Hz = i (w - Wo f- dx .... 6.6
and the movement E, of the axial load P during the displacement from 
Wg to w is given by
E = [{1 - (Wg - {1 - dx
.... 6.7
The total potential energy in the displaced configuration is then
T = Ui + U2 - PE . . . .  6.8
substituting from 6.5, 6.6 and 6.7 this appears as
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T = H
2 J o  [ i l -
Wq
ir
( w ' f y ^  {1 - (wq
(w - Wq Ÿ  dx
dx
.. 6.9
Those terms in powers to the 1/2 and -1/2 are now expanded by means 
of the binomial theorem. It is further assumed that Wg is small in 
comparison with w, say Wg = ®(w^) and after expansion only fourth 
order terms and lower are retained. Additionally, terms which 
involve Wg , Wg ' and Wg " alone may be ignored since these constitute 
a datum value for the total potential energy and thus make no 
contribution to equilibrium. These considerations leave an 
approximate form for Equation 6.9 as
T = El
2 V
+ t  
2
W ”[w"{l + (w'Fl - 2wo"] dx
0
r i w(w - 2wg)d 
0 ^ J  0
X - _pJ**“ (w')^{1 + dx
 6.10
The functions w and wg are now taken in the form
w = A sin mrx + B sin rnirx 
L L . . . .  6.11
Wo = Aq sin mrx + Bo sin imx 
L L  6.12
the former being the sum of two of the eigenvectors of the 
linearised eigenvalue problem. A and B are the amplitudes of those 
modes and will serve as generalised coordinates in the total 
potential energy.
Substitution of Equations 6.11 and 6,12, after any appropriate 
differentiations, into Equation 6.10 gives the total potential
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energy T as
T = T{P, A, B, Aq , Bo) .... 6.13
Explicitly this appears as
T = (el + n‘*EIn'*)A(A - 2Ao ) + (BL + )B(B - 2Bq )
4 4L^ 4 4L^
+ iT^El {A‘*n® + 2n^nf (rf + nf)A^B^ B‘'ni®}
16L®
- Piï^ {A^n^ + B^nf + (A‘*n'' + 4n^iïf A^B^ + B‘*m' )}
4L 161% .... 6.14
Introducing the following non-dimensional quantities 
w = _ n ^  , Y = e U L  , a  = p l ^
ir'*EI w^EI ir^EI
Ui = A_ , Ug = B_ , El = and E2 = Bp
2L 2L 2L 2L .... 6.15
yields the new energy function as
W  = (y  +  n ^ ) U i ( U i  - 2 e i  ) +  (y +  m ^  )U2 (u2 - 2 e 2 )
+ ïï^{ui^n^ + 2n^nf (n^ + nf )ui^U2^ + U2^m^}
- Afui^n^ + U2^nf + 3ir^  (u,^n'* + 4n^nfui^U2^ + ))
4  6.16
6,1.2 BRANCHING LOADS OF THE IDEAL SYSTEM
The total potential energy for the ideal system may be obtained by 
setting Cj = e2 = 0  in Equation 6.16. The branching loads of the 
ideal system are then obtained by solving the two simultaneous
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equations
Wii = 0   6.17
W22 ~ 0 .... 6.18
A subscript refers to partial differentiation of W with respect to 
the subscripted displacement variable, and the derivatives are 
evaluated at u^ = U2 = 0. Carrying out the differentiations of W 
these two equations appear as
Wi'lu; = Uz = 0 = (y  + " “* ) -  = 0 .... 6.19
W22L  = u, = 0 " + nf) - Am^ = 0   6.20
whereupon the two branching loads of the system are
= Y  +1 —
n^    6.21
Ag = %. + nf
nf   6.22
These relationships are shown in Figure 6.3 for different values of 
wave number. As can be seen, the lowest buckling load, and mode of 
deformation depend on foundation stiffness, and at certain values of 
the latter two-fold branching points are possible. The values of 
foundation stiffness y*, at which these occur may be obtained by 
equating A^ and A^, from which it is found that
Y *  = n^nf  6.23
The corresponding critical load A® is computed from either of 
Equations 6.21 or 6.22 as
A° = n% + mF .... 6,24
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A new energy function, which consists only of two-fold branching
points, is obtained by substituting for y *  from Equation 6.23 into
Equation 6.16 and introducing the incremental load coordinate X,
such that
A = + X .... 6.25
This done, the new energy function is
V = V( X , U i , U2 s E l , £2 ) -- 6.26
and explicitly appears as
V = TT^(n^ (n^ - 3m^)Ui^ - n^nf (n^ + nf)ui^U2^ + rif (m^ - 3n^)u2^}
4 4
- X(n^Ui^ + m^U2^ ) - 2n^(n^ + nf )uiEjl - 2nf(n^ + nf )u2E2
.... 6.27
The energy- coefficients for this system are summarised in Table 
6.1.
6.1.3 CENTRAL POLYNOMIAL FORM, EXISTENCE CONSIDERATIONS AND 
POST-BUCKLING CURVATURES
The total potential energy function in Equation 6.27 may be 
transformed into the central polynomial form (see Equation 3.11), by 
introducing the following transformations of coordinates, obtained 
from Table 6.1 and Equations 3.10.
Vi = /2nui .... 6.28(a)
Vz = /?mu2 .... 6.28(b)
= /2n(n^ + nf )ei .... 6.28(c)
02 = /2m(n^ + nf )e2 .... 6.28(d)
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Upon doing this, the central polynomial coefficients, from Table 6.1 
and Equations 3.12, are
a = (n^ - 3nf )
4 .... 6.29(a)
b = -ïï^  (n^ + nf )
2 .... 6.29(b)
c = (nf - 3n^ )
4 .... 6.29(c)
If only the lowest load two-fold branching points are considered, 
from Figure 6.3 it is seen that these occur for m = n + 1. In all 
subsequent work m is restricted to this value.
The equations of the uncoupled equilibrium paths are given by
Equations 3.15 and substituting for a and c from Equations 6.29 into
these, appear as
A = Tif (n^ - 3m^ )Vi^
4 .... 6.30(a)
A = (nf - 3n^ )v2^
4 .... 6.30(b)
The variations of 4a/?r^, 4b/n^ and 4c/n^ with n (which has been
treated as a continuous variable) is shown in Figure 6.4. These 
indicate that a and b are both negative for all values of n; c is 
positive for the combination n = 1 and m = 2, but is negative for 
all n greater than one. Hence, it may be concluded that the 
uncoupled equilibrium path in the A - Vi plane has negative
curvature for all n. The uncoupled path in the A - V2 plane, 
however, has positive curvature for n = 1, and negative curvature 
for all n greater than 1.
The existence of coupled equilibrium paths may be established by 
considering the signs of the cofactors of the existence
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determinant. These are given in Equations 3.17 and, after 
substituting for a, b and c from Equations 6.29, become
6(b - c) “ D21 - 3ïï^  {n^ - 3nf ) = 6 a
2 .... 6.31(a)
6(b - a) = P22 = 3 ^  (m^ - 3n^ ) = 6c
2 .... 6.31(b)
From Figure 6.4 it is seen that the cofactors are of opposite sign 
if n = 1, but are of the same sign for all n greater than 1. Thus 
no coupled equilibrium paths exist when n equals 1, whereas they 
always exist for n greater than 1.
In the existence cases, the relationship between the displacements 
for the coupled paths, when projected onto the displacement plane, 
is given by Equation 3.20. Substituting for a - b  and c - b  into 
this, from Equations 6.31, gives the relationship between the 
displacements as
V2 = + 3n^ - nf
3m^ - n^   6.32
A graph of the modulus of the constant of proportionality between V2 
and Vi in Equation 6.32 is given in Figure 6.5, in which n has been 
treated as a continuous variable. From this figure it is seen that 
the inclination of the two lines (given by Equation 6.32) with 
respect to the v^ axis increases as the half-wave number n 
increases. The curve becomes asymptotic to a value of 1, indicating 
that for large values of n (and hence high foundation stiffnesses) 
the inclination approaches 4 ^ .  In considering the curvature of the 
coupled paths, the quantity ac - b^ assumes some importance. After 
some algebra, this is found to be
ac - b^ = -jr^(7n^ - 2n^m^ + 7m^ )
16 .... 6.33
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The projection of the coupled paths onto the X - and X - V2 
planes are given by Equations 3.21 and 3.22 respectively. Upon 
substitution for ac - b^, c - b and a - b  from Equations 6.33 and 
6.31 these take the form
X = TT^(7n^ - 2n^trf + 7m^)vi^
4(n^ - 3nf )  6.34(a)
X = 7T^ (7n^  -  2n^nf + 7m )^vp^
4(mP - 3n%) .... 6.34(b)
The sign of the curvature of the coupled paths is best established 
by writing the displacements in the parametric form given by 
Equations 3.24(a) and 3.25(c). The resulting equation, 3.25(d), 
becomes, after substituting for ac - b ^ , b - a and b - c from 
Equations 6.33 and 6.31
X = -rr^(7n*^ - 2n^nf + 7m^ )g^
8(n^ + nf )   6.35
Figure 6.4 shows the variation of the coefficient preceding ^  in 
this equation with n (treated as a continuous variable). From this 
it can be seen, that the coefficient in Equation 6.35 is always 
negative for all values of n. Hence it can be concluded that, where 
they exist, the coupled paths always have negative curvature with 
respect to load.
The strut may be classified according to the convention suggested in 
Chapter 3; there are clearly two regimes of behaviour given by n = 1 
and n > 1. For n = 1 it is known that: a - b  is negative; c - b is 
positive; a is negative; b is negative; and c is positive. Hence, 
from Equation 3.19(b) and Table 3.3, for n = 1, the strut may be 
classified as System 1.3. To classify the strut for n greater than 
1 requires the quantity ac - b^ + 2(a - b)(c - b), which upon 
substitution from Equations 6.33 and 6.31, is
ac - b^ + 2(a - b)(c - b) = -tt^  ( 13n^ -22n^m^ + 13m^ )
16   6.36
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A graph of this coefficient (normalised by multiplying by 16/%^) as
n continuously varies is given in Figure 6.6. As can be seen from
this, it is always negative over the range of n of interest. For
n > 1 it is known that: a - b is positive; c - b is positive; a, b
and c are all negative; ac - b^ is negative; and 
ac - b% + 2(a - b)(c - b) is negative. Hence from Equation 3.18(a) 
and Table 3.4, for n > 1, the strut may be classified as System 
3.10.
In conclusion
1 For n = 1, m = 2, y = 4:
(i) The uncoupled v^ path has NEGATIVE curvature
(ii) The uncoupled v% path has POSITIVE curvature
(iii) No coupled paths exist 
(iv) The strut is classified as System 1.3
2 F o r n > 2 ,  m = n + l , Y = n ^ t r f :
(i) The uncoupled v^ path has NEGATIVE curvature
(ii) The uncoupled path has NEGATIVE curvature
(iii) Coupled paths always exist, and have NEGATIVE curvature 
(iv) The strut is classified as System 3.10
6,1.4 STABILITY OF THE EQUILIBRIUM PATHS
The expressions which govern the stability of the equilibrium paths 
are given in Equations 2.80(b), 2.81(b) and 2.83 for the uncoupled 
and coupled equilibrium paths. These must be used in conjunction 
with the appropriate central polynomial energy coefficients given in 
Table 3.1, and the cofactors of the existence determinant given in 
Equations 6.31. The assessments of the stability of the paths can 
then be made from Figure 6.4.
The stability considerations simplify greatly for this case to the 
following inequalities (for stability):
1 For either uncoupled path:
a > 0 and c > 0   6.37(a)
2 For the coupled paths:
ac - b^ > 0 and a > 0   6.37(b)
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By virtue of the variations of a and c given in Figure 6.4 and 
Equation 6.33, the following conclusions, regarding the stability of 
the equilibrium paths, may be drawn:
1 For n = 1, m = 2, y = 4:
(i) The uncoupled v^  path is UNSTABLE
(ii) The uncoupled V2 path is UNSTABLE
2 For r\ > 2, m = n + 1, y = n^nf :
(i) The uncoupled v^  path is UNSTABLE
(ii) The uncoupled V2 path is UNSTABLE
(iii) The coupled paths are UNSTABLE
6.1.5 SOME COMPARISONS
The most important imperfection vector will be the one which is 
directed along the ideal post-buckling path with the least curvature 
[as pointed out by HO 1974 (152)].
For the case n = 1, m = 2 and y = 4, the uncoupled v^ path has the 
least curvature because it is negative and the uncoupled V2 path has 
positive curvature. A single major imperfection in the form of the 
Vi buckling mode would then be likely to have the most deleterious 
effect on the buckling load of the imperfect column.
In examining the case n > 2, three curvatures have to be compared in 
order to obtain the least. This is because the uncoupled paths, and 
the coupled paths, all have negative curvature. Some care needs to 
be taken in this, because of the transformations used in Equations 
6.28, i.e. it has to be ensured that like is being compared with 
like. The comparison is best done by transforming the expressions 
in Equations 6.30 and 6.34 back into u^ and U£ coordinates by means 
of Equations 6.28. This gives
2X = n^  (n^  - 3m^  )
  6.38(a)
2X = m^ (m^  - 3n^  )
•rr^ U2^  .... 6.38(b)
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for the uncoupled paths, and
2PT = rf(7n^ - 2n^nf + 7m‘*)ui^
TT^  (n^ - 3nf )   6.39(a)
2X = m^(7n^ - 2n^nf + 7tf )u?^
TT^  (mf - 3n^)   6.39(b)
for the coupled paths. The true curvature of the coupled paths is 
only obtained, however, after they are projected into their own 
plane, this is achieved by introducing
vf = Ui^  + U2^ .... 6.40
and manipulation of Equations 6.39 to give
2X = n^nf (7n  ^ - 2n^ m^  + 7m^  )
2n^nf - 3n^ - 3m^   6.41
The right-hand-sides of Equations 6.38 and 6.41 have been plotted 
against n (taken as a continuous variable) in Figure 6.7. From this 
it may be concluded that for n > 2, the coupled paths always have
the least curvature. So an imperfection vector directed along these 
paths, is likely to have the most detrimental effect on the buckling 
load of the column.
Those imperfect cases, where both a limit and a bifurcation point 
appear on the same natural or complementary loading path, are now 
considered.
For the TI2 = 0 initial trajectory the necessary and sufficient 
conditions for the above situation to occur are given by Equations 
5.36. From Figure 6.4 these conditions' are only satisfied for 
n > 2. Furthermore, using Equations 5.30 and 5.33 it may be deduced
that both critical points occur on the natural loading path. By
comparing the quantities 3 a and b it may be established which of
the two critical points yields the smallest absolute displacement
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and hence is experienced first under loading. This is done in 
Figure 6.8 from which it can be seen that the inequality in Equation 
5.37 is violated for all n > 2. Hence it may be concluded that for 
n > 2, ni # 0, = 0, the limit point occurs before the bifurcation
point on the same natural loading path.
Turning to the m  = 0 initial trajectory the relevant necessary and 
sufficient conditions are given by Equations 5.51. From Figure 6.4 
these are only satisfied for n > 2. Use of Equations 5.45 and 5.48 
reveals that both critical points occur on the natural loading 
path. Inequality Equation 5.52 is important regarding which of the 
two critical points is experienced first. Plots of b and 3c with n 
are given in Figure 6.9 from which it can be seen that the
inequality in Equation 5.52 is satisfied for 2 < n < 5, but is
violated for n > 6. Hence it may be concluded that for ni = 0, 
^2 * 0:
(a) The bifurcation point occurs before the limit point on the
natural loading path if 2 < n < 5;
(b) the limit point occurs before the bifurcation point on the
natural loading path if n > 6.
When the special initial trajectory obtains, for a limit and
bifurcation point to occur on the same natural or complementary
loading path the inequality in Equation 5.27 must be satisfied. The
quantity ac - b^ has been evaluated in Equation 6.33 and indirectly
plotted in Figure 6.6, where it is seen to be negative for all
n > 2. Hence Equation 5.27 is violated and a limit point occurs on
the natural loading path and a bifurcation point occurs on the
complementary loading path for all n > 2, when the initi-al
trajectory obtains.
The existence of the coupled limit points, described in 5.1.3 and
5.1.4, is now established. For the case n = 1 the System is
categorised as 1.3 and by reference to Table 5.1 no coupled limit 
points occur for either of the n2 = 0 or ni = 0 initial
trajectories. In the case n > 2 the necessary conditions for
coupled limit points to exist for the n2 = 0 and = 0 initial
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trajectories are given by Equations 5.43 and 5.58. The relevant 
quantities are evaluated as
(be - 3ac + 2 b^) 
c(c - b)
(23n^ - lOn^if +  15m* ) 
(n^ - 3m^)(m^ - 3n^) .... 6.42
(ab - 3ac + 2b^) 
a(a - b)
(15n^* - lOn^ïf + 23m^) 
( n^ - 3nf )(ff - 3n^ ) .... 6.43
From Figure 6.6 it can be seen that the denominators of both of 
these quantities are positive for all n > 2. By inspection, the
numerators are negative for all n > 2. Hence both these quantities 
are negative for all n > 2 and the inequalities in Equations 5.43
and 5.58 are satisfied.
The imperfection sensitivities, arising from the n2 = 0, = 0 and
special initial trajectories, are now compared in order to verify 
that, of these, the most acute arises from the special initial
trajectory. As was the case when comparing curvatures, some care 
needs to be taken in doing this because of the transformations in
Equations 6.28. The relevant formulae are found in Equations 5.32, 
5.35, 5.47, 5.50 and 5.23. The comparison is best done by
transforming these expressions back into and e2 coordinates. For 
the special initial trajectory, the parametric initial imperfection
6.44
is introduced. This done, these expressions appear as
X*LU = 27n^n^(n^ + n f ) ^ ( n ^  -3m^) i/Sr 2/3
. 6.45
A*B 4-iï^n^(n^ + m^)^ 
( 3n  ^ - nf
i h  2/3
. 6.46
A*LU 27ïï^nf (n^ + n f ] f ( n f  -  3n^)
. 6.47
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X*B = -
X*L = -
4iT^nf (n^ + nf 
(3nf - Ÿ
i / 3 _ 2 / 3^2
6.48
27tr^n^m^(n^ + m^)^(7n^ - 2n^mf + 7mf)
4(3n^ - 2n^nf + 3m*^  )
1 / 3 - 2 / 3e
.... 6.49
A graph showing the values of the cubes of the constants preceding 
the imperfection terms in these equations (as they vary with n) is 
shown in Figure 6.10. For convenience each ordinate has been 
normalised by dividing by (n^ + mf)^.
From this graph it is confirmed that, for the eg = 0 and ei = 0 
initial trajectories, a bifurcation always occurs at a lower load 
than a limit point. Calculations show that, for the Gi = 0 initial 
trajectory, the limit point and bifurcation point curves become very 
close to each other but do not in fact touch over the range 
5 < n < 7. The cusp represented by the limit point occurring at the 
special initial trajectory always represents a smaller value of 
critical load than either of these two cusps. In assessing whether 
it also represents a lower value than the critical loads associated 
with either of the limit or bifurcation point cusps for the £2 = 0 
initial trajectories, due regard must be paid to which critical 
point the uncoupled path experiences first. It has been 
established, for the E2 = 0 initial trajectory, that the limit point
occurs first for all n > 2, so the limit point associated with the
special initial trajectory does indeed represent the smallest 
critical load when compared to the e2 = 0 and e^ = 0 initial 
trajectories.
Although it is drawn on Figure 6.11, the special limit point has no 
meaning for n = 1, since coupled paths do not exist in this case. 
Use of the theory in 5.1.1 enables a calculation of initial
trajectories along which the critical load goes to zero to be made.
If tane = n2/ni> then for the case n = 1, m = 2, there were two such 
rays given by
00 = ± 23.41SP -
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and for n = 2, m = 3, there were four such rays given by
00 = ± 30,896^, ± 31.113)
(given to three decimal places). No rays along which the critical 
load goes to zero were detected for values of n greater than these.
6.2 n = 1, m = 2, y = 4: NON-EXISTENCE EXAMPLE
6.2.1 COMPARISON BETWEEN “EXACT" AND NUMERICAL RESULTS
Of direct interest will be the accuracy of the numerical technique, 
described in Chapter 4, in predicting critical equilibrium points. 
This is best done by comparing results obtained from the numerical 
technique with the formulae for the nz = 0 and = 0 initial 
trajectories derived in 5.1.3 and 5.1.4.
(a) Imperfection sensitivity
The results from the numerical technique which were used for this 
comparison were those which were obtained in the process of deriving 
the complete imperfection sensitivity surface as described in
6.2.3. Hence the values of the parameters A and B (see Chapter 4,
4.3.3) used to obtain data from the numerical technique were
A = B = 0,005. Considering the nz = 0 initial trajectory first and
using Equations 5.32, 5.35 and 6.29, yields
X*LU = - 5.680niZ/3 .... 6.50(a)
X*B = - 13.513h x 2/3 .... 6.50(b)
These expressions have been plotted as solid lines in Figure 6.11 
along with the results from the numerical technique. As can be seen 
the agreement between the “exact" expressions and those results 
obtained from the numerical technique is very good, there being no 
discernible difference between the two.
Turning to the ni = 0 initial trajectory, use of Equations 5.47 and
5.50 in conjunction with 6.29, results in
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X*LU = 2.554112^ '^  ^ .... 6.51(a)
A * b = - 2.732n2^^®' .... 6.51(b)
Solid lines in Figure 6.12 denote these expressions with the data 
from the numerical technique also plotted. Again the agreement 
between the "exact" expressions and the results obtained from the 
numerical technique is very good.
( i>) C r i t i c a l  l o a d - d i s p la c e m e n t
Figure 6.13 shows equilibrium paths, when projected onto the X - Vj_ 
plane, for the nz = 0 initial trajectory with m  assuming the values 
indicated. For clarity's sake only the uncoupled paths have been 
shown (as solid lines) with the critical points indicated as small 
triangles. This data was obtained from the numerical technique by 
taking A = 0.02 and B = 0.0. Use of Equations 5.31, 5.34 and 6.29 
yields the relevant exact expressions for this case as
x \ u  = -  8 1 . 4 2 4 ( v x L U * F  . . . .  6 . 5 2 ( a )
X*B = - 24.674(vxB*)^ .... 6.52(b)
and these have been plotted as broken lines in Figure 6.13. From 
this figure it is seen that the results from the numerical technique 
and the exact expressions show no discernible differences.
Considering the = 0 initial trajectory and using Equations 5.46 
and 5.49 in conjunction with 6.29 results in
X*Lu = 7.402(v2LU*)^  .... 6.53(a)
X*B = - 24.674(v2B*)^ __  6.53(b)
These expressions have been plotted on the X - vz plane as broken
lines in Figure 6.14. Also shown on this figure are a number of
uncoupled equilibrium paths (solid lines), with their corresponding
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critical points (small triangles), resulting from the numerical 
technique using values of A and B as 0.02 and 0.0 respectively. 
Again the agreement between the exact expressions and the data 
obtained from the numerical technique can be seen to be very good.
From these studies it can be concluded that, for this example, the
numerical technique described in Chapter 4 is an accurate method for
calculating critical points.
6.2.2 EQUILIBRIUM PATHS
Figures 6.15(a) and (b) show equilibrium paths for this system 
resulting from taking n = 0.004 with 6 assuming values of: (a) 0, 
10, 20, 30, 40, 50, 60, 70, 80 and 9CP and (b) 0, 5, 10, 20, 30, 50, 
70 and 9CP . The values of A and B in the numerical technique were 
taken as 0.02 and 0.0 respectively and the critical points have been 
marked as triangles. For the general initial trajectory (0 < 0 < 
9CP ) no critical points occurred on paths 3 - 5 so for clarity these 
paths have been omitted from these diagrams.
The conclusions to be drawn from these figures are the same as 1 - 4
in 5.3.5, except that here the critical load on the second locus
(i.e. that joining B1 and L2) zeros at a value of 23.419^ (see
6.1.5). It can be seen that the critical load on path 5 ~ 0 in 
Figure 6.15(b) changes sign between 0 = 2CP and 0 = 30^.
Furthermore, use of Equations 5.16 and 5.17 yields
(v2*/vx*)o = 0.884, ko = 0.749
Considering the critical load-displacement surface and with the use 
of Equations 6.52 and 6.53 the following values of a must apply
ai(l) = - 81.424, ai(0) = - 24.674
«2(1) = - 24.674, «2(0) = 7.402
Regarding the imperfection sensitivity surface and with use of
Equations 6.50 and 6.51, the following values of g must apply
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3i(0) = - 5.680, (90) = - 2.732
32(0) = - 13.513, 32(90) = 2.554
From this, the variations of , «£ and 3 i , shown schematically 
in Figures 6.16(a) and (b) respectively have been deduced. The loci 
and 3i represent critical points on the natural loading paths and 
are therefore in practice the most important. It should be 
emphasized that critical loads on these loci are always negative,
indicating reductions from the buckling load of the ideal system for 
all values of 6. The buckling loads corresponding to 6 = 0
represent a lower bound as indicated by Figure 6.11.
6.2.3 IMPERFECTION SENSITIVITY AND CRITICAL EQUILIBRIA SURFACES
For reference purposes the sheet of the critical load-displacement
and imperfection sensitivity surfaces corresponding to and 3i 
respectively is referred to as Sheet 1. Those corresponding to a£
and 32 are referred to as Sheet 2. With reference to 4.3.2, it was 
found to be more convenient in calculating bifurcation points using 
the numerical technique, to search along uncoupled paths rather than 
coupled paths, since this led to better convergence to the critical 
point. Thus when considering Sheet 1, paths with end point 1 were
searched for 8 in the range 0 < 0 < 9CP, whereas paths with end
point 3 were searched for 8 = 9C P . Similarly, when considering
Sheet 2, paths with end point 7 were searched for 8 in the range
0 < 8 < 9CP , but paths with end point 5 were searched for 8 = CP .
(a) Sheet 1
With reference to 4.3.2, the following values of parameters were 
taken to derive data for this sheet,
nr = 0.004, Nr = 7 and Ne = 20
Thus 8 assumed 7 equi-angular values between and including 0 and
9CP , spaced at 159 intervals.
The results for the imperfection sensitivity are shown in Figures
6.17 and 6.18. The former is a type (a) pseudo three-dimensional
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representation with projection angles = 0 and = 3CP , the 
latter is a type (b) representation. It is seen that the surface 
shown in Figure 6.18 verifies the corresponding surface for Example 
4 shown in Figure 5.28(c). From these diagrams it can clearly be 
seen that rays through the sheet closely approximate 2/3 power law 
cusps, having a varying but always negative scalar coefficient. 
From Figure 6.17 the sharp cusped ridge occurring at e = 9CP can 
be seen, this corresponds to the bifurcation points on paths 7 - 0  
for the m  = 0 initial trajectory. The fact that 0 = 0  leads to a 
lower bound in buckling load is also verified from these results.
The corresponding results for critical load-displacement are shown 
in Figure 6.19. This is a type (a) representation with projection 
angles as above. The appearance of the sheet confirms the 
corresponding speculated surface for Example 4 shown in Figure 
5.28(a). Rays through the sheet closely approximate to parabolae
having a varying but always negative scalar coefficient.
(b) Sheet 2
For this sheet the following values of parameters were taken to 
derive data
nr - 0.004, Np = 19 and Ng = 20
Thus values of 0 were spaced at equi-angular intervals of ^  .
The results for imperfection sensitivity are shown in Figures 6.20 
and 6.21. The former is a type (a) representation with projection 
angles = 6CP and i|;2 = 3CP , the latter is a type (b)
representation. It is seen that the surface shown in Figure 6.21 
verifies the corresponding speculated surface for Example 4 in 
Figure 5.28(d). From these diagrams it can clearly be seen that
rays through the sheet closely approximate 2/3 power law cusps 
having a varying scalar coefficient. The change in sign of this
coefficient within the range 2(? < 0 < 20^ is best seen from Figure 
6.21. From Figure 6.20 the sharp cusped ridge occurring at 8 = 0 is
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evident. This corresponds to the bifurcation points on paths 5 - 0  
for the n2 = 0 initial trajectory.
The coresponding results for critical load-displacement are shown in 
Figure 6.22 which is a type (b) representation. It is evident that 
rays through this sheet closely approximate parabolae, with a sign 
change in critical load seen as 8 passes from 20P to 259 . This 
figure also confirms the result derived in 5.1.1 that the 
projections of rays onto the v^* - V2* plane are also straight 
lines, but are not of the same angular inclination as the 
corresponding ray through the imperfection sensitivity surface 
projected onto the n£ - ni plane.
6.3 n = 2, m  = 3, ? = 36: EXISTENCE EXAMPLE
6.3.1 COMPARISON BETWEEN "EXACT" AND NUMERICAL RESULTS
Since this is an existence example, results from the numerical
method are compared with the formulae for the nz = 0, m  = 0 and
special initial trajectories derived in 5.1.3, 5.1.4 and 5.1.2.
(a) Imperfection Sensitivity
The results from the numerical technique which were used for this 
comparison were those which were obtained in the process of deriving 
the complete imperfection sensitivity surface as described in
6.3.3. Hence the values of A and 8 used to obtain data from the
numerical technique were each taken as 0.005.
Considering the nz = 0 initial trajectory first and using Equations 
5.32, 5.35 and 6.29 yields
A * l u  = - 7.263m^'^^ .... 6.54(a)
X*B = - 16.890ni%/3 .... 6.54(b)
These expressions have been plotted as solid lines in Figure 6.23
along with the results from the numerical technique. It can be seen
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that there is no discernible difference between the exact 
expressions and the results obtained from the numerical technique.
Turning to the m  “ 0 initial trajectory, use of Equations 5.47 and
5.50 in conjunction with 6.29 results in
X*LU “ " 3.683^2^^^ •••• 6.55(a)
X*B = - 4.344ti2^'^^   6.55(b)
Solid lines in Figure 6.24 depict these expressions, with the data 
from the numerical technique plotted as discrete points. Again the 
agreement between the exact expressions and the results obtained 
from the numerical technique is very good.
Finally, the special initial trajectory is considered, use of 
Equations 5.23, 5.26 and 6.29 yields
X*L = - 7.299;Z/3 ....6.56(a)
X*B = - .... 6.56(b)
These expressions are denoted by solid lines in Figure 6,25 in which 
the results from the numerical technique are plotted, from this it 
can be seen that there is no discernible difference between the 
exact expressions and the results obtained from the numerical 
technique.
A comparison between the exact expressions and numerical results for 
the coupled limit points has not been made. However, the 
imperfection sensitivities for the coupled limit points are 
calculated from Equations 5,41 and 5.56 as
= - 1.956ni^^^ .... 6.57(a)
X*LC ” " 58.292n2^^^ . 6.57(b)
for the n2 = 0 and ni = 0 initial trajectories respectively.
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(b) Critical load-displacement
Figure 6.26 shows equilibrium paths projected onto the X - Vi plane 
for the ri2 = 0 initial trajectory with n^ assuming the values 
indicated. Only the uncoupled paths (as solid lines) have been 
shown and the critical points are indicated by small triangles. 
This data was obtained by means of the numerical technique using 
values of A and B as 0.02 and 0.0 respectively. Use of Equations 
5.31, 5.34 and 6.29 yields the relevant exact expressions for this 
case as
X*LU = - 170.251(ViLU*)^ •••• 6.58(a)
X*B = - 64.152(ViB*)^ •••• 6.58(b)
and these have been plotted as broken lines in Figure 6.26. From 
this figure if can be seen that the agreement between the exact 
expressions and the results obtained from the numerical technique is 
very good. The exact expressions for the = 0 initial trajectory 
are given by Equations 5.46 and 5.49 which, after appropriate
substitutions appear as
A * l u = - 22.207(v2LU*)^ •••• 6.59(a)
X*B = - 64.152(v2B*)^ •••. 6.59(b)
These expressions have been plotted as broken lines on the X - V2
plane in Figure. 6.27. Also shown on this figure are a number of 
uncoupled equilibrium paths (solid lines), with their corresponding 
critical points (small triangles), resulting from the numerical 
technique using values of A and B as 0.02 and 0.0 respectively. The 
agreement between the exact expressions and the data obtained from 
the numerical technique can be seen to be very good.
Finally, the special initial trajectory is considered. Use of
Equations 5.22 and 5.25. after appropriate substitutions results in
x * l  = - 17.510(5l*)^ .... 6.60(a)
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X*B = - 4.510(%B*)2 .... 6.60(b)
These expressions are plotted as broken lines on the X - and 
X - V2 planes in Figure 6.28. Also shown on this figure are a 
number of equilibrium paths with end points 2 - 0  and 6 - 0 (solid 
lines), with their corresponding critical points (small triangles), 
resulting from the numerical technique with values of A and B as 
0.02 and 0.0 respectively. From this figure it can be seen that 
there is no discernible difference between the exact loci and the 
data obtained from the numerical technique.
From these studies it can be concluded that, for this example, the 
numerical technique in Chapter 4 is an accurate method for 
calculating critical points.
6.3.2 EQUILIBRIUM PATHS
The special initial trajectory, in angular form, Gy, will be given 
by
-Ira - b^i/z
c - b
which after substitution for a, b and c yields for this case
0y = 19.850^ (to 3 decimal places)
With reference to Figure 3.11 System 3, there will be five 
equilibrium paths for this example for all values of e. 
Furthermore, preliminary investigations revealed that there were at 
least four critical points on these paths. For identification 
purposes the critical points for the key values of 0 of 0, Gy, and 
9CP are referenced as shown in Figure 6.29. Two important facts 
should be noted from this diagram:
(a) The coupled limit points (first referred to in 5.1.5),
labelled LCl - LC4, occur on paths 3 - 4  and 6 - 7  for 0 = 0  
and paths 5 - 6  and 1 - 8  for e = 9CP . There are four 
critical points in total for both 0 = 0  and 8 = 909.
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(b) For 8 = Gp there are five critical points in total, the
fifth (LCR3) appearing on path 5 - 7 .
The fact that the total number of critical points was not constant
with 8 initiated a search for a hysteresis point. With reference to
Figure 3.11, this was discovered to lie on path 7 - 0  with 8 in the 
range 8^ < 8  < 9CP . Use of the technique described in 4.3.3 gave 
a value of 8 at which the hysteresis point occurred as
8* = 31.7349 (to 3 decimal places)
It was decided that the morphogenesis of the equilibrium paths led 
to four distinct loci of critical points. Therefore there were four 
sheets of the imperfection sensitivity surface investigated as 
follows.
(a) Sheet 1
Figure 6.30 shows equilibrium paths resulting from n = 0.004 with 0 
assuming values of 0, 10, 19.858, 40, 50, 60, 70, 80, 85 and 909 .
The values of A and B were taken as 0.02 and 0.0 respectively and
the critical points are marked as triangles. For clarity only path
1 - 0  (for 8 = 0 ) ,  paths 2 - 0  (for 0 < 0 < 909 ) and paths 3 - 0  and
2 - 4  (for 8 = 9CP ) have been shown. The following observations may 
be made from this figure.
1 The bifurcation point for 8 = 0  (Bl) on path 1 - 0  and the limit 
point for 6 = 9CP (L2) on path 3 - 0  play no part in this locus.
2 Bearing 1 in mind, the number of critical points on this locus is 
always one, irrespective of the value of 8.
3 The locus contains the limit point on path 1 - 0  for 8 = 0  (Ll),
the limit points on paths 2 - 0  for 0 < 0 < 9(P and the
bifurcation point on path 3 - 0  for 8 = 9CP (B2).
4 All the critical loads are negative and are thus occurring at 
values less than the critical load of the ideal system.
5 This sheet of the imperfection sensitivity surface is in practice 
the most important, because points on it represent the first loss 
of stability of the system under loading.
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(b) Sheet 2
Figure 6.31 shows equilibrium paths resulting from n = 0.004 with 0 
assuming values of 0, 2, 5, 10, 20, 40, 60, 9CP. The values of A 
and B were taken as 0.01 and 0.0 respectively. For clarity only 
paths 1 - 0 (6 = 0) and paths 1 - 8  (0 < 0 < 9CP ) have been shown. 
The following observations may be made from this figure.
1 The limit point on path 1 - 0  for 6 = 0  (Ll) plays no part in 
this locus.
2 Bearing 1 in mind, the number of critical points on this locus is 
always one, irrespective of the value of 6.
3 The locus contains the bifurcation point on path 1 - 0  for 6 = 0  
(Bl), the limit points on paths 1 - 8  for 0 < 6 < 9CP and the 
coupled limit point on path 1 - 8  for e = 9CP (LC4).
4 All the critical loads are negative.
(c) Sheet 3
Figure 6.32 shows equilibrium paths resulting from n = 0.004 with 8 
taking values of 0, 10, 20, 40, 50, 60, 70, 80 and 9CP . The values 
of A and B were taken as 0.02 and 0.0 respectively. For clarity 
only paths 3 - 0 ,  (6 = 9CP ) and paths 3 - 4 (0 < 8 < 9CP ) have been 
included. The following observations may be made from this figure.
1 The bifurcation point on path 3 - 0  for 8 = 9CP (B2) plays no 
part in this locus.
2 Bearing 1 in mind, the number of critical points associated with 
this locus is always one, irrespective of the value of 0.
3 The locus contains the coupled limit point on path 3 - 4  for 
8 = 0  (LC2), the limit points on paths 3 - 4  for 0 < 8 < 9CP and 
the limit point on path 3 - 0  for 0 = 9CP (L2).
4 All the critical loads are negative.
(d) Sheet 4
Figure 6.33 shows equilibrium paths, projected onto the displacement 
plane, resulting from taking n = 0.004 and 8 assuming values of 0, 
10, 19.858, 25, 30, 31.734, 40, 60 and 9CP. The values of A and B 
were taken as 0.01 and 0.0 respectively except for path 7 - 0  when 
8 = 31.7349, for which A = B = 0.005 was used. For clarity 
equilibrium paths already discussed have been omitted. The
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following observations may be made from this figure.
1 The number of critical points is not constant with 8 for this 
locus:
(1) 0 < 6 < 19.85EP :
There is a total of ONE critical point. No critical points 
appear on paths 5 - 0, and one critical point occurs on paths 
6 - 7.
(ii) 0 = 19.850^:
There is a total of TWO critical points. One critical point 
appears on path 5 - 7  and one arises from the intersection of 
path 5 - 7 with 6 - 0.
(iii) 19.858" < 8 < 31.734" :
There is a total of THREE critical points. One occurs on 
path 5 - 6  and two appear on path 7 - 0 .
(iv) 0 = 31.734" :
There is a total of TWO critical points. One occurs on path 
5 - 6, and one appears on path 7 - 0 .
(v) 31.734" < 0 < 90"
There is a total of ONE critical point. This appears on path 
5 - 6 ,  and no critical points occur on path 7 - 0 .
Thus as 8 rotates the two critical points generated on path 7 - 0  
approach and annihilate each other at the hysteresis point.
2 This locus consists of three connected parts:
(i) The first part contains the coupled limit point on path 6 - 7
for 8 = 0  (LCl), the limit point on paths 6 - 7  for
0 < 0 < 19.858", the limit point on path 5 - 7  for
8 = 19.858" (LCR3), one of the limit points on path 7 - 0  for
19.858" < 8 < 30.734" and the hysteresis point on path 7 - 0
for 8 = 30.734" (H).
(ii) The second part contains the bifurcation point for
0 = 19.858" (BR), the second limit point on paths 7 - 0  for
19.858" < 6 < 30.734" and the hysteresis point on path 7 - 0
for 0 = 30,734" (H).
(iii) The third part contains the bifurcation point for 8 = 19.858"
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(BR), the limit point on paths 5 - 6  for 19.858" < 6 < 9CP 
and the coupled limit point on path 5 - 6  for 0 = 9(P (LC3).
In a similar way to the non-existence examples (see 5.4.1) the 
imperfection sensitivity surface may be represented mathematically 
as
X *  =Bi(8)n2/3 , 1 = 1 . . . . . 4 .... 6.61
where the values of i correspond to Sheets 1 to 4 of the surface. 
Therefore, bearing in mind (a) - (d) above, the following values of 
3 must apply
(a) 3i(0) = - 7.263 3 i (19.858) = - 7.299 3i(90) = - 4.344
(b) 32(0) = -16.890 32(90) = - 58.292
(c) 3 s (0) = - 1.956 33(90) = - 3.683
It should be remembered that 3i+ is triple-valued for 0 in the range
19.858 < 8 < 31.734" , but at 0 = 19.858 and 31.734 two of those 
values are equal. Hence
84(0) = - 1.956 84'(19.858) = ?
8h^ (19.858) = 81,^(19.858) = - 8.011
84(90) = - 58.292
The schematic representation of 3 with 8 is shown in Figure 6.34 in 
which, for clarity's sake, the 3i locus has been separated from 32» 
3s and 3^ and it has not been drawn to vertical scale. It should be 
noted that because of the inherent double symmetry in the system 
Sheets 3 and 4, and 2 and 4 have a common junction at 8 = 0 and 
8 = 90" respectively. Furthermore, the calculations reported in 
6.1.5 indicated that values of 0q were 30.890" and 31.113". This 
must mean that the hysteresis points consist of positive critical 
loads, as suggested in the insert in Figure 6.34. An examination of 
the data produced for the complete imperfection sensitivity surface 
revealed that this was the case.
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6,3.3 IMPERFECTION SENSITIVITY SURFACE
Data for the four sheets of the imperfection sensitivity surface has 
been derived using the numerical technique in a similar way to that 
described in 6.2.3. The results are plotted in Figures 6.35 - 6.40 
inclusive.
For all the sheets the value of nr was taken as 0.004, and where
the pseudo three-dimensional projection has been used, projection
angles have been taken as = tz = 3 ^ *  For Sheets 1, 2 and 3 the 
values of Nr and Ng were both taken as 10. Thus rays were
spaced at equi-angular intervals of ICP . For Sheet 4, however, Ng 
was taken as 10, but Nr was put equal to 13 and non-regular values 
of 0 were adopted of 0, 10, 19.858, 22.50, 25.0, 27.50, 31.734, 40, 
50, 60, 70, 80 and 9CP . This was in order to gain more information 
within the region bounded by the two singular ray angles I.e. for 0 
in the range: 19.858 < 8 < 31.734".
(a) Sheet 1
The results for this sheet are plotted in Figures 6.35 and 6.36.
The latter is a type (b) representation. From these diagrams it is 
clearly seen that rays through the sheet closely approximate 2/3 
power law cusps having a varying, but always negative, scalar
coefficient. From Figure 6.35 the sharp cusped ridge occurring at 
0 = 9CP can be seen, this corresponds to the bifurcation points on 
paths 3 - 0 at the n^ = 0 initial trajectory. This sheet is the 
most significant in practice because it represents the locus of
critical points which occur on the natural loading paths of the 
system.
(b) Sheets 2 and 3
The results for these sheets are plotted in Figures 6.37 and 6.38.
Rays through the surface assume the 2/3 power law form having a
varying, but always negative, scalar coefficient.
(c) Sheet 4
Figure 6.39 shows the results for this sheet. Two creases in the 
sheet, at 0 = 19.858" and 8 = 31.734", can clearly be seen, 
resulting in X *  being non single-valued over this region. These
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two creases, however, are different in appearance: that at
6 = 3.9.858" is smooth and almost parabolic (this is to be expected 
because the equilibrium paths local to the bifurcation point BR have 
the form of an asymmetric point of bifurcation); whereas that at 
8 = 31.734" is a sharp cusped ridge (of a form consistent with a 
hysteresis point). It is not obvious from this diagram that the
locus of hysteresis points consists of positive critical load 
values, but an examination of the numerical data revealed this to be 
the case. Apart from this, all other rays consist of negative 
critical load values.
Sheets 2, 3 and 4 have been drawn to the same scale In Figure 6.40.
From this it is seen that the edge of Sheet 3 joins the edge of
Sheet 4 at 8 = 0, and that the edge of Sheet 4 joins the edge of
Sheet 2 at 8 = 90" .
6.4 CONCLUSIONS
A strut on a Winkler-type elastic foundation has been treated as a 
two degree-of-freedom system using a Rayleigh-Ritz procedure. The 
total potential energy of the system was written as a function of 
applied axial load and the amplitudes of two of the harmonics of the 
linearized buckling problem, which comprise n and m half sine-waves 
down the length of the strut. Two major imperfections in the form 
of the buckling harmonics were also introduced into the energy 
expression. The system was constrained to have values of foundation 
stiffness to ensure that, in the ideal case, two-fold compound 
branching occurred. An incremental load parameter was introduced 
which measured from these values of critical load. Transformations 
of coordinates were applied which expressed the total potential 
energy in the central polynomial form discussed in previous 
chapters. There was a restriction on waveforms in order to achieve 
the lowest buckling loads for the ideal system; this was that m was 
taken as n + 1.
Use of the existence theory developed previously yielded that for 
n = 1, m = 2 only two uncoupled buckling paths exist for the ideal
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system. For all other combinations of n and m with n > 2, the two 
uncoupled modes exist along with two coupled equilibrium paths. 
Regarding the curvatures of these equilibrium paths with respect to 
load, the following was found to apply.
For n = 1, m = 2 the uncoupled equilibrium path involving one 
half sine-wave had negative curvature, whereas that involving two 
half sine-waves had positive curvature. For all n > 2, all paths 
(both uncoupled and both coupled) had negative curvature. It was 
found that in the latter regime the coupled paths had the least 
curvature, indicating that these are likely to be the most 
imperfection sensitive. The corresponding most imperfection 
sensitive path in the n = 1 case is the uncoupled path involving one 
half sine-wave, since of the two to be compared, this has the least 
curvature.
It was found that all paths for all values of n were unstable, 
including the rising path associated with two half sine-waves for 
the case n = 1.
For the case n = 1, when under the nz = 0 initial trajectory, a 
limit point occurs on the natural loading path and a bifurcation on 
the complementary loading path. For the m  = 0 initial trajectory a 
bifurcation occurs on the natural loading path and a limit point on 
the complementary loading path.
For the cases 2 < n < 5, when under the nz = 0 initial trajectory, 
both a limit point and a bifurcation point occur on the natural 
loading path, but the limit point occurs first. For the m  = 0
initial trajectory both a limit point and a bifurcation point occur
on the same natural loading path, but here the bifurcation point 
occurs first. For the case n > 5, when under the n2 = 0 initial
trajectory both a limit point and bifurcation point occur on the
natural loading path, with the limit point occurring first. This 
situation is the same for the m  = 0 initial trajectory.
For all cases when n > 2, i.e. those for which coupled equilibrium 
paths exist, when imperfections are at the special initial
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trajectory a limit point occurs on the natural loading path and a 
bifurcation point on the complementary loading path.
These results were in keeping with classifying the strut as System
1.3 for n = 1, and as System 3.10 for n > 2, according to the scheme 
proposed in Chapter 5. It was found that coupled limit points, of 
the type described in .Chapter 4, were present in this system for
both the nz = 0 and m  = 0 initial trajectories but only for values
of n > 2.
A comparison of the various imperfection sensitivities which could 
be calculated exactly was made, with the following conclusions. For 
n = 1 the imperfection combination ni ^ 0, nz = 0 gives the worst 
reduction of critical load. For n > 2 an imperfection combination
directed along the special initial trajectory has the most
deleterious effect on the critical load of the system.
Ray angles, i.e. imperfection combinations, along which the critical 
load goes to zero were calculated and it was found that for n = 1 
there were two such rays given by
0 = ± 23.419"
and that for n = 2 there were four such rays given by 
8 = ± 30.890" , ± 31.113"
For all n > 3, however, no such rays occurred.
The two combinations n = 1, m = 2 and n = 2, m = 3 were studied in 
more detail in order to obtain their complete imperfection 
sensitivities. Due to the inherent symmetry in the system it was 
only necessary to derive the surfaces for positive imperfections.
To verify the accuracy of the numerical procedure to be used, 
results obtained from this were compared with the exact expressions 
obtained previously. The results from the numerical procedure were
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shown to be in very good agreement with the exact expressions 
pertaining to imperfection sensitivity and critical displacement for 
the n£ = 0, m  = 0 and special initial trajectories.
For the case n = 1, m = 2 the imperfection sensitivity surface 
consists of two sheets, both of which are single-valued. Sheet 1 
contains the limit points for the n2 - 0 initial trajectory and the 
bifurcation points for the m  = 0 initial trajectory along with all 
the limit points on paths 1 - 0  for intermediate initial 
trajectories. All the critical loads on this surface are negative, 
indicating a reduction in critical load from that for the ideal 
system.
Sheet 2 contains the bifurcation points for the 02 = 0 initial
trajectory and the limit points for the ni = 0 initial trajectory 
along with all the limit points on paths 7 - 0  for intermediate 
initial trajectories. Critical loads on this sheet are negative for 
0 < 8 < 23,419", whereas they are positive for 23.419" < 8 < 90".
For n = 2, m = 3 the situation is more complex. The imperfection
sensitivity surface consists of four sheets, three of which
intersect each other. Sheet 1, which is single-valued for all 0, 
consists of the limit points for the n2 = 0 initial trajectory and 
the bifurcation points for the ni = 0 initial trajectory along with 
the limit points on the paths 2 - 0  for intermediate values, this 
sheet consists entirely of negative values of critical load, 
indicating a reduction in buckling load from that of the ideal 
system for all imperfection combinations.
Sheet 2 consists of the bifurcation points for the nz - 0 initial 
trajectory along with the limit points which occur on paths 1 - 8  
for all other 0 values. Sheet 3 consists of the limit points for
the Uj = 0 initial trajectory along with the limit points of paths
3 - 4  for all other initial trajectories. Both these sheets are 
single-valued in critical load and consist entirely of negative 
values of critical load for all values of 0.
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Sheet 4 consists of the critical loads which lie on paths 5 - 0 ,  
5 «• 6, 6 “ 7 and 7 - 0 and is not single-valued for all 0. There 
are two creases in this sheet: one is a smooth fold and occurs at 0 
= 19.858"; the other is a sharp cusp and occurs at 0 = 31.734". At 
these values of 0 (the first is the special initial trajectory, the 
second is a locus of hysteresis points) there are exactly two 
critical loads on this sheet, between these values of 0 there are 
three and outside these values there is one critical load. Sheets 
2, 3 and 4 combine to intersect each other.
In both cases considered Sheet 1 is in practice the most important, 
because it represents the loss of stability of the natural loading 
paths of the imperfect system, and under practical loading 
represents the buckling loads of the strut.
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elastic medium
elastic medium
L
FIGURE 6.1 : General arrangement oF the strut on a Wink1er-type elastic Foundation, (b) is the imperFect and (c) the buckled Form
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FIGURE 6.2: DeFormation of a small element oF the strut during bending.
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FIGURE 6 : SHEET 2 oF the imperPection sensitivity surFace For the case n=1, m=2. Type (a) representation
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FIGURE 6.21 : SHEET 2 oF the imperPection sensitivitysurFace For the case n=1, m=2. Type (b) representation
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FIGURE G.40: Composite imperPection sensitivitycomprised oF SHEETS 2,3 and 4
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ENERGY
COEFFICIENT VALUE
Viiii 6nV (n^“ 3m^)
-2n=
V.C. -2n^(n^+m^)
V2222 6 frW (m ^-3n ^)
V^ 2 -2m=
V2E2 -2m^(n^+m^)
Vj]22 -4 n Y m "(n % m ")
TABLE 6.1 : Total potential energy coePFicients Fortwo-Fold branching oF a strut on a Winkler elastic Foundation. njm=halF-wave numbers
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CHAPTER 7
I N I T I A L  P O S T - B U C K L I N G  OF A B I - A X I A L L Y  L O A D E D  P L A T E
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7.0 INTRODUCTION
The present chapter studies the interactive buckling of 
simply-supported thin rectangular plates under bi-axial compression 
of the proportional loading type. Both sets of edges of the plate 
are presumed to translate freely, but are constrained to remain 
straight and parallel.
The von Karmen large deflection equations, in a form including terms 
which account for Initial imperfections (sometimes referred to as 
Marguerre shallow shell equations), are used. Total and initial 
deflection series are taken as the sum of two terms, each of which 
is an eigenvector of the linearised buckling problem. The numbers 
of half-waves along the x-direction in each term are retained as 
variables, as is the plate aspect ratio. The plate is treated,
therefore, as a two degree-of-freedom problem as discussed in
general terms earlier, and interaction between symmetric and 
anti-symmetric deflection wave-forms is investigated.
The usual method of obtaining the two algebraic equilibrium 
equations for the plate is adopted. First, the compatibility
equation is solved exactly for the stress function which is 
compatible with the assumed initial and total deflections. Second, 
the stress function and deflection series are substituted into the 
out of plane equilibrium equation, which is solved using the 
Galerkin integral technique.
Attention is restricted to those aspect ratios at which 
double-eigenvalues take place for the ideal plate, because it is 
felt that a thorough and complete understanding of the behaviour at 
these points is necessary before the effects of changing aspect 
ratios can be examined. Thus the relationship between plate aspect 
ratio and orthogonal stress ratio necessary to achieve the double­
eigenvalue condition is derived.
A slight difference in approach from previous analyses is then 
introduced in that the imperfections are assumed to be small and
371
that it is justified to ignore second order terms in these 
quantities. This assumption is consistent with the General Theory 
and results in the imperfection terms only appearing in a linear 
form in the algebraic equilibrium equations. This is exactly 
equivalent to solving the compatibility equation for the stress 
function without initial imperfections, but allowing them to appear, 
in a linear fashion, in the plate out-of-plane equilibrium 
equation. Furthermore, under these assumptions, the imperfections 
can also be regarded as distributions of sinusoidal lateral 
pressure. This is shown in 6.1.1.
Having derived the algebraic equilibrium equations in the foregoing 
manner it is then postulated that there is an Equivalent Total 
Potential Energy Expression, corresponding to those equations, from 
which they can be derived using the theorem of stationary total 
potential energy. This enables a central polynomial form for the 
plate problem to be derived.
The existence of equilibrium paths which involve coupling between 
the symmetric and anti-symmetric wave-forms is then discussed, and 
the conditions on plate aspect ratio and orthogonal stress ratio 
which govern this are derived. The initial post-buckling curvatures 
and stabilities of all the equilibrium paths, uncoupled as well as 
coupled, is then investigated. In the light of these studies on 
ideal plates, two fundamental types of behaviour are identified and 
one typical example of each is singled out for a thorough 
imperfection examination. The first is a square plate with an 
orthogonal stress ratio of -3/7. Under such conditions a double­
eigenvalue, involving deflected forms of one and two half-waves in a 
direction parallel to that of the compressive loading, prevails. 
This turns out to be an example of the Non-Existence class of 
structures.
The second example also involves interaction between one and two 
half-waves, but has an aspect ratio of /2. The loading is uniaxial, 
in a direction parallel to the longer side of the plate. This is an 
Existence example.
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Both examples are treated to a thorough imperfection sensitivity 
analysis for the full range of the two imperfections. This involves 
two stages. The first is to examine the morphogenesis of all the 
equilibrium paths. Having established the pattern of behaviour of 
these, the second stage is to assemble the complete imperfection 
sensitivity surfaces for each example. Portions of these surfaces 
will be of direct engineering significance, because they will 
pertain to critical behaviour that takes place on the natural 
loading paths of the plate. These lead to a better understanding of 
plate elastic post-buckling behaviour, especially with respect to 
mode-jumping.
The surfaces as a whole contribute to a better comprehension of the 
double-cusp catastrophe since, in effect, they represent 
three-dimensional sections through the eight-dimensional catastrophe 
manifold.
7.1 GENERAL CONSIDERATIONS
7.1.1 PROBLEM FORMULATION
The behaviour of a thin, short rectangular plate loaded by a 
bi-axial in-plane stress state as shown in Figure 7.1 is 
considered. The loading is such that the applied stress in the 
x-direction is always compressive and that in the y-direction is a 
constant factor y times the stress applied in the x-direction. y 
may be positive or negative, implying that the lateral in-plane 
stress is either compressive or tensile respectively.
(a) Governing equilibrium and compatibility equations and boundary 
conditions of the problem.
Simple-support conditions are assumed around the edges of the plate, 
so that the out-of-plane displacements w are zero as are the 
tangential moment vectors. Moreover, the edges of the plate 
translate in the x- and y- directions as straight lines when under 
loading.
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Mathematically these conditions may be expressed as
(a) w = 0 at X = 0, x = a
(b) w = 0 at y = 0, y = b
(c) (w,xx **■ vw,yy) = 0 at X = 0, X = a
(d) (w,yy + vw,xx) = 0 at y = 0, y  = b   7.1
(e) u = constant at x = 0, x = a
(f) V = constant at y = 0, y = b
Note that the convention adopted with regard to partial derivatives 
is that a comma followed by subscripts implies partial 
differentiation with respect to each subscripted variable in turn. 
For example
w,xy “ 9^^
BxBy
To investigate the post-buckling behaviour of this plate the von 
Karman large deflection equations are used. Since it is required to 
study this behaviour in the presence of initial out-of-plane 
geometric imperfections these equations take the form:
V^F = E[(w,xy)^ - w,xxW,yy “ {(wo,xy)^ " WQ,xxWo,yy)]
.... 7.2(a)
(w - Wo) == ^(F ,yyW)XX "" 2F,xyW,xy F^xx^^yy)
D .... 7.2(b)
where w is the total deflection resulting from the applied load and 
Wq represents the initial geometric imperfection, both measured from 
the ideal flat configuration.
F is an Airy stress function defined as
F,xx = ^yy» F,yy = oxx, F,xy = -?xy
  7.3
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where oyx and oÿy are the normal and x^y the tangential shear, 
in-plane mid-surface stresses. D is the plate bending stiffness 
given by
D = Et^
12(1 - v^) .... 7.4
and v** Is the bi-harmonic operator
\ 9/  9/ /
Equation 7.2(a) represents an enforcement of compatibility during 
stretching of the mid-surface of the plate and Equation 7.2(b) is 
the out-of-plane equilibrium equation.
(b) Solution for the stress function F.
Forms for the buckling deflection w and the initial geometric 
imperfection Wq are assumed to be the sum of two eigenvalues of the 
linearized buckling problem. These have amplitudes of At, Bt and 
Aqt. Bot respectively and appear as
w = tSy(ASnx + BSmx) .... 7.5(a)
Wo = tSy(AoSnx + BoSmx)   7.5(b)
where for brevity, the following notation will be used
Sy = sin ttj^ , Snx = sin rmx, Cy = cos Cnx = cos nirx 
b a b a  
Smx = sin rnirx etc. Cmx = cos mrrx etc.
and n, m are integers representing the number of half-waves in the 
x-direction of the plate. Note that Equation 7.5(a) satisfies the 
boundary conditions 7.1(a) - 7.1(d) and that the deflection
375
corresponding to one half-wave in the y-direction only is 
considered. Making the necessary differentiations of Equation 7.5 
and substituting into Equation 7.2(a), this differential equation 
appears as
= Et^n^ [C^y(AnCnx + BmCmx)^ 
a^b^
- S^y(An^Snx + Brr?Smx)(ASnx + BSmx)
+ S^y(Aon^Snx + Bonf Smx) (Aq Snx + BgSmx)
- C^y(AonCnx + BgrnCmx)^] .... 7.6
This may be solved exactly for the stress function F to give
F = (A^ - An^ )[/ nb\^C2y + / a f  C2nx
32 (fi
+ E f  a^(AB - An Bn) C(n + m)x - C(n - m)x
4b% . (" + m)^ (n - m)^
- Et^a^b^ (AB - Aq Bo )C2y{aC(n + m)x - 3C(n - m)x} 
4
+ ^  (02 - Bo^ ) 
32
^mb^^C2y + ^ a j^C2mx
- 1y(2y - b)^ - 1y(2x - a)^ 
8bt 8at ... 7.7
where
a = (n - m)^/{(n + m)^b^ + 4a^}^
3 = (n + m)^/{(n - m)^b^ + 4a^}^
and Ix and ly represent the algebraic sums of the applied 
stresses on the edges of the plate i.e.
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’x = T o ’°xxlx=o,a 
’y = To"“ y y b = o , b
Deriving the midsurface stresses from the stress function and using
the strain-displacement relationships and Hooke's law (under plane
stress assumptions), expressions may be obtained for u and v, the
displacements in the x- and y-directions. With this done it is
found that the boundary conditions 7.1(e) and 7.1(f) are satisfied.
(c) Galerkin integral procedure
To obtain the equilibrium equations governing Initial post-buckling 
equilibrium of the plate, the Galerkin integral technique is used.
F, w and w q , after appropriate differentiation are substituted into 
the equilibrium equation 7.2(b). In general, this equation is not
exactly satisfied, due to the approximate nature of the chosen w, 
but will have a non-zero residual R. Equating to zero the excess
virtual energy, defined as
R.w.dxdy;.x
yields two equations governing initial post-buckling equilibrium of 
the plate. Carrying out these steps the latter equations appear as:
3(1 - v^)/ab' + jL \  (A  ^ -  Aq^ )  + j f n f  (B^  - Bo^) A
+ 3(1-- v ^ ) / ^ y K ( A B  - AoBo)B
+ /if + i \ ^ / i b V ( A  - Ao) - h y b  + ]ya\ A = 0 
la^ b^j V2n) \ .... 7.8(a)
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3(1 - v^) ,21,1,
i m
+ j. \(B^ - Bo?) + jflf (A^  - Ao?)
+ 3(1 - v 2 ) / ^ f K ( A B  - Aq Bo )AIS
+ /nf + l Ÿ f d b Ÿ j B  - Bo) - /Ixb + jya\ B = 0
\a^ b4 \2m j \ m^/ 4iT^  Di f / 4 /  .... 7.8(b)
where
K = 2  + a_(n - m) + 3(n + m)
4 4
It is now specified that the average applied normal stresses on the 
y-facing boundaries are some factor, referred to as the orthogonal 
stress ratio y, times those on the x-facing boundaries i.e.
iy  = nix at bt
and for convenience the notation
Ix = L, ly = y_aL 
b
is introduced, whereupon the loading terms in Equation 7,8 then 
appear as
L/b + y a^\I Tb)
L/b + Ü  f  \ 
\ rfb ]
respectively. The form of these equilibrium equations differs 
slightly from those that are obtained in the general theory. In
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deriving the above equations, no smallness assumptions have been 
made regarding the initial geometric imperfections. They have, from 
von Karman's equations, assumed the same order of magnitude as the 
deflections themselves. This results in the appearance, in the 
equilibrium equations, of products of the imperfection amplitudes 
such as Aq^, and A q Bq , unlike in the general theory where only 
linear terms in these quantities occur.
In the analysis which follows, second order terms in the 
imperfection amplitudes are ignored, thereby making a smallness 
assumption with regard to these quantities. The equilibrium 
equations thus reduce to
3(1 - v^)/ab'/ a b f  / f  + i \ A ^  + / n V  + 4I(\AB^ 
\4n/ U “ b-j I a" )
+ /jf + i V / a b y (A - Ao) - /b +
W  b ^ J U n J  I rfb j
LA = 0 
4x^D .. 7.9(a)
3(1 - v^)fab\^|/nf + 1^\ B^ + / n^if + 4K\A^b1 
4m) lla^ b 4  I a*^ 1 J
+ fmP + 1 j^|aby(B - Bo) - fb + y a^\ LB = 0,2 L2f lomi V nf b ) 4ir^  D .... 7.9(b)
Introducing the aspect ratio of the plate, y , where
Y = a/b
and the variable K
K = Y^{4 + a(n - m)^ + g(n + m)^}
in which
2 i 2a = (n - m)"^/{(n + m) + 4y }
3 = (n + m)^/{(n - m)^ + 4y^}^
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and the non-dimensionalIsed load quantity A, given by
A = Lb 
ir^  D
leaves the equilibrium equations as
3 (1 - )f (n^ + Y** )A^ + (n^nf + K)AB^}
IGY^nf
+ (n^ + Y^)^ (A - Ao) - 
4Y^n^
/I +  uy^Xaa = 0
I n ^ h 7.10(a)
3(1 - y f ) ( (m^ + Y^ )B^ + (n^if + K)A^B}
IGv^nf
+ (if + Y ) (B - Bo ) - /I + UY \AB = 0 
4Y^if V if/4 7.10(b)
Under this assumption of smallness of initial imperfection, the 
equilibrium equations 7.10 may be regarded as non-truncated versions 
applicable to the solution of an ideal plate supporting sinusoidal 
distributions of lateral pressure. This may be shown as follows. 
Writing for brevity
F,yyW,xx ” 2F,xyW,xy + Fjxx^ayy = L(w, F)
Equation 7.2(b) becomes
7^W =
D
bv^^WQ + L(w, F) 
t   (a)
The equilibrium and compatibility equations for an ideal plate 
supporting a distribution of lateral pressure p are
V w = ^  
D
E. + L(w, F)’ 
t .... (b)
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V^F = E{(w,xy)^  - w,xxW,yy}   (c)
Comparing Equations (a) and (b) it is easily seen that 
p = DV^Wq
If the imperfections wq are taken as in Equation 7.5(b) then the 
statically equivalent lateral pressure distribution is given by
p = tSy(aoSnx + bgSmx)
in which
ao = Dir"* n f  + 1(ÎÏ
bn = Dît (ii^ +  I b%
7.1.2 BRANCHING iOADS OF THE IDEAL SYSTEM
The two branching loads of the ideal system may be calculated from 
the foregoing equilibrium equations by putting
Aq = Bq = 0
and solving the linearised equations. This gives
- L  ( f  + )^
Y^(n^ + UY^) .. 7.11(a)
^ 2  ~ I (îf + Y^ Ÿ ' 
Y  ^( i f  + PY  ^ ) ,. 7.11(b)
the latter parts of these equations correspond to a buckling stress 
coefficient k^' defined as
kc ' = (f + Y^ Ÿ"
Y^(r^ + UY^ )
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which is in agreement with the linear solution of BRYAN 1891 (229).
kc' minimizes at a value of aspect ratio given by
Ymin “ r//(1 - 2y), y < 0.5   7.12
giving kc' a minimum value of:
(^c')min " 4(1 - y ), y < 0.5 .... 7.13
It is easily seen that
lim kc' = 1 , y > 0.5
y .... 7.14
This latter limit states that for very long plates in this condition 
of bi-axial compression, the buckling stress coefficient equals the 
inverse of the stress ratio y .
Figure 7.2 shows plots of the buckling stress coefficient kc' 
against aspect ratio y  for various values of wave number r and 
orthogonal stress ratio y . y = 0 corresponds to the uniaxial case. 
This diagram shows several interesting features:
(a) The stiffening and unstiffening effects that negative and 
positive values of y have on the plate, thereby increasing and 
reducing respectively, the magnitude of the buckling stress 
coefficient.
(b) The disappearence of minima on the individual wave number 
curves for values of y > 0.5, thereby destroying the 
possibility of plates of certain aspect ratios having two-fold 
branching points. In fact, plates under this condition of 
stress always buckle in one half-wave in the x-direction 
first, irrespective of the aspect ratio.
(c) A "deepening" of the individual wave number curves for 
negative values of y, both maintaining the two-fold branching 
points and adjusting the values of aspect ratio at which they 
occur.
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The values of y  at which two-fold branching in n and m 
half-waves occurs may be found by equating Ai and A2 in Equations 
7.11. This results in a quartic in y  which may be expressed as a 
quadratic in y^ and appears as
Y**(l - 2y) - Y^w(nf + mP) - n^nf = 0 
Solutions for y are thus given by
Y^ = + m ^ )  + + m^ + 4(1 - 2y)n^m^}
2(1 - 2y) .... 7.15
With y = 0 this reduces to the well-known expression for uni-axially 
loaded plates
Y = /rüT . . . .  7.16
Plots of Y versus y for various combinations of n and m are shown in
Figure 7.3. Since interest is only in those compound branching 
points which have the lowest buckling load, in this diagram, and 
in all subsequent work, m is taken as n + 1. The curves become 
asymptotic to a value of y = 0. 5 ,  thus indicating that no compound 
branching points occur for y > 0 . 5 .  Figure 7.3 also indicates, for
a given aspect ratio, what value of y is necessary to cause two-fold
branching in a particular combination of half-waves in the 
x-direction. For example, if Y = 1, only negative values of y will 
achieve two-fold branching in any n - m combination; a value of 
y « - 0 . 5  will yield 1 - 2  branching. If y = 2, y « 0.25 gives 1 - 2  
branching, whereas y « - 0 . 2  will cause the plate to buckle into 2 
and 3 half-waves in combination. Interestingly, the longer the 
plate, the more combinations of two-fold buckling are achievable 
through positive values of y , i.e. bi-axial compression.
7.1.3 EQUIVALENT ENERGY EXPRESSION
The range of applicability of the equilibrium equations 7.10 is now 
restricted to those points at which two-fold branching occurs. This
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is achieved first by defining a value of reference load given by
= 1 (n^ + = 1 (nf +
Y^ (n^  + pÿZ) + p?2) .... 7.17
subject to the conditions
(i) m = n + 1
(ii) Y^(l - 2y) - Y^u(n^ + n? ) - n^nf = 0
(iii) It is convenient to restrict the orthogonal stress ratio 
to the range
-1.0 < y < 0.5
thus for a given value of y , the value of y is "adjusted" to Ÿ  for 
which two-fold branching in n and n + 1 half-waves occurs.
Next, an incremental loading parameter X is introduced such that
A = A° + X  7.18
Substituting for A into the equilibrium equations 7.10 and 
rearranging leaves them as:
(n"* + Y* )A^ + (n^if + K)AB^
4 [ (n^ + 7 ^ ) ^ A o  + 7^ (n^ + p7^)XA] = 0
3(1 - v^) .... 7.19(a)
(in'* + Y*)B3 + (n^ii? + K)A^B
4 [ (m^ + 7^ )^Bo + 7^ (if + w7^ )XB] = 0
3(1 - v^) .... 7.19(b)
It is now postulated that there is an Equivalent Energy Expression 
for this plate problem, from which the above equilibrium equations
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can be derived using the principle of stationary total potential 
energy. The coefficients of this expression may be obtained by 
comparing Equations 7.19 with the equilibrium equations from the 
General Theory repeated below as
Vie^Ci + i .V il l lU i^  }^LL 22^1^2^ + XVii 'Ui = 0
3! 2
V2G2^2 1.^ 1122Ui^ U2 + _1'^ 2222 ^ 2^  +XV22'U2 = 0
2 31
In carrying out this comparison the coefficients of the Equivalent 
Energy Expression V, listed in Table 7.1, are obtained.
7.1.4 CENTRAL POLYNOMIAL FORM, EXISTENCE CONSIDERATIONS AND 
POST-BUCKLING CURVATURES
The central polynomial expression
0(X, Vi, V2, m ,  TI2 ) = IVi^ + ^ Vi^V2^ + CV2^
4 2 4
^(Vi^ + V2^ ) - niVi “ n2 V2 
2 7.20
corresponding to the equivalent energy expression whose coefficients 
are tabulated in Table 7.1 is now found by introducing the following 
transformations of coordinates (see Equations 3.10).
Vi = 2yÏ n^ + yY^3(1 - v^) A
V2 = 2y 0m^ + yY
3(1 - v^),
2(n^ + Y^ Ÿ
W ( 3 ( l  - )(n^ + yY )}
Aq
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7/{3(l - v^)(nf + p7^)}
Whereupon the coefficients In Equation 7.20 become (see Equations
3.12)
a = 9(1 - \f)2 (n" + Ï*)
16y* (n^ + u f f  .... 7.22(a)
b = 9(1 - (n^ nf + K)______
16y * (n^  + w“^)(nf + UŸ®) .... 7.22(b)
c = 9(1 - )^ (m** + Ï* )
16y * (nf + uŸ?): .... 7.22(c)
In the above expressions Poisson's ratio affects the magnitudes, but 
not the signs of a, b and c. In all that follows a value of 
Poisson's ratio of one-third has been taken.
The normalised coefficients a, b and c have been plotted on a log^o 
scale against the half-wave number n for values of orthogonal stress 
ratio of 0.49, 0.0 and -1.0 in Figure 7.4. The log scale was 
necessary because of the large range of values of a, b and c as n 
varied. Obviously the coefficients are positive within the ranges 
of n and y plotted. Furthermore the effect of increasing y is to 
increase the values of a, b and c.
The existence of coupled equilibrium paths may be established by 
considering the signs of the quantities
a - b and c - b
After some algebra, these appear as
a - b = 9(1 - (n** + yy^) - (n^mf + K)(n^ + yy^)
16y* " (rf + yy2)2(mf + yy%)
.... 7.23(a)
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c “ b = 9(1 - (m^ + T^)(n^ + y7^) - (nfmf +1<)(m^ + yy^)
16y^ (nf + iiT^)^(n^ + liY^  )
.... 7.23(b)
Before considering the signs of these quantities a function is 
defined as follows
F(x) = xjloqiQ |xll 
1x1
noting that F(x) has the same sign as x, except when F(x) = 0 in 
which case x = ±1.
F(a - b) and F(c » b) are plotted in Figure 7.5 as functions of n, 
with values of y lying between and including 0.49 and - 1 .0 .  It can 
be seen that for y > 0, a - b and c - b are both negative within the
range of n considered. Hence for y > 0 coupled equilibrium paths
always exist. The same conclusions apply for -1 .0  < y < 0 with 
n > 2.
For the case n = 1, c - b is negative for -1 .0  < y < 0. There is 
however a sign change to a - b when y is in this range. The value 
of y at which this occurs is best estimated graphically and this is 
done in Figure 7.6 where a - b (with v = 1/3 ) is plotted against y 
for n = 1. From this, the value of y at which a - b zeros is given 
approximately by
y* « -0.24
Also it is seen that for -1 .0  < y < y * ,  a - b is positive, whereas 
a - b is negative if y* < y < 0. Hence for n = 1: no coupled
paths exist if -1 .0  < y < y * ;  but coupled paths exist if
y* < y < 0.
The equations of the ideal uncoupled equilibrium paths are given by 
Equations 3.15 and substituting for a and c from Equations 7.22 
yields
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X = 9(1 - (n** + v'* ) vi^
16ÿ “ (n^ + w f  ....7.24(a)
X = 9(1 - (m* + T  ) V2^
16y ‘* ( t / + P T ^ ) ^  .... 7.24(b)
From Figure 7.4 it can be concluded that for the ranges of y and n 
considered, both uncoupled equilibrium paths have positive 
curvature.
The projections of the coupled paths onto the X - vi and X - V2 
planes are given by Equations 3.21 and 3.22,the equations of which 
are too lengthy to be written here. In considering the curvature of 
these paths, however, the quantity ac - b^ assumes importance. This 
evaluates as
ac - b^ = 81(1 - (n'* + y ^ ) ( m ^  + - (n^mf + K)^
256y ® (n^ + yy^)^(m^ + yy^)^
.... 7.25
F(ac - b^ ) for v = 1/3 is plotted against half-wave number n for 
values of -1 .0  < y < 0.49 in Figure 7 .7 .  From this it may be 
deduced that ac - b^ is always negative for n and y within these 
ranges. Furthermore, since for the existence cases both a - b and 
c - b are negative, it may be concluded that in the cases where 
coupled paths exist, they always have positive curvature.
In conclusion:
1 For n = 1, m = 2, -1.0 < y < y*
(i) The uncoupled vi and V2 paths both have POSITIVE
curvature.
(ii) No coupled paths exist.
(iii) The system can be classified as 2.1+;
2 For n = 1, m = 2, y* < y < 0.5 and n > 2, -1.0 < y < 0.5
(i) The uncoupled v^ and V2 paths both have POSITIVE 
curvature.
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(ii) Coupled paths always exist and have POSITIVE curvature,
(iii) The system can be classified as 4.3 or 4.7.
7.1.5 STABILITY OF EQUILIBRIUM PATHS
The inequalities and conditions which govern the stability, or 
otherwise, of the equilibrium paths have been derived in 2.3.2. Of
importance are the signs of the quantities a, c, (a - b), (c - b)
and (ac - bf). Referring to Equations 2.80, 2.81, 2,83 and 3.17 two
regimes of behaviour may be considered in the present case.
(a) n = 1, -1.0 < p < p*
In which the following inequalities hold (see Figures 6.4, 6.5 and
6.7)
a > 0, c > 0 
a - b / ' O ,  c - b 0 
ac - b %  < 0
(b) n - 1, p* < p < 0.6 and n >  2, -1.0 < p < 0.5
In which the following inequalities hold (see Figures 6.4, 6.5 and
6.7)
a > 0 ,  c > 0
a - b < 0, c - b < 0 
ac - b^ < 0
In conclusion:
1 For n = 1, -1.0 < p < p*
(i) The uncoupled Vi path is UNSTABLE
(ii) The uncoupled V2 path is STABLE
2 For n = 1, p* < p < 0.5 and n > 2, -1.0 < p < 0.5
(i) The uncoupled v^ path is STABLE
(ii) The uncoupled V2 path is STABLE
(iii) The coupled paths are UNSTABLE
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7.2 n = 1, m  = 2, y = 1, p = -3/7 NON-EXISTENCE EXAMPLE
7.2.1 EQUILIBRIUM PATHS
It is easily verified that the above values of n, m, y and p satisfy 
Equation 7.15. Since n = 1 and the value of orthogonal stress ratio 
lies within the range -1.0 < p < p* this example should behave as 
non-existence System 2.1+.
With reference to Figures 3.3, 3,5 and 3.6 there will be three 
equilibrium paths for this example for all values of 0. This 
example falls into the hysteresis category of behaviour as will now 
be demonstrated.
With reference to Table 5.2 the occurrence of coupled limit points 
depends on the values of 3(ac - b^)/(c - b) and b relative to each 
other. To four decimal places (taking v = 1/3) these were 
calculated as follows
3(ac - b^) = 7.0859
c - b
b = 2.4491
Since b < 3(ac - bf)/(c - b) and ac - b^ is negative, reference to 
Table 5.2 reveals that coupled limit points will occur for the
t)2 = 0 initial trajectory. For identification purposes the critical 
points, for the key values of 6 = 0 and 9CP , are labelled as shown 
in Figure 7.8. With reference to Figure 3.6, System 2, the
hysteresis point was determined to lie on path 3 - 0  with 8 in the
range 0 < 0 < 3CP . Use of the technique described in 4.3.3 gave a
value of 0 at which the hysteresis point occurred as (to three 
decimal places)
0* = 24.344P
The morphogenesis of the equilibrium paths led to two distinct loci 
of critical points. Therefore there were two sheets of the
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imperfection sensitivity surface investigated as follows.
(a) Sheet 1
Figure 7.9 shows equilibrium paths resulting from n = 0.001 and e 
assuming values of 0, 5, 10, 15, 24.344, 30, 45, 60 and 9CP . The 
values of A and B were taken as 0.01 and 0.0 respectively, except 
for 6 = 24.34f for which values of A = B = 0.005 were used, and the 
critical points are marked as triangles. For clarity only paths 
3 - 7  and 1 - 0  (both for 0 = 0 ) ,  and 3 - 0  (for 0 < 0 < 9CP ) have 
been shown. Figure 7.10 shows equilibrium paths 7 - 0, 1 - 7 and
3 - 7  resulting from n = 0.001 and 0 assuming values of 0, 5, 15,
30, 45, 60, 75, 85 and 9CP .' The values of A and B were taken as 
0.01 and 0.0 respectively. From these two figures the following 
observations may be made.
1 The bifurcation point on path 7 - 0  for 0 = 9CP (B2) plays no 
part in this locus.
2 The number of critical points on this locus is not constant with
0 (bearing 1, above, in mind):
(i) 0 = 0:
There is a total of THREE critical points. One critical
point appears on path 1 - 0 ,  and the other two on path
3 -  7.
(ii) 0 < 0 < 24.344P:
There is a total of THREE critical points. Two critical 
points occur on path 3 - 0 ,  and the other one on path 
1 - 7.
(iii) e = 24.344P:
There is a total of TWO critical points. One appears on
path 3 - 0  ,and the other one on path 1 - 7 .
(iv) 24.34f < 0 < 9CP :
There is a total of ONE critical point. One occurs on path
1 - 7 ,  whereas there are now no critical points on path 
3 - 0 .
(v) 0 = 9CP :
As in (iv) except that the single critical point now occurs 
on path 7 - 0 .
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Thus as 0 rotates from zero the two critical points generated on 
path 3 - 0  approach and then annihilate each other at the 
hysteresis point.
3 This locus consists of two connected parts:
(i) The first part contains the coupled limit point on path 
3 - 7  for 0 = 0  (LC2), the limit points on paths 1 - 7  for 
0 < 0 < 9CP and the limit point on path 7 - 0  for 0 = 9CP 
(L2). This part is single-valued (see Figure 7.10).
(ii) The second part is double-valued and only exists for 0 in 
the range 0 < 0 < 24.344^ . It contains the bifurcation 
point on path 1 - 0  for 0 = 0  (Bl), the first limit point 
on path 3 - 0  for 0 < 6 < 24.344, the hysteresis point on 
path 3 - 0  for 0 = 24.344, the second limit point on path 
3 - 0  for 0 < 0 < 24.344 and the coupled limit point on 
path 3 - 7  for 0 = 0  (LCl) (see Figure 7.9).
4 All the critical loads occur at positive values, indicating 
values in excess of the critical load of the ideal system.
5 This locus is in practice the most significant because one of the 
parts referred to in 3(ii), above, contains the critical points 
that occur on the natural loading paths. Hence the system would 
exhibit some hysteresis behaviour under loading.
(b) Sheet 2
Figure 7.11 shows equilibrium paths resulting from n = 0.001 and 0 
assuming values of 0, 5, 15, 30, 45, 60, 75, 85 and 9CP . The values 
of A and B were taken as 0,01 and 0.0 respectively. For clarity 
only paths 5 - 0  (for 0 < 0 < 9CP ) and 5 - 1  and 7 - 0  (both for
0 = 9CP ) have been shown. From this figure, the following 
observations can be made.
1 The limit point on path 7 - 0  for 0 = 9CP (L2) plays no part in 
this locus.
2 Bearing 1 in mind, the number of critical points associated with 
this locus is always one, regardless of the value of 8.
3 This locus contains the limit point on path 5 - 0  for 0 = 0  (LI), 
the limit point on paths 5 - 0  for 0 < 0 < 9CP and the
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bifurcation point on path 7 - 0  for e = 9CP (B2).
4 All the critical loads are positive.
The exact expressions for imperfection sensitivities for 8 = 0  and 
0 = 9CP may be calculated from Equations 5.32, 5.35, 5,41, 5.47 and 
5.50 using the expressions for a, b and c in Equations 7.22. It 
should be remembered that is triple-valued within the range 
0 < 0 < 24.344^9 but at 0 = 0 and 8 = 24.344 two of those values
are equal. Hence values of 3 appropriate to 0 = 0 and 6 = 9CP are: 
(where v = 1/3)
(a) b |(0) = 5.818 g i (90) = 1.587 
B^(0) = g3(0) = 1.175
(b) 62(0) = 2.639 62(90) = 1.621
The schematic representation of 3 with 0 is shown in Figure 7.12 and 
the appearance of a Butterfly Catastrophe should be noted.
7.2.2 IMPERFECTION SENSITIVITY
Data for the two sheets of the imperfection sensitivity surface has
been derived using the numerical technique in a similar way to -that
described in 6.2.3 and 6.3.3. The results are plotted in Figures 
7,13 - 7.16 in which v was taken as 1/3 and np as 0.005.
(a) Sheet 1, Part 1
These results were obtained by taking Np = 10 and Ng = 11, 
thus the rays through the sheet were at equi-angular ICP intervals. 
The sheet is plotted in Figure 7.13.
(b) Sheet 1, Part 2
Values of Np = 6 and Ng = 11 were taken, with 0 assuming values 
of 0, 5, 10, 15, 20 and 24.344 . The results are plotted in Figure 
7.14. It can be seen that there are two sharp cusped ridges on this 
sheet:
(i) at 0 = 0, which represents the locus of bifurcation points 
which occur on paths 1 - 0 .
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(ii) at 8 = 24.344 5 which represents a locus of hysteresis points 
at which this part of the sheet folds back upon itself to 
become double-valued.
This particular portion of the sheet assumes some importance because 
it corresponds to loss of stability on the natural loading paths of 
the plate. Clearly for imperfections corresponding to values of 0 
in excess of 24. 3 4 4  , no critical points occur, so the natural 
loading path is single-valued and rising and the plate will exhibit 
load carrying capacity at loads larger than the ideal buckling 
load. For 0 in the range 0 < 0 < 2 4 . 3 4 4 ,  however, the plate will 
lose its stability at a critical load which lies on the upper 
portion of this part of Sheet 1, because it is these critical loads 
which are the first experienced under loading. At this load the 
plate will snap dynamically, changing its configuration. Thus when 
8 = 0  (corresponding to an m  imperfection alone being present) the 
plate will be limited in its load carrying capacity (at loads in 
excess of the ideal buckling load) by the bifurcation on the 
uncoupled natural loading path. As 0 increases (i.e. as more ri2 
imperfection is introduced), the bifurcation load for 0 = 0 is 
radically reduced, as indicated by the steepness of the upper part 
of this portion of Sheet 1 in the vicinity of 0 = 0.
(c) Sheet 2
Figure 7.15 gives the plotted data for this sheet resulting from 
taking = 10 and Ng = 11, thus the rays are drawn at
equi-angular intervals of ICP . A sharp cusped ridge at 0 = 9CP is 
clearly seen, corresponding to a locus of bifurcation points which 
occur on paths 7 - 0 ,
Figure 7.16 shows both parts of Sheet 1 drawn to the same scale. 
From this it can be seen that the two parts intersect at the 0 = 0  
initial trajectory. This line of intersection is the locus of 
coupled limit points which occur on paths 3 - 7 .  Bearing in mind 
that this figure represents 1/4 of the complete surface, and that it 
is symmetric about the X* - m  and X* - TI2 planes, then a 
portion of a Butterfly Catastrophe is clearly demonstrated [see 
POSTON and STEWART 1978 (172), pp. 178, Figure 9.9].
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In general, both sheets of the surface consist of rays which closely 
approximate 2/3 power law cusps. The rays always correspond to 
positive values of critical load for all values of 6.
A comparison between the exact loci and the numerical data derived 
above is made for 6 = 0  and 0 = 9CP in Figures 7.17 and 7.18 
respectively. In these figures solid lines represent the exact loci 
and the numerical results have been plotted as small crosses. In 
general, the agreement between the two is very good. The exceptions 
to this are the bifurcation points for 0 = C P , i.e. those which lie 
on paths 1 - 0 .  These points lie above the exact expression, but 
still appear to follow a 2/3 power law rule. The deviation was 
probably due to the reasons discussed in 4.3.3 and 7.4, but in any 
case the error was approximately 2 % and may be considered to be 
acceptable.
7.3 n = 1, m = 2, Y = /2, p = 0: EXISTENCE EXAMPLE
7.3.1 EQUILIBRIUM PATHS
For this case the value of 0 corresponding to the special trajectory 
is calculated as (to three decimal places)
0p = 24.677°
With reference to Figure 3.11, System 4, there will be five 
equilibrium paths for this example for all values of 0. 
Furthermore, preliminary investigations revealed that there were at 
least four critical points on these paths. For identification 
purposes the critical points for the key values of 0 = 0 ,  and 
9CP are referenced as shown in Figure 7.19. Two important facts 
should be noted from this diagram:
(a) The coupled limit points (first referred to in 5.1.5),
labelled LCl - LC4, occur on paths 2 - 3  and 7 - 8  for 0 = 0
and paths 1 - 2  and 4 - 5  for 6 = 9CP . There are four 
critical points in total for both 6 = 0  and 0 = 9CP .
(b) For 0 = 0j« there are five critical points in total, the
fifth (LCR3) appearing on path 1 - 3 .
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By virtue of (b) above a hysteresis point was anticipated and with 
reference to Figure 3.11, this was discovered to lie on path 3 - 0  
when 6 was in the range 6^ < 0 < 9CP . Use of the technique
described in 4.3.3 gave a value of 0 at which the hysteresis point 
occurred as (to three decimal places)
e *  = 31.5 8 ?
It was determined that the morphogenesis of the equilibrium paths
led to four distinct loci of critical points. Therefore there were 
four sheets of the imperfection sensitivity surface investigated as 
follows.
(a) Sheet 1 '
Figure 7.20 shows equilibrium paths, projected onto the displacement 
plane, resulting from taking n = 0.001 and 0 assuming values of 0,
10, 20, 24.677, 26, 28, 31.582, 40, 50, 70 and 9CP . The values of A
and B were taken as 0.01 and 0.0 respectively, except for
0 = 31.582? for which A = 0.007, B = 0.01 were used. Only paths
1 - 0  (for 0 < 0 < 24.677°) 2 -  0 and 1 - 3 (for 0 = 24.67? ) and
3 - 0  (for 24.6 7 ?  < 0 < 9CP ) are shown.
Figure 7.21 shows similarly disposed equilibrium paths but with 0 
taking values of 0, 10, 20, 24.677, 30, 45, 60 and 9CP . Only paths
2 - 3  (for 0 < 0 < 2 4 . 6 7 ? ) ,  2 - 0 and 1 - 3 (for 0 = 2 4 . 6 7 ? )  and
1 - 2  (for 24.67? < 0 < 9(P ) have been included.
The following observations may be made from this figure.
1 The number of critical points on this locus is not constant 
with 0 :
(i) 0 < 0 < 24.67? :
There is a total of ONE critical point. No critical points 
appear on paths 1 - 0 ,  and one critical point occurs on 
paths 2 - 3 .
(ii) 0 = 24.67? :
There is a total of TWO critical points. One critical
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point appears on path 1 - 3  and the other is a bifurcation 
point arising from the intersection of path 1 - 3  with 
2 - 0.
(iii) 24.67? < 0 < 31.582° ;
There is a total of THREE critical points. One occurs on 
path 1 - 2 ,  and two appear on path 3 - 0 .
(iv) 0 = 31. 5 8 ?  :
There is a total of TWO critical points. One occurs on 
path 1 - 2  and one appears on path 3 - 0 .
(v) 31.58? < 0 < 9CP :
There is a total of ONE critical point. None occur on path
3 - 0 ,  and one appears on path 1 - 2 .
Thus as 0 rotates the two critical points generated on path 3 - 0
approach and annihilate each other at the hysteresis point.
2 This locus consists of three connected parts:
(i) The first part contains the coupled limit point on path
2 - 3  for 0 = 0  (LCl), the limit point on paths 2 - 3  for 
0 < 0 < 2 4 . 6 7 ? ,  the limit point on path 1 - 3  for 
0 = 24.67? (LCR3), one of the limit points on path 3 - 0  
for 24.67? < 0 < 31.58? and the hysteresis point on path
3 - 0 for 0 = 31.58? (H).
(ii) The second part contains the bifurcation point for
0 = 2 4 . 6 7 ?  (BR), the second limit point on paths 3 - 0  for 
24.67? < 0 < 31.58? and the hysteresis point on path 
3 - 0 for 0 = 31.58? (H).
(iii) The third part contains the bifurcation point for
0 = 24. 6 7 ?  (BR), the limit point on paths 1 - 2  for 
24. 6 7 ?  < 0 < 9CP and the coupled limit point on path 1 - 2  
for 0 = 9CP (LC3).I ■
3 Although not shown, all the critical loads occur at positive 
values, i.e. values in excess of the critical load of the ideal 
system.
4 This locus is, in practice, the most significant because a 
portion of it contains the critical points which occur on the 
natural loading paths of the system (see Figure 7.20). Hence 
under loading the system will exhibit some hysteresis behaviour
if 0 lies within the range 24.67? < 0 < 3 1 . 5 8 ? .
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Figure 7.22 shows equilibrium paths 4 - 6, 5 - 0 and 7 - 8  (for
0 = 0); 4 - 5, 6 - 0  and 7 - 8  (for O < 0 < 9 C P ) ; 4 - 5 , 6 - 8  and
7 - 0  (for 0 = 9CP). The following observations may be made from
this figure, regarding the remaining four sheets.
(b) Sheet 2
1 The limit point on path 7 - 0  for 0 = 9CP (L2) and the 
bifurcation point on path 5 - 0  for 0 = 0  (Bl) play no part in 
this locus.
2 Bearing 1 in mind, the number of critical points associated with 
this locus is always one, regardless of the value of 0.
3 The locus contains the limit point on path 5 - 0  for 0 = 0  (LI), 
the limit point on paths 6 - 0  for 0 < 0 < 9CP and the 
bifurcation point on path 7 - 0  for 0 = 9CP(B2).
4 Although not shown, all the critical loads are positive.
(c) Sheet 3
1 The limit point on path 5 - 0  for 0 = 0  (LI) plays no part in 
this locus.
2 Bearing 1 in mind, this lo.cus has always one critical point
associated with it, irrespective of the value of 0.
3 This locus contains the bifurcation point on path 5 - 0  for 0 = 0
(Bl), the limit point on paths 4 - 5  for 0 < 0 < 9CP and the 
coupled limit point on path 4 - 5  for 0 = 9CP (LC4).
4 Although not shown, all the critical loads are positive.
(d) Sheet 4
1 The bifurcation point on path 7 - 0  for 0 = 9CP (B2) plays no
part in this locus.
2 Bearing 1 in mind, this locus always has one critical point
associated with it, regardless of the value of 0.
3 This locus contains the coupled limit point on path 7 - 8  for
0 = 0  (LC2), the limit point on paths 7 - 8  for 0 < 0 < 9CP and 
the limit point on path 7 - 0  for 0 = 9CP (L2).
4 Although not shown, all the critical loads are positive.
Therefore, bearing in mind (a) - (d) above, the following values of
3 apply (remembering that 3x is triple-valued for 0 in the range
398
24.67? < 6 < 31.58? and at 0 = 24.67? and 31.58? two of these 
values are equal).
(a) 3i(0) = 0.688, (24.677) = ?
(24.677) = g S (24.677) = 1.208
gi(90) = 8.207
(b) 62(0) = 1.554, 62(24.677) = 2.470, 62(90) = 1.021
(c) 63(0) = 2.880, 63(24.677) = ? 63(90) = 8.207
(d) 64(0) = 0.688, 6^(24.677) = ? 64(90) = 0.979
The schematic representation of 3 with 6 is shown in Figure 7.23. 
It should be noted that because of the inherent double symmetry in 
the system, sheets 1 and 4, and 1 and 3 have a common junction at 
0 = 0  and 0 = 9 ?  respectively. /
7.3.2 IMPERFECTION SENSITIVITY
Data for the four sheets of the imperfection sensitivity surface has 
been derived, using the numerical technique, in a similar way to 
that described in 6.2.3 and 6.3.3. The results are plotted in 
Figures 7.24 - 7.28 in which v was taken as 1/3 and nr as 0.001.
(a) Sheet 1
Values of Nr = 10 and Ng = 11 were taken with 0 assuming values
of 0, 10, 20, 24.677, 27.5, 31.582, 45, 60," 75 and 9 ?  . The results 
are plotted in Figure 7.24. Two creases in the sheet, at 
0 = 24.67? and 0 = 31.5 8 ?  , can clearly be seen, resulting in X* 
being non-single-valued over this region. These two creases, 
however, are different in appearance: that at 0 = 24.6 7 ?  is
smooth, almost parabolic (this is to be expected because the 
equilibrium paths local to the bifurcation point BR have the form of 
an asymmetric point of bifurcation); whereas that at 0 = 3 1 . 5 8 ?  is 
a sharp cusped ridge (of a form consistent with a hysteresis
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point). The two creases enable the sheet to double back upon itself 
and become triple-valued for 0 in the range 24.67? < 0 < 3 1 . 5 8 ?  . 
The particular portion of this sheet which lies within this range 
of 0 assumes some importance because it corresponds to critical 
points which lie on the natural loading paths of the plate. With 
reference to Figure 7.20 it is clear that for imperfections 
corresponding to 0 less than 2 4 . 6 7 ?  and greater than 3 1 . 5 8 ?  no 
critical points occur, so the natural loading paths are 
single-valued and rising. For this reason the plate will exhibit 
load carrying capacity at loads in excess of the ideal buckling 
load.
For 0 in the range 24.6 7 ?  < 0 < 3 1 . 5 8 ? ,  however, the plate will 
lose its stability at a critical load which lies on the central 
portion of this part of the sheet within the range of 0 mentioned 
above. These critical loads are the first experienced by the plate 
under loading and once these critical points are reached it will 
snap dynamically, changing its configuration, to a rising part of 
the natural loading path. Thus when 0 = 24.-67? the plate will be 
limited in its load carrying capacity (at loads in excess of the 
ideal buckling load) by the bifurcation on the natural loading path 
(BR). As 0 increases the bifurcation load for 0 = 24.677 is 
radically reduced, as indicated by the infinite gradient of this 
portion of the surface local to this value of 0.
Results for Sheets 2,3 and 4 have been obtained by taking = 10 
and Ng = 11. Thus the rays are spaced at equi-angular intervals 
of ICP and the data is plotted in Figures 7.25 - 7.27.
(b) Sheet 2
This is shown in Figure 7.25. The sharp cusped ridge at 0 = 9CP is 
clearly seen. This corresponds to a locus of bifurcation points 
which occur on paths 7 - 0 .
(c) Sheet 3
This is shown in Figure 7.26. The sharp cusped ridge at 0 = 0 can 
be seen. This corresponds to a locus of bifurcation points which 
appear on paths 5 - 0 .
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(d) Sheet 4
This is shown in Figure 7.27.
That some of the sheets intersect is seen clearly from Figure 7.28. 
This shows Sheets 1, 4 and 3 drawn to the same scale and
demonstrates the intersection between Sheets 1 and 4 at 6 = 0  and 
Sheets 1 and 3 at 8 = 90?. These lines of intersection are loci of 
coupled limit points.
In general all sheets of the surface comprise rays which closely 
approximate 2/3 power law cusps. The rays always correspond to 
positive values of critical load for all values of 0.
A comparison between the exact loci and the numerical data derived 
above is made for 0 = 0 ,  24.6 7 ?  and 9 ?  in Figures 7.29, 7.30 and 
7.31 respectively. Coupled limit points are excluded from this 
comparison. In these figures solid lines represent the exact loci 
and the numerical results have been plotted as small crosses.
In general, the agreement between the two is very good. The 
exceptions to this are the bifurcation points for 8 = 0  and 0 = 
2 4 . 6 7 ?  . These points lie above the exact expressions, but still 
appear to follow a 2/3 power law rule, the deviations probably being 
due to the reasons discussed in 4.3.3. and 7.4. The errors, 
however, are not appreciable and were found to be approximately 1% 
for 0 = 0  and 3.5% for 0 = 2 4 , 6 7 ?  .
7.4 DISCUSSION AND CONCLUSIONS
Thin rectangular plates with simply-supported boundary conditions 
(opposite edges free to move in-plane but constrained to remain 
straight and parallel), under proportional bi-axial edge loading, 
have been studied as two degree-of-freedom double-eigenvalue 
systems.
The orthogonal stress ratio y (defined as the ratio of the edge 
stress in the y-direction to that in the x-direction) has been shown 
to have a profound effect on the plate buckling behaviour in two
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respects: first on the linear branching loads; and second on the
non-linear post-buckling behaviour. Since attention was 
specifically directed towards double-eigenvalues, the condition on 
plate aspect ratio; orthogonal stress ratio and the two half-wave 
numbers of the degrees of freedom in order for the two-fold 
branching to take place was derived. This condition takes the form 
of a quartic equation in the aspect ratio, the coefficients of which 
are comprised of the two half-wave numbers and the orthogonal stress 
ratio. With y = 0, the well-known condition for a double-eigenvalue 
to occur when the plate Is subjected to uni-axial loading is 
recovered. It was shown that this quartic equation has no real 
roots when y > 0 .5 ,  thus indicating that there are no aspect ratios 
for this range of orthogonal stress ratio for which double­
eigenvalues occur.
There is a physical similarity between the bi-axially loaded plate 
and a uni-axially loaded plate with unloaded edges rigidly held 
apart. As might be expected, up to and including buckling the two 
problems are exactly the same, the Poisson's ratio of the plate 
material and the orthogonal stress ratio fulfilling the same role in 
each case. This may be confirmed by comparing the linearised 
equations of SHARMAN and HUMPHERSON 1968 (244) for zero lateral 
pressure, with the linearised version of Equation 7 .10 , with zero 
imperfections and n = 1, m = 2.
The remaining discussion is concerned solely with the initial 
post-buckling behaviour. The first result of interest is the effect 
of the orthogonal stress ratio on the existence of -fost-buckling 
equilibrium paths for the ideal plate. It has already been 
confirmed by HLAVACEK 1962 (239 ) ,  SUPPLE 1966 (131), 1970 (241) and 
MATKOWSKY and PUTNICK 1974 (269) that four equilibrium paths (two 
uncoupled, two coupled) always exist for a plate under uni-axial 
loading, regardless of the aspect ratio. In keeping with these 
studies the present work considered interaction between symmetric 
and antisymmetric wave-forms with m = n + 1, and additionally the 
orthogonal stress ratio was restricted to the range -1 .0  < y < 0 . 5 .
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It was found that for interaction between 1 and 2 half-waves and 
with the orthogonal stress ratio in the range -1.0 < y < y *  
( y*  « -0.240) no coupled paths exist and that plates under these 
conditions can be classified as System 2.1. For n = 1, m = 2 
outside the above range and all n > 2 with the orthogonal stress 
ratio in the same range -1.0 < y < 0.5, coupled paths exist and 
plates under these conditions fall into the System 4.3 or 4.7 
classification. The point at which demarcation between the 
Non-existence and Existence categories for the case n = 1, m = 2 has 
been indicated by point A in Figure 7.3. If the square plate is to 
be regarded as a lower cut-off for feasible aspect ratios, for the 
Non-existence condition to be exhibited then -3/7 < y < y* .
If the vertical axis of Figure 7.3 now measures Poisson's ratio of 
the plate material then the n = 1, m = 2 curve can be used to 
interpret Sharman and Humpherson's problem in a similar way. This 
leads to point B on Figure 7.3 and hence the Poisson's ratio ranges 
0 < V < V* and v *  < v < 0.5, (v* « 0.3) correspond to
Non-existence and Existence conditions respectively. Thus the range 
of aspect ratios over which Non-existence behaviour is to be 
anticipated is greater in the case of uni-axial loading with 
unloaded edges rigidly held apart than it is for bi-axial loading.
A possible reason for this difference is that the orthogonal stress 
ratio implicit in the unloaded edges held apart case is not constant 
in the post-buckling range. The effective orthogonal stress ratio 
is governed by Equation 12 of reference 244, from which it is 
apparent that it depends not only on Poisson's ratio, but also on 
the magnitude of the out-of-plane displacements.
The second set of results of interest concerns the curvatures with 
respect to load, and the stability, of each of the equilibrium paths 
which occur for plates falling into the two categories mentioned 
above. For the Non-existence range, both uncoupled paths are rising 
with respect to load, but the path associated with the single 
half-wave deflection is unstable whereas the path associated with 
the two half-wave deflection is stable.
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In the existence category all four paths were found to be rising 
with respect to load: both uncoupled paths were stable, but both
coupled paths were unstable. The same result has been observed by 
MATKOWSKY and PUTNICK 1974 (269) in the case of a uni-axially loaded 
plate with unloaded edges free to wave.
Unstable rising paths have particular significance when it comes to 
the presence of initial imperfections. If the combination of 
initial imperfections is such that the natural loading path lies
directly under an ideal unstable rising path, then although 
initially stable, under increasing loading, the imperfect path is 
likely to lose its stability at a point of bifurcation. The system 
under consideration is then likely to experience a major
buckle-pattern change under further loading. If the intersecting 
path is rising and stable then the change will be continuous; if it 
is falling, or rising and unstable, then the change will be 
discontinuous and involve a dynamic jump.
A typical example from each of the two Non-existence/Existence 
categories has been singled out for a more detailed investigation, 
using the numerical technique described in Chapter 4. Example 1 
corresponded to n = 1, m = 2, y = 1, y = -3/7 and was a
Non-existence System 2.1, and Example 2 corresponded to n = 1, m =
2, y =/2, y = 0 and was an Existence System 4.3 or 4.7. Careful 
equilibrium path studies were made for each example, and the 
complete imperfection sensitivity surfaces derived for both.
Both examples demonstrated major wave-form changes, both continuous 
and discontinuous, for particular ranges of imperfections: the
range in Example 1 was greater than that in Example 2. In general 
the major discontinuous changes are effected by the presence, on the 
natural loading path of the plate, of two critical points. These 
may consist of a bifurcation and a minimum limit point, or maximum 
and minimum limit points. Thus upon loading, the plate encounters 
the maximum limit point (or the bifurcation) whereupon it jumps 
dynamically to a nearby rising portion of the same equilibrium path 
which is present by virtue of the minimum limit point.
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As the arrangement of imperfections alters, however, the two 
critical points on the natural loading path approach each other and 
finally coalesce into a hysteresis point at a specific ratio of the 
two imperfections. For the range of imperfections bounded on one 
side by the combination which gives a bifurcation and a minimum 
limit point and on the other by that which gives a hysteresis point, 
discontinuous major wave-form changes are to be expected. Outside 
of this range continuous behaviour is to be anticipated.
The parameter 0 is a convenient way of defining different sectors on 
the imperfection plane, within which imperfection combinations lead 
to different behaviours. Figure 7.32 shows imperfection planes and 
the various behavioural sectors for Examples 1 and 2; also shown in 
each behavioural sector is whether the eventual deflection pattern 
is predominant in one wave-form or the other. In the case of 
Example 1 a major wave-form change to that predominant in the vz 
(two half-wave) deflection occurs regardless of the value of 0 : if,
however, 0 lies within the range 0 < 0 < 24.344 (or its symmetric 
counterparts) the change occurs by means of a dynamic jump. The 
eventual deflection pattern for Example 2 depends on the make-up of 
the initial imperfections. The imperfection locus given by 
0 = 2 4 . 6 7 ?  in Example 2 is the special case of SUPPLE'S critical 
imperfection locus [1968 (133), 1970 (241)] which results from zero 
eigenvalue separation. He did not, however, indicate the 
possibility of a region of discontinuous behaviour as shown here.
In a practical context, the question arises as to whether the 
dynamic jumps discussed above take place under dead loading or 
controlled shortening conditions. This is resolved by examining 
plots of average stress versus non-dimensionalised end-shortening 
("strain"), both measured in the principal (x) loading direction. 
The strain consists of two components: that due to compression of
the middle surface; and that due to flexural out-of-plane 
displacement.
Two such plots, one each for Examples 1 and 2, are shown in Figures 
7.33 and 7.34 respectively, with 0 assuming the angles indicated in
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the diagrams and n = 0.001 in each case. The ordinates are 
(a - ocr)/ocr the abscissae (e - ec^)/ecp, where a and e
are the average values of stress and strain and cr refers to values 
of these quantities at which first buckling occurs for the ideal 
plate. In both diagrams the first figure in the sequence 
corresponds to the ideal plate, subsequent ones being the imperfect 
plate, with the ideal plate equilibrium paths being indicated by 
broken lines.
It can be observed from these figures that, for the ideal plate, 
there are two uncoupled load-shortening curves for Example 1. There 
are three curves for Example 2, two of these being uncoupled and the 
third representing the coupled: the uncoupled path involving
deflection in a single half-wave has a post-buckling stiffness 
almost equal to that of the coupled path. The imperfect paths
within the jumping sectors 0 < 0 < 24.344 (Example 1) and
24.67? < 0 < 3 1 . 5 8 ?  (Example 2) exhibit the forms normally
associated with axially loaded thin cylindrical shells or compressed 
curved panels [COX 1940 (1) and TSIEN 1942 (20)] these being 
notoriously imperfection sensitive structures. Within these sectors 
the equilibrium path initially follows the more stiff of the ideal 
post-buckling equilibrium paths before doubling back upon itself to 
subsequently follow the less stiff of the paths available. For the 
cases 0 = 0  (Example 1) and 0 = 2 4 . 6 7 ?  (Example 2) two paths are 
present, joined at a bifurcation, representing the natural loading 
path plus the path which branches from this [see Figures 7.9 and 
7.20]. Thus under either controlled shortening or dead loading the
buckled form of both examples would jump from the stiffer to the
less stiff configuration if the combination of imperfections was 
such as to lie within the jumping sector. This discontinuous major 
wave-form change is indicated schematically in Figure 7.35, showing 
that the nature of the jump depends on the elasticity of the testing 
machine if controlled shortening is carried out. The dynamic jumps 
are indicated by the lines oa, ob and oc in Figure 7.35.
Although of less practical importance, the complementary loading 
paths on which any critical points occurred were also thoroughly 
investigated for the full range of imperfections. In general, for
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both cases, these complementary paths exhibited a single critical 
point which was present throughout the full range of O.
The complete imperfection sensitivity surface for both examples was 
then derived for positive imperfections. For Example 1 this was 
shown to be comprised of two sheets: both curved in the same
direction as the positive critical load axis. Indicating that they 
were loci of critical loads having values in excess of that at which 
initial buckling of the ideal plate occurs. The first part of 
Sheet 1 and Sheet 2 were single-valued and consisted of those 
critical points which appear on the complementary loading paths (see 
Figures 7.13 and 7.15). The second part of the first Sheet 1, in 
practice the most important, is comprised of those critical points 
associated with the natural loading paths: consequently it is
double-valued and only exists for those imperfections lying within 
the jumping sector. It exhibits a sharp cusped ridge along the 
locus of imperfections given by 6 = 2 4 . 3 4 4  (a locus of hysteresis 
points) along which a lower surface doubles back on itself to form 
an upper surface (see Figure 7.14). This latter portion represents 
the critical points first experienced by the plate in a practical 
loading situation. Parts 1 and 2^of Sheet 1 when drawn together to 
the same scale, (see Figure 7.16) comprise part of a Butterfly
Catastrophe.
The complete imperfection sensitivity for Example 2 was shown to 
consist of four sheets, again each consisting entirely of critical 
loads in excess of that at which initial ideal buckling would
occur. Of these, three are single-valued and contain the critical 
points which occur on complementary loading paths. The remaining 
one is an amalgam of those critical points which lie on the natural 
loading paths and those complementary paths not accounted for by the 
first three sheets. This' sheet is single-valued for 0 < e < 24.67? 
triple-valued for 24.67? < 6 < 3 1 . 5 8 ?  and single-valued for e > 
3 1 . 5 8 ? .  Thus it doubles back on itself twice: by means of a sharp
cusped ridge along a locus of imperfections given by 0 = 31.58? (a
locus of hysteresis points); and a smooth fold along a locus of
imperfections given by 0 = 24.6 7 ?  (a locus of
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bifurcations occurring on natural loading paths resulting from 
imperfections at the special initial trajectory) [see Figure 7.23]. 
The lower two portions of this sheet, associated with imperfections 
lying within the jumping sector, correspond to the natural loading 
paths. Of these the upper of the two represents the critical points 
first experienced by the plate in a practical loading situation.
A common factor between the two examples regarding the discontinuous 
major buckle-pattern changes, is the mechanism is provided by the 
particular arrangement of critical points resulting from 
imperfections at the two extremes of the jumping sector. At one 
extreme lies a locus of hysteresis points, whilst at the other, two 
loci: one which corresponds to bifurcations; and the other to
minimum limit points lying on the bifurcating path.
In the light of Figures 7.17, 7.18, 7.29, 7.30 and 7.31 some 
discussion of the sources of error in the numerical method would 
seem appropriate. The only detectable errors between results from 
the numerical method and exact results would appear to be in some 
bifurcation points. Bifurcations for the case 0 = 9 ?  and all limit 
points appear to have no discernable error when compared with exact 
solutions. The sources of error may be understood as follows.
In implementing the numerical technique the user has to specify two 
arbitrary parameters defining:
(a) The chordlength used in stepping along an equilibrium path
(b) Two real numbers, and 62, to define zeros.
In practice two numbers, A and B were used in the definitions for 
the chordlength and zeros as given in Equations 4.18, and 4.29. 
Thus A was, in effect, a measure of the number of points calculated 
along an equilibrium path. B proportions the chordlength to define 
the zeros, 61 and Ô2• In calculating limit points, the intersection 
point between two line segments was sought, and the accuracy of the 
result depends solely on the size of the single number A. From the 
foregoing results it would seem that the value of A chosen (5.0 x 
10"^) was appropriate.
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Bifurcation points arise from two curves touching at a common point 
of tangency and were calculated by the condition that two line 
segments were sufficiently parallel and close enough to be regarded 
as touching. This involved three numerical decisions:
1 to decide if the two line segments were sufficiently parallel
to each other, i.e. comparing some "skewness" number with
62 •
2 if parallel, to decide if they are sufficiently close to be 
regarded as touching, i.e. comparing their perpendicular 
distance from each other with fix*
3 The decision as to the sizes of A and B.
Thus the accuracy of this result depends on two arbitrarily 
specified numbers A and B, plus two arithmetic operations. These 
errors would be further compounded for the case 6 = 2 4 . 6 7 ?  by the 
fact that this number can only be specified to the computer program, 
if real arithmetic is used, to a limited accuracy. In fact all 
numbers of this type were specified to six decimal places and 
double-precision arithmetic was used throughout the computer 
programs.
Bearing these things in mind the chosen values of A = 5.0 x 10”  ^
B = 5.0 X 10"3, decided upon as a compromise between good 
accuracy and reasonable computer time (the calculation of a single 
critical point taking about two seconds of CPU time), led to a very 
good performance of the numerical method, all the essential 
topological details of the imperfection sensitivity being brought 
out.
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FIGURE 7.1 : Dimensions and loading For the bi-axially loaded plate
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FIGURE 7.16: Composite imperFection sensitivitycomprised oF SHEET 1 ? parts 1 and 2
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FIGURE 7.28: Composite imperPection sensitivitycomprised oF SHEETS 1,3 and 4
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ENERGY
COEFFICIENT VALUE
V1111 ô ln '+ÿ")
V2222 6(m" +Y")
V1122 2 ( if  m' +K)
V' 3 (1 -7 “ )
V.'a 3 (1 -7 “ )
-4 (r|:+T :|:
3 (1-1=)
-4(m=+î=)=
3(1-1=)
TABLE 7.1 : Equivalent total potential energycoeFFicients For two-Fold branching oF a bi-axially loaded plate
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CHAPTER B 
GENERAL DISCUSSION
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8.1 BEHAVIOUR OF m-FOLD SYMMETRIC COMPOUND BRANCHING POINTS
8 .1 .1  BEHAVIOUR OF AN IDEAL SYSTEM
In the present case, approximate non-linear equilibrium equations 
have been derived from a truncated form of a Taylor series expansion 
of the system's total potential energy. This technique was adopted 
(rather than a more sophisticated perturbation approach see, for 
example, SEWELL 1970 (139)]) because of its comparative simplicity. 
In either case the resulting equations, which require solution to 
find the direction cosines of the equilibrium paths with respect t o ’ 
the displacement axes, are the same [see Reference 139, Equation 
71]. Since it is the solution of the equilibrium equations which is
of importance, it was felt that there was no advantage to be gained
in the use of the perturbation approach. SEWELL does not, in any 
case, go on to solve his equilibrium equations (71) for the path
direction cosines and curvatures (as is done in the present case),
but points out the maximum path numbers [already derived by CHILVER 
and JOHNS 1969 (135)] and makes reference to the explicit m = 2 
solutions of CHILVER 1967 (130) and SUPPLE 1967 (132).
Solutions to the non-linear equilibrium equations (relationships 
between incremental load and displacements) represent equilibrium 
paths. The paths may be mapped into one of three spaces:
(a) load-displacement;
(b) displacement (after elimination of load between the equilibrium 
equations);
(c) load-deflection of the load (if the system's total potential 
energy is linear in the load).
These spaces are:
(a) m + 1 dimensional ;
(b) m dimensional;
(c) 2 dimensional,
Space (c) is probably the most important of these three for two 
reasons :
1 The relationship between the load and its corresponding 
deflection is the most significant in an engineering sense.
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2 It is the easiest to moniter and control in an experiment.
By virtue of the truncations implicit in obtaining the equilibrium 
equations, the following initial relationships between the variables 
apply (in which X = load, u-j = displacement and e = deflection of 
the load).
X - kiUjZ
ui = ikgUj
e = kg 0,2
X = ki| e
Hence when projected onto a X - ui plane in space (a) the 
equilibrium paths take the forms of parabolae. When projected onto 
a Ui - uj plane in either spaces (a) or (b) the paths appear as 
straight lines; they also take the form of straight lines in space 
(c).
The important results from the present work are:
(a) that explicit values (in terms of the energy coefficients in 
the Taylor series expansion of the total potential energy) 
have been put to the constants of proportionality in the above 
relationships;
(b) explicit conditions for the existence of p-coupled equilibrium 
paths have been derived;
(c) explicit post-buckling stiffnesses of uncoupled and p-coupled 
equilibrium paths have been found;
(d) a means of assessing the stability of uncoupled and p-coupled 
equilibrium paths has been devised.
A knowledge of a particular path's curvature sign (from (a)) is not 
sufficient. An assessment of its stability (from (d)) is also 
essential if that path is rising with respect to load. If the path
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is rising and unstable, then a question-mark arises against it's 
ability to support loads, in excess of the buckling load of the 
ideal system, in a practical situation. SEWELL 1968 (111), has 
presented a mathematically more rigorous treatment of the stability 
of paths branching from an m-fold compound critical point. However, 
it is felt that the approach given here, although less general, is 
more easily appreciated and more direct to apply.
The present theory also provides a means by which a value may be put 
to the number of equilibrium paths branching from a critical point 
of this type. However, as noted by JOHNS 1972 (138), the number of 
distinct equilibrium paths occurring when the solutions to the 
equilibrium equations are mapped into spaces (a) or (b), is not 
necessarily the same as that if the solutions are mapped into space
(c). This is because the same magnitude, but different sign 
combinations, of u^ lead to the same load-def lection of the load 
relationship. For example, in the m = 2 case, for which coupled 
paths exist, the two coupled paths present in the x - Ui - Ug and 
Ui - U2 spaces map to a single coupled path in X - e space. The 
sign of the post-buckling stiffness ^  of a particular path or
de le=0
paths corresponds to the sign of the curvature of the path or paths 
when mapped into X - u-j space. It seems likely that the 
assessment of the stability of a particular path or paths should 
carry over into space (c). However, as pointed out by THOMPSON 1961 
(122) and 1979 (121), the overall stability of the system plus 
loading, when under test, will be governed by a combination of:
(a) the stability of the system under test;
(b) the elasticity and stability of the testing machine;
(c) the type of loading (controlled shortening or dead loading).
For those systems which have a total potential energy function which 
is linear in the load, space (c) has a further advantage over the 
other three. This is that it provides a direct measure of the 
elastic strain energy stored up within the system, when it is at a 
particular equilibrium position. This results from the fact that 
the system is conservative, and that the area under the I
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load-deflection of the load graph is the work done by the load. An 
obvious result from this is that, for a given load or deflection of 
the load, a less-stiff configuration causes less elastic strain 
energy to be stored up within the system than a more stiff 
configuration. A question arises as to which of the many 
equilibrium paths that might be present would the ideal system 
prefer to follow. It seems likely that the preferred path is that 
which involves the least elastic strain energy being stored, i.e. 
the least stiff of all the paths that are available.
8.1.2 BEHAVIOUR OF AN IMPERFECT SYSTEM
In practical situations, an ideal system can never exist. Leaving 
aside topological arguments (from Catastrophe Theory) about the 
number of controls necessary for a full behavioural picture, at 
least one major imperfection, in each of the active displacement 
coordinates, would have to be included in an engineering analysis. 
To the order of the analysis, the approximate non-linear equilibrium 
equations (2.21) would be modified by a linear imperfection term.
r^Ey>^ r JL^ rrrr^ r TYiirr^r^i V^ '^xup — 0
31 2
  8.1
in which Ey. is the major imperfection corresponding to the 
displacement Uy^ . Clearly the behaviour which is governed by these 
equations will be extremely complex, and detailed consideration 
should be left as future work. However, a general discussion of the 
following five points will be taken up:
(a) Initial behaviour (behaviour of the equilibrium paths of the 
system, at values of displacement which are small in comparison 
to the imperfections);
(b) Asymptotic behaviour (behaviour of the equilibrium paths of the 
system, at values of displacement which are large in comparison 
to the imperfections);
(c) The number of imperfect equilibrium paths present;
(d) Imperfection sensitivity;
(e) Buckle-pattern changes.
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(a ) I n i t i a l  behaviour
For values of displacement that are small in comparison with the 
imperfections, the equilibrium equations may be approximated as
 8 .2
^rc y'ky-C Vpy^'AUp = 0
in which
£2 Ep ... Efji} =ç{ki k2 ... kp ... kfj)}
Thus there will be two distinct paths for small displacements. One 
becomes asymptotic to the negative load axis and is in practice the 
most important, because it represents the initial behaviour of the 
natural loading path. The second path takes the positive load axis 
as an asymptote and represents the initial behaviour of a 
complementary loading path.
(b ) Asymptotic behaviour
For values of displacement which are large in comparison with the 
imperfections, the equilibrium paths must be approximated to by 
solutions to the equilibrium equations of the ideal system. Hence
the equilibrium paths of the imperfect system must take the 
equilibrium paths of the ideal system as their asymptotes.
(c )  The number o f imperfect eq u ilib riu m  paths present
By virtue of the small deflection and large deflection behaviours in
(a) and (b) above, the imperfect equilibrium paths take as their
asymptotes the load axis and all the equilibrium paths which exist 
for the ideal system. Assuming that an asymptote can only act as 
such to one end of one imperfect equilibrium path only, then the
number of imperfect paths that must be present, M, will lie within 
the range
m + 1 < M < l{3^  + 1)
2
Of these M paths, the one that is in practice the most important is 
the natural loading path, i.e. the path which becomes asymptotic to 
the negative load axis.
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(d ) Im perfection s e n s it iv ity
As stated by HO 1974 (152), the most acute imperfection sensitivity 
for an imperfect system arises from an imperfection vector which 
results in the natural loading path lying under the ideal 
equilibrium path with the least curvature. The most deleterious 
curvature, denoted by C, will be the least of the uncoupled and 
p-coupled path curvatures (which exist) taken from the parametric 
forms, given in Equations 2.54 and 2.55. If the direction cosines, 
with respect to the displacement axes in displacement space, of the 
least-curvature equilibrium path are denoted by ly, then the 
direction cosines of the imperfection vector (with respect to the 
imperfection axes in imperfection space) necessary to cause the 
natural loading path of the imperfect system to lie under the 
least-curvature ideal path will be given by
kr ” '«Ip
Vp£^ .... 8.3
There may be one of several outcomes, with regard to the practical 
behaviour, if an imperfection vector assumes the values of direction 
cosines given by Equation 8.3. Which of these outcomes occurs 
depends on the sign of C and the stability of the ideal path with 
the least curvature; and either a limit-point or a bifurcation point 
imperfection sensitivity would govern.
A limit point imperfection sensitivity would govern under one of the 
following circumstances:
(a) C is negative and no bifurcation points occur on the natural 
loading path;
(b) C is negative and bifurcation points occur on the natural 
loading path, but they would only be reached, under dead loading 
or controlled deflection of the load, after the limit point was 
passed through.
In either of these two cases the critical load of the imperfect 
system would be proportional to the constant of
proportionality is a function of C.
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A bifurcation point imperfection sensitivity would govern under one 
of the following circumstances:
(a) C is positive and the ideal path with the least curvature is 
unstable;
(b) C is negative, and a bifurcation point occurs on the natural 
loading path of the imperfect system which is reached, under 
dead loading or controlled deflection of the load, before the 
limit point is passed through.
It is geometrically obvious that if condition (b) is satisfied, then 
the bifurcation point imperfection sensitivity is more acute than 
the limit point imperfection sensitivity; both sensitivities are 
proportional t o G ^ ^ ^ .
(e )  B uckle-pattern  changes
It seems likely that the preferred buckling mode of the system is 
that ideal path which involves the least internal elastic strain 
energy being stored. For systems in which the total potential 
energy is a linear function of the load, this would correspond to 
the ideal path with the least post-buckling stiffness, denoted by S, 
which could be found from Equations 2.72 and 2.75. If the 
asymptotic behaviour of the imperfect natural loading path (in the 
sense of (b) above) approaches the ideal path with the least 
post-buckling stiffness, then the preferred buckling mode is being 
approximated to and, for a given load or deflection of the load, the 
least quantity of elastic strain energy is being stored up within 
the system. If the initial behaviour of the imperfect natural 
loading path conforms to, or lies close to, the least energy path, 
then no major buckle-pattern changes should be observed under dead 
load or controlled deflection of the load conditions. The system 
should move smoothly into it's preferred buckling mode. This 
situation may occur if the preferred buckling mode has either a 
negative or a positive post-buckling stiffness. However, in the 
case of negative post-buckling stiffness, the preferred mode of 
buckling may only be allowed to develop under controlled deflection 
of the load conditions.
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Several behavioural variations are possible if, for instance, the 
post-buckling stiffnesses of all the ideal equilibrium paths which 
exist are positive. Amongst these ideal paths there may be a number 
whose post-buckling stiffnesses exceed that of the preferred mode 
and which are stable. Paths of this type act as "equilibrium traps" 
as follows: if the initial behaviour of the imperfect natural
loading path conforms to, or lies close to, an equilibrium trap, 
then the imperfect natural loading path will take this, rather than 
the preferred buckling mode, as it's asymptotic behaviour. A 
mechanism of escape from an equilibrium trap is not available, 
because of the paths inherent stability. Systems for which 
equilibrium traps are present, may appear to display several 
preferred buckling modes; the true preferred buckling mode plus the 
equilibrium traps; which one the system adopts depends on the 
orientation of the imperfection vector.
Also amongst the ideal post-buckling equilibrium paths there may be 
a number of modes whose post-buckling stiffnesses exceed that of the 
preferred mode and which are unstable. Paths of this type 
facilitate buckle-pat tern changes as follows: if the initial
behaviour of the imperfect natural loading path conforms to a path 
of this type, then although initially stable, the imperfect path 
will eventually experience a bifurcation point which provides the 
mechanism of escape from this mode of deformation. The bifurcating 
path will take a nearby alternative lower energy ideal path for it's 
asymptotic behaviour. The ideal path, which provides the asymptote 
for the bifurcating path, may or may not be the preferred buckling 
mode of the system, but is obviously different from that ideal path 
that the imperfect natural loading path initially conformed to. 
Thus a buckle-pattern change will occur; whether this change takes 
place continuously or discontinuously (involving a local dynamic 
snap) depends on:
(a) the stability of the bifurcation point;
(b) the shape and stability of the bifurcating path;
(c) the way of testing the system (dead loading or controlled 
deflection of the load) and the elasticity and stability of the 
testing machine.
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A buckle-pattern change would also be observed if the initial 
behaviour of the imperfect natural loading path lies close to a 
buckle-pattern change path.
8 .2  BUCKLING OF IMPERFECT TWO DEGREES-OF-FREEDOM DOUBLY-SYPWETRIC 
BRANCHING SYSTEMS
8 .2 .1  RELATIONSHIP WITH CATASTROPHE THEORY
In recent years, most of the Elementary Catastrophes have been shown 
to occur in a wide variety of engineering problems [see THOMPSON and 
HUNT 1975 (186) and 1984 (12)]. All of these examples have been 
approached from an engineering standpoint, using established 
principles of mechanics, and the results have then been interpreted 
as examples of the mathematical Catastrophes. It is most certainly 
not the case that Catastrophe Theory has been used as a quantitative 
means for actually solving the problem. In fact, at the time that 
the link between elastic stability and Catastrophe Theory was first 
recognised. Catastrophe Theory came in for some acute criticism, 
mainly because of the misrepresentation of it as a quantitative 
method [see for example CROLL 1976 (275), and discussion by THOM 
following]. However, if interpreted correctly. Catastrophe Theory's 
topological view of a problem may provide extra behavioural aspects, 
which may not have been investigated by a dogmatic engineering 
approach [see, for example, the looping equilibrium paths of HUNT 
1983 (147) and HUNT and WILLIAMS 1984 (148), and the discussion of 
the truncation of a total potential energy function on topological 
or power of variables basis by HUNT and WILLIAMS 1984 (149)].
In Catastrophe Theory terms, the present problem is referred to as 
the Double-cusp Catastrophe. It is very complex and mathematically 
not yet fully understood. For a universal unfolding the Double-cusp 
is essentially ten dimensional, requiring two state variables and 
eight controls for a full behavioural picture of it to be obtained. 
POSTON and STEWART 1978 (172), in taking a buckling plate as an 
example of a Double-cusp Catastrophe, suggest eight controls for 
this problem which are a combination of: three different types of
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in-plane applied destabilising stress; four different out-of-plane 
loading combinations (which may be interpreted as geometric 
imperfections); and the plate aspect ratio (which may be regarded as 
a parameter which splits the double-eigenvalue). The desire for a 
full unfolding of a plate problem in this way, from an engineering 
viewpoint, would depend on the possibility of all the different 
loadings, suggested as controls, occurring together. Thus whether 
it is practically useful to investigate a full unfolding depends 
ultimately on the specific problem under consideration and whether 
the necessary controls will physically be present.
In almost every engineering problem of the Double-cusp type, it is 
now almost universally accepted that four of the controls must be:
(a) a destabilising load
(b) one major imperfection in each of the two contributing buckling 
modes (in the form of geometric imperfections or suitable 
non-destabilising loads)
(c) an eigenvalue splitting parameter (this may be a physical 
property of the system under consideration, or another 
destabilising load)
Finding the remaining four is difficult, and if found, their 
likelihood of occurring in practice must be assessed for the problem 
in hand.
The present problem has been investigated by means of the 
traditional engineering approach, and may be regarded as a 
significant extension of the work of CHILVER 1967 (130) and SUPPLE 
1966 (131), 1967 (132) and 1968 (133). The problem, simply stated, 
was as follows: to establish the equilibria and imperfection
sensitivity forms for doubly-symmetric two-fold branching points, 
for the full variation of the two imperfections. Moreover, with 
these forms to hand, to explain more fully than had been done 
before, the effect of the two imperfections on:
(a) the buckling load of the system
(b) continuous and dynamic buckle-pattern changes.
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In achieving this aim, transformations of coordinates were used to 
obtain what was referred to as the Central Polynomial. These 
transformations should not be viewed as the same type of 
sophisticated transformations of coordinates as used by Catastrophe 
Theorists; they were used here purely to simplify the subsequent 
algebraic work.
Thus, in the present case, three of the four primary engineering 
controls have been included in the analysis: a destabilising load
and two major imperfections. The Imperfection sensitivity surfaces 
which result are hence three-dimensional and, according to 
Catastrophe Theory, will be topologically unstable due to the 
absence of the other five controls. The results obtained here, 
therefore, are analogous to those found by THOMPSON et al. 1978 
(195), who developed imperfection sensitivity surfaces for the 
Paraclinal point of bifurcation; these however were topologically 
unstable, due to the absence, from the potential function, of a 
fourth control parameter and a quartic energy coefficient.- The 
Imperfection sensitivity surfaces developed here, represent three- 
dimensional sections through the eight-dimensional catastrophe 
manifold (five of the control parameters having been set equal to 
zero). The next stage, under future work, would be to determine the 
effects of an eigenvalue splitting parameter on the equilibrium 
paths and imperfection sensitivity of the system.
8 .2 . 2  RELATIONSHIP BETWEEN PRESENT APPROACH TO THE PROBLEM AND 
PERTURBATION ANALYSIS
The perturbation approach to problems of imperfection sensitivity in 
conservative elastic systems has now reached a very high level of 
elegance and sophistication. The developments in the method can be 
traced through the papers of THOMPSON 1969 (114), THOMPSON and HUNT 
1971 (141), HUNT 1977 (142), 1979 (144) and 1981 (146) and HUNT et 
al. 1979 (145). The main refinements that have been added since the 
perturbation method was introduced by SEWELL 1965 (106) are:
reworking without resort to a scheme of diagonalisation (making the 
technique more readily applicable to finite element analyses); 
formal elimination of passive coordinates; and use of spiralling and
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local eigenvalues for conditions of criticality (as opposed to the 
more algebraically difficult condition of vanishing of the stability 
determinant). A complete exposition of the technique, in it's
current state, is to be found in HUNT 1981 (146).
The lowest-order equilibrium perturbation equations correspond to 
the lowest-order equilibrium equations, derived from a Taylor series 
expansion of the total potential energy of the system, after 
application of the stationary total potential energy principle.
Furthermore, the lowest-order critical state equations correspond to 
an eigenvalue operation on the matrix containing the lowest-order 
second variations of the total potential energy of the system, 
derived from a Taylor series expansion to the total potential 
energy. As an example of this correspondence, it is easily shown 
that Equations (E) in Reference 146 reduce to the equilibrium
equations (derived in the usual way) from the potential equation 
(57). Similarily Equations (C) can be found from the second
variations of Equation (67).
For the present doubly-symmetric two-fold branching case, it is 
clear from the equilibrium equations (3.7) that if a perturbation 
approach, involving a parameter s, was used, then the lowest-order 
relationships between the variables v ^ , X and n 1, and s would 
have been
Vi = dv
ds
s. i = 1, 2
X = 1 d^X
2 ds'
ni =_1 drni 
3!ds^
1 = X, 2
in which 0 is the expansion point for the Taylor series (the 
critical point of the ideal system). It is also clear from Equation 
4.21 that the zeroing of the stability determinant corresponds
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exactly to the following eigenvalue problem, in which x^ and X2 are 
local eigenvectors which depend on A, vj. and V2 and hence on s,
(3avi^  + bv2^ )xi + 2bviV2X2 - Xxi =0
2bViV2Xi + (bvi^  + 32^  )X2 - XX2 = 0
Whichever approach is used - perturbation or Taylor series expansion 
of the total potential energy - the resulting lowest-order 
equilibrium and critical state equations have to be solved 
numerically [see, for example, HUNT 1977 (142)]. In the present 
case, the solution approach is two-fold: algebraic and numerical.
The algebraic approach involves finding those loci on the 
imperfection sensitivity and critical load-displacement surfaces 
which are derivable exactly, i.e. in terms of the coefficients of 
the total potential energy function. The numerical approach 
embraces two stages: the first solves the equilibrium equations
exactly, to give a number of discrete points on each of the 
equilibrium paths present for a given pair or pairs of 
imperfections; in the second stage, each equilibrium point is taken 
in turn and the local eigenvalue equation is solved. Critical 
points are those points at which one of the local eigenvalues agrees 
with the actual value of the load at that point, calculated during 
the first stage. During the numerical approach, the imperfections 
are taken in a polar coordinate form, thus corresponding to the 
general imperfection form specified by HUNT 1977 (142).
8 .2 .3  EQUILIBRIUM PATH AND BIFURCATION BEHAVIOUR
Doubly symmetric two-fold compound branching systems have been 
classified, initially, according to the form of the equilibrium 
paths of the ideal system. The first classification depends on 
whether coupled paths exist and a system may belong to either:
(a) the Non-existence class of systems, for which only two
uncoupled equilibrium paths exist
(b) the Existence class of systems, for which two coupled and two 
uncoupled equilibrium paths occur together.
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Within each of the classes there are two systems, designated
according to the signs of the signed minors of the existence
determinant. The Non-existence class comprises System 1 (for which 
Ü2 1  is negative and D22 is positive) and System 2 (for which is 
positive and D22 is negative). The Existence class is made up of
System 3 (for which D2 X and D22 are both negative) and System 4 (for
which D2 X and D22 are both positive). Each of Systems 1 to 4 may be
further subdivided according to the signs of certain energy 
coefficients of the system. The signs of the signed minors of the 
existence determinant, corresponding to the non-existence class of 
systems, led to a further subdivision of Systems 1 and 2 into four 
subdivisions. This further subclassification is based on the signs 
of the coefficients a, b and c in the central polynomial.
A further classification of Systems 3 and 4 is possible, but is more 
complex, because of the extra equilibrium paths present for these
ideal systems. For each of the existence class of systems, ten 
subclassifications are necessary, based on the signs of the 
coeficients a, b, c, ac - b^ and ac - b^ + 2(a - b)(c - b). For 
non-existence and existence systems, the criteria for 
sub-classification is based on the permissible sign combinations of 
the curvatures of all the ideal equilibrium paths present; this is 
in conjunction with the signs of the curvatures of any stability 
boundaries for bifurcation points that occur on equilibrium paths 
when specific imperfections are present.
It is not only the sign of the curvature which is important, the 
stability of that path is also a major consideration. Furthermore, 
the concept of DEGREE OF INSTABILITY of an ideal equilibrium path 
may be introduced, and is defined as follows. Recalling that the 
stability matrix of an ideal equilibrium path is the 2 x 2  matrix 
composed of the second variations of the total potential energy 
along that path, then the degree of instability equals the number of 
negative eigenvalues of the stability matrix. Hence, if there are 
no negative eigenvalues, then the path is stable (denoted by S); if
there is one negative eigenvalue, then the path is unstable to the
first degree (denoted by ÜX1); and if there are two negative
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eigenvalues, then the path is unstable to the second degree (denoted 
by UX2). The degree of instability of uncoupled equilibrium paths 
is easily deduced because the stability matrices are diagonalised. 
Thus, for an uncoupled path involving the Vx displacement 
coordinate, and using Equations 2.80(b) the path is:
(a) S if a > 0 and b - a > 0
(b) UXl if a > 0 and b - a < 0
(c) UXl if a < 0 and b - a > 0
(d) UX2 if a < 0 and b - a < 0
Similarily for an uncoupled path involving the V2 displacement 
coordinate, and using Equations 2.81(b) the path is
(a) S if c > 0 and b - c > 0
(b) UXl if c > 0 and b - c < 0
(c) UXl if c < 0 and b - c > 0
(d) UX2 i f  c < 0 and b -  c < 0
The idea should extend over to the coupled paths, using the
eigenvalues of the full 2 x 2  stability matrix. This has not been
done explicitly here, but has been left to future work. Clearly 
from the above inequalities, the sign of the curvature of the ideal 
equilibrium path governs one of the possible degrees of instability 
of that path. A summary of the ideal equilibrium path's curvature 
sign and degree of instability is given in Table 8.1 and Table 8.2 
for the non-existence and existence class of systems respectively, 
in which R means that a path is rising with respect to load in
load-displacement space and F means that a path is falling with
respect to load. So, for example, in System 1.1“ , both uncoupled 
paths are falling with respect to load in X - Vx - V2 space; the 
uncoupled Vx path is unstable to the first degree and the uncoupled 
V2 path is unstable to the second degree.
A careful study of the results for uncoupled paths from these Tables 
in conjunction with the equilibrium paths reveal a consistent 
pattern, this is that:
(i) Rising paths are either:
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(a) stable, in which case, if a major imperfection in that mode is 
introduced, no critical points occur on the natural loading 
portion of the resulting imperfect uncoupled path.
(b) unstable to the first degree, whereupon a major imperfection in 
that mode causes a bifurcation point to appear on the natural 
loading portion of the resulting imperfect uncoupled path.
(ii) Falling paths are either:
(a) unstable to the first degree, in which case a major 
imperfection in that mode, causes a limit point to occur on the 
natural loading portion of the resulting imperfect uncoupled 
path
(b) unstable to the second degree, under which condition a major 
imperfection in that mode causes both a limit point and a 
bifurcation point to appear on the natural loading portion of 
the resulting imperfect uncoupled path.
The degrees of instability of the coupled paths in Table 8.2 have 
been deduced from the previous considerations in conjunction with 
the equilibrium paths.
Casting the total potential energy in its central polynomial form 
has a further advantage in addition to ease of algebraic 
manipulation. It transpires that the coefficients in the parametric 
representation of the ideal equilibrium paths, i.e. the K values in 
Table 3.2, are precisely one-half of the post-buckling stiffnesses 
of the corresponding paths in load-deflection of the load space. 
This is easily seen from Equations 2.84(b), 2.86 and 3.12. Thus a 
comparison of curvatures of different paths in X - vx - vg ,space, 
provides a direct comparison between the post-buckling stiffnesses 
of the corresponding paths in load-deflection of the load space (for 
the total potential energy in original X » Ux - U2 coordinates). 
Moreover, for System 3, it is,easily proved that, in X - vx - V2 
space, the curvature of the coupled paths is always less than both 
curvatures of the uncoupled paths. Correspondingly, for System 4, 
it is easily proved that, in X - vx - V2 space, the curvature of the
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coupled paths is always greater than both curvatures of the
uncoupled paths. Hence the supposition, made in 8.1.1, that the 
preferred buckling mode of the system corresponds to the least stiff 
of the ideal paths available, is borne out for Systems 1, 2 and 3. 
System 4 clearly demonstrates the existence of an equilibrium trap 
and a preferred buckling mode, these will be the two ideal uncoupled 
paths. The distinction between the ideal uncoupled paths depends on 
the relative sizes of the curvatures of the two paths; that with the 
least, is the preferred buckling mode.
A closer study of the behaviour of the imperfect systems in the
non-existence class has been made, and this revealed that HYSTERESIS 
BEHAVIOUR may occur. This phenomenon takes place for Systems 1.1 
and 2.1, under the conditions on the energy coefficients of the
central polynomial given in Tables 5.1 and 5.2; it does not arise in 
Systems 1.2, 1.3, 2.2 and 2.3. The occurrence of hysteresis 
behaviour has been recognised from the fact that, for an imperfect 
system, with e assuming values of 0 or 9CP (but not both), the
coupled equilibrium path, bifurcating from the uncoupled path, takes 
a quartic appearance. This quartic form is such that it generates, 
on the coupled path, two symmetrically disposed limit points, known 
as COUPLED LIMIT POINTS [see, for example. Figure 5.12]. As 6 
varies slightly from the value at which the coupled limit points 
occur, the associated equilibrium path (i.e. that path which takes 
the uncoupled path and the coupled path on which coupled limit 
points appear as it's asymptotes) adopts a cubic form. This cubic 
form is such that two critical limit points, a maximum and a minimum 
with respect to load, are exhibited by the path [see, for example 
Figures 5.14 and 5.15]. As 8 is changed further, the two critical 
points approach each other until at some specific value of 8 
(denoted by 8*), they coalesce into a HYSTERESIS POINT. This 
hysteresis point is an inflexion on the equilibrium path, at which 
the two critical points, which occurred earlier, annihilate each 
other. For additional variation in 6, the path that results has no 
critical points appearing on it.
Of those systems which exhibit hysteresis behaviour, the only ones 
which are of practical significance are those for which the
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phenomenon occurs on the natural loading paths. These are Systems 
1.1+ and 2.1+, the hysteresis behaviour for Systems 1.1” and 
2.1“ is found on complementary loading paths. If, for either of 
Systems 1.1+ or 2.1+, the conditions for hysteresis behaviour to 
occur are satisfied, and the imperfections are such that two
critical points occur on the natural loading path (in the manner 
described before) then the behaviour of the system, when under 
loading, would be as follows. The system would initially follow a 
stable rising part of the natural loading path until the first 
critical point (a local maximum with respect to load) is
encountered. Upon reaching this point, the system would snap 
dynamically to a nearby rising part of the same path (available, by 
virtue of the local minimum, with respect to load, on the same 
path). Thus the system will be seen to change it's buckle-pattern 
discontinuously. The dynamic snap described will also take place 
for the value of 0 (0 or 9CP ) at which the coupled limit points 
occur. The system will deflect initially along the uncoupled path, 
until the bifurcation point is reached. By virtue of one of 
THOMPSON'S 1970 (120) theorems, the bifurcation point is unstable 
and the system will snap dynamically to a point on the rising part 
of the coupled equilibrium path, which is available because of the 
coupled limit points.
For non-hysteresis Systems 1.1+ and 2.1+, and for some
hysteresis systems with imperfections outside the range for which 
two critical points occur on the natural loading path, 
buckle-pattern changes may still be observed upon loading. In these 
cases the changes are smooth and continuous, as the system's buckled 
form modifies upon loading from it's initial shape (which is
governed by the imperfections), to it's final preferred buckling 
mode. Thus no dynamic snap is involved.
Other, non-hysteresis, systems involve ideal paths which are falling 
with respect to load in X - Vx - Vg space. These are systems 
1.1“ , 1.2, 1.3, 2.1“ , 2.2 and 2.3. For the most part the 
behaviour under loading of these systems will be similar, following 
an initially stable path until a limit point is reached. If
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controlled deflection of the load conditions prevail, however, some 
buckle-pattern change may be observed rather than a global dynamic 
snap, which would take place under dead loading.
For those systems which exhibit positive ideal post-buckling
stiffness, hysteresis behaviour represents a real limit to the 
capacity of the systems to support loads in excess of the ideal 
critical load.
8.2.4 IMPERFECTION SENSITIVITY SURFACES FOR THE NON-EXISTENCE CLASS 
OF SYSTEMS
The forms of the imperfection sensitivity surfaces for the
non-existence class of systems have been suggested after two 
activities:
(a) derivation of specific loci on the surfaces
(b) careful examination of the equilibrium configurations
resulting from controlled variation of the imperfections.
Activity (b) has provided information on the number of critical 
loci, hence the number of sheets which comprise the complete 
imperfection sensitivity surface, and whether (for any ranges of the 
parameter 0) any of those sheets are single or multiple valued. The 
numerical technique, described in Chapter 4, has provided the means 
of carrying out the second activity. Moreover, activity (b) has 
provided data on which specific loci (derived during activity (a)) 
the critical loci should tend to as the imperfections assume 
particular values. Activity (a) has been carried out by
straight-forward algebraic manipulation of the equilibrium and 
critical equilibrium equations. With these two activities
complementing each other, the complete imperfection sensitivity 
surfaces have been deduced.
Thus, the approach taken here may be regarded as a significant 
improvement on those adopted by, for instance, SUPPLE 1968 (133) and 
JOHNS 1974 (140). SUPPLE only dealt with the equilibrium
configurations of doubly-symmetric systems in a qualitative way,
466
suggested the mechanism for buckle-pattern changes, but did not 
recognise the existence of hysteresis behaviour and It's 
contribution to dynamic buckle-pattern changes which has been done 
here. JOHNS considered the general (asymmetric) two-fold branching 
system and deduced the forms of the imperfection sensitivity 
surfaces after a limited algebraic study only. The procedure used 
in activity (a) here is, however, analogous to JOHNS' approach, but 
serves as a complement to activity (b).
The inherent doubly-symmetry in the system means that the complete 
imperfection sensitivity surfaces are symmetric about the X* - 
and X* - H2 planes (a superscript * denotes a critical value of 
the relevant quantity). This means that only positive imperfections 
need to be considered. The transformation of the total potential 
energy to the central polynomial form, means that x* positive 
represents critical points at loads in excess of the buckling load 
of the ideal system, whilst X* negative represents critical points 
at loads which are less than that of the ideal system. The work 
carried out in activity (a) yielded the following mathematical form 
for the imperfection sensitivity surfaces [see Equation 5.73]
A* = Bi(8)nZ/3 
in which
0 <  8 < 90P
ni = n cose
nz = n sin0, i = 1, 2
Thus it was found there are two sheets to the imperfection 
sensitivity surfaces; they are formed by allowing a 2/3 power law 
cusp to rotate (by means of varying 0) about the X* axis in 
X* - - r\2 space. The coefficients 8-j, which are functions of
8, have been shown to change value (and possibly sign) as 0 is
varied between 0 and 9CP . The values of 8^ at 0 = 0 and 9CP (and 
for the special initial trajectory, 8 y,, in the existence case) 
have been calculated exactly in terms of the coefficients of the
467
central polynomial. In addition, the values of 0 at which = 0 
have been calculated exactly, in terms of the central polynomial 
coefficients, and represent lines arising from the intersection of 
the imperfection sensitivity surface with the m  - nz plane. These 
values of 6 assume some importance because they represent 
combinations of imperfections for which the critical load A* is 
zero (and hence equal to the critical load of the ideal system) and 
for which the imperfection sensitivity surface changes sign. A 
particular coefficient 3^ may be single-valued with 6, or it may 
be multiple-valued as 0 changes. These situations correspond to 
non-hysteresis and hysteresis systems respectively, and if 
hysteresis behaviour occurs, it has been found to take place on one 
sheet of the surface only. It has been shown that the effect of 
hysteresis in the system, on a sheet of the imperfection sensitivity 
surface, is to produce a local (to a particular value of 0) doubling 
over of the surface to form a three-cusped ridge [see, for example. 
Figure 5.23(d) and 5.24], this was recognised as part of a Butterfly 
Catastrophe [see, for example, POSTON and STEWART 1978 (172)
pp.178] A sheet of a surface may contain a single sharp cusped ridge 
[see, for example. Figure 5.26(c)], this represents a locus of 
bifurcation points for either the 0 = 0 or 0 = 9CP initial 
trajectory.
From the studies carried out in Chapter 5, three basic forms of 
sheet have been found and referred to as follows:
(i) Cone
(ii) Butterfly-Cone 
(ill) Saddle.
For a cone-type, the B-j coefficient is single-valued and always of 
one sign for all 8; examples of this are in Figures: 5.21(c),
5.21(d), 5.23(c), 5.26(d) and 5.28(c), in which is negative.
For the butterfly-cone type, the coefficient is generally of 
one sign for all 8, but is not single-valued for all 0. There is a 
region of the sheet, bounded by the 0 value at which coupled limit 
points occur and by the 0 value at which hysteresis points occur, 
within which it is triple-valued. An example of this is shown in
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Figure 5.23(d).
In the saddle-type, the 3^ coefficient is single-valued for all 8, 
but is not of one sign for all 6. The sheet changes it's sign of 
Bi once for 0 within the range 0 < 0 < 9CP , and examples of this 
are shown in Figures 5.25(c) and 5.28(d).
Of the two sheets that comprise the complete imperfection 
sensitivity surface, the only portions which are of practical 
significance are those which correspond to the critical points which 
occur on the natural loading paths of the system. Depending on the 
system, the portions of interest may be a complete sheet, a part of 
a sheet, or possibly just a single ray through one sheet. It 
follows that different practical behaviours would be demonstrated by 
systems under loading, depending on which type of sheet (or portions 
of sheet) correspond to critical points (if any) appearing on the 
natural loading paths. Tentatively, it is suggested that four types 
of practical behaviour might be experienced. In describing them, 
the term global buckling has been used to mean that under dead 
loading a limit point is experienced, whereupon the system snaps 
dynamically to some remote equilibrium path.
( I )  Im perfection In s e n s itiv e  Systems
Systems 1.1+ and 2.1+ would demonstrate this, providing that the
central polynomial coefficients were such that any hysteresis 
behaviour was ruled out. The system would be able to support loads 
in excess of the ideal buckling load. No critical points occur on 
the natural loading paths for any value of 0, except for 0 = 9CP 
(1.1+) and 0= 0 (2.1+), whereupon a bifurcation point appears on 
the natural loading path. The bifurcation point would, however, 
probably be stable, and in any case the bifurcating path would be 
rising with respect to load.
( I I )  Mode-Jumping Systems
Systems 1.1+ and 2.1+ would demonstrate this under conditions on
the central polynomial coefficients such that hysteresis behaviour
occurs. Some parts of the butterfly of a butterfly-cone sheet would
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correspond with critical points on the natural loading paths. Thus
critical points occur on the natural loading paths only for a
limited range of 0. After any dynamic snap, loading can continue, 
because the path is again rising with respect to load. If the
dynamic-snap can be tolerated within a practical situation, then a 
global failure of the system has not occurred.
(iii) Partially Imperfection Sensitive Systems
Systems 1.2 and 2.3 fall into this category, and critical points on
the natural loading paths all lie on a saddle-type sheet. Global
buckling of the system occurs for all values of 0, but some 
imperfection combinations lead to enhanced critical load (i.e.
critical loads at values in excess of the critical load of the ideal
system) and some imperfection combinations lead to critical loads
which are always less than that of the ideal system.
(1v) Completely Imperfection Sensitive Systems 
Examples of this category of behaviour are systems 1.1", 1.3, 
2.1" and 2.2, and critical points on the natural loading paths lie 
on a cone-type sheet. Global buckling of the system occurs for all 
values of 0, and all imperfection combinations lead to a reduced 
value of critical load from that displayed by the ideal system.
8.3 INITIAL POST-BUCKLING OF A STRUT ON A WINKLER-TYPE ELASTIC 
FOUNDATION
8.3.1 PROBLEM FORMULATION AND GENERAL RESULTS
In formulating the total potential energy for this problem, use has 
been made of THOMPSON'S 1973 (226) exact expression for the
curvature of the centreline of an inextensible column undergoing 
transverse deflection w. The curvature expression has been modified 
to include the effect of initial geometric imperfection Wq , which 
occurs when the column is in an unloaded state. The total potential 
energy was taken as the sum of the bending strain energy stored in 
the column, the elastic strain energy stored in the foundation and
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the change in potential of the axially applied load. Where 
necessary, the total potential energy was expanded by the binomial 
theorem and the result was truncated to include terms which gave the 
lowest-order non-linearity. In fact, the degree of approximation 
adopted was consistent with LEKKERKERKER'S 1962 (222) continuum 
approach.
The transverse displacement and initial imperfection functions were 
takeli as the sum of two of the eigenvectors of the linearised 
buckling problem. These were harmonic functions and involved n and 
m half-waves along the length of the strut. No elimination of 
passive displacement coordinates was necessary for this system, 
because of the vanishing of cubic terms in the binomial expansion of 
the total potential energy. Thus no contamination by passive
displacement coordinates in the coefficients of the total potential 
energy resulted. The amplitudes of the two contributing 
eigenvectors in the lateral displacement function became the active 
displacement coordinates.
The two major imperfections were, correspondingly, the amplitudes of 
the same two eigenvectors taken in the initial imperfection
function. The procedure adopted was thus équivalant to a two-mode 
Rayleigh-Ritz approach which because of the strong symmetry (the
resulting total potential energy is symmetric in each active 
displacement coordinate in the presence of the other), will always 
give the correct initial curvatures for any ideal post-buckling 
equilibrium paths [see THOMPSON 1964 (96)]. The total potential 
energy was then referred to values of foundation stiffness at which 
two-fold compound branching in n and m half-waves takes place, with 
subsequent transformation to central polynomial form for algebraic
convenience.
The effect of the value of foundation stiffness on the system was to 
divide the behaviour into two different modes, each of which could 
be classified according to Tables 8.1 and 8.2. For y 
(non-dimensionalised foundation stiffness) = 4, the system could be 
classified as 1.3; for y = 36, 144, 400, ... nf(n + 1)^, ... the 
strut corresponded to System 3.10.
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When a value of non-dimensionalIsed foundation stiffness of 4 was 
taken, this corresponded to compound branching into 1 and 2 
half-waves along the length of the strut. The behaviour of the 
equilibrium paths of the ideal system is described first. The 
uncoupled v^ path (that which involves the one half-wave deflected 
form) was shown to be downward curving with respect to load, and 
unstable to the first degree. The uncoupled V2 path (that which 
involves the two half-wave deflected form) was seen to be rising 
with respect to load, but was also unstable to the first degree. No 
coupled equilibrium paths were shown to exist for this case, hence 
the system classification.
The behaviour of the equilibrium paths of the imperfect system are 
described now, the natural loading paths only are considered. For 
0 = 0 ,  the strut will deflect in an uncoupled 1 half-wave mode along 
an initially stable equilibrium path until a limit point is reached, 
whereupon global buckling occurs. For 0 = 9CP , deflection will be 
along an initially stable uncoupled path, involving the 2 half-wave 
mode, until a bifurcation point is encountered. The path which 
bifurcates from this point will be falling with respect to load, so 
the bifurcation point itself will be unstable, and global buckling 
will occur when it is reached. For 0 < 0 < 9(P a limit point would 
always occur on the imperfect natural loading path, indicating 
global buckling. As is consistent with System 1.3, no hysteresis 
behaviour would be observed, and the natural loading paths would 
always become asymptotic to the 1 half-wave mode, signifying this to 
be it's preferred buckling mode.
For the cases of the non-dimensionalised foundation stiffness taking 
values of 36, 144, 400, ..., n^(n + 1)^, ..., the behaviour of the 
equilibrium paths of the ideal system will be described first. The 
uncoupled v^ path (that which involves the n half-waves deflected 
form, where n > 2), was shown to be falling with respect to load, 
and unstable to the second degree. The uncoupled V2 path (that 
which involves the n + 1 half-waves deflected form), was seen to be 
falling with respect to load, and unstable to the second degree. 
Coupled equilibrium paths were shown to exist for all these cases of
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foundation stiffness; they were demonstrated to be downward turning 
with respect to load, and unstable to the first degree.
The behaviour of the imperfect natural loading paths will now be 
described. For 8 = 0, the strut will deflect initially in an 
uncoupled form involving n half-waves. However, because of the 
degree of instability of the corresponding ideal path, a limit and a 
bifurcation point both occur on the imperfect natural loading path. 
The limit point will be experienced first by the system, whereupon 
global buckling will take place. For 6 = 9CP , deflection will be 
along an initially stable uncoupled equilibrium path, involving the 
n + 1 half-wave mode, but because of the degree of instability of 
the corresponding ideal path, both a limit and a bifurcation point 
occur on the natural loading path. If 2 < n < 5, the bifurcation
point is experienced first on the natural loading path, but the 
limit point is encountered first if 6 < n; in either case global
buckling of the strut occurs upon reaching the critical point. For
e = 0p, the strut deflects initially in the form of the ideal 
coupled equilibrium path, before a limit point is reached and global 
buckling occurs. It was shown that for all foundation stiffnesses 
corresponding to n > 2, the conditions for existence of coupled 
limit points, for both the 0 = 0  and 8 = 9CP initial trajectories, 
were satisfied. The coupled limit points for the existence class of 
systems requires some detailed further investigation, but in the 
present example it appeared that coupled limit points occurred on
the extra complementary loading paths which were generated in the 
imperfect cases. For 0 < 8 < 9CP a limit point would always occur 
on the natural loading path, indicating global buckling; the path 
would always be asymptotic to an ideal coupled path, revealing this 
to be it's preferred mode of buckling.
8.3.2 Y = 4: NON-EXISTENCE EXAMPLE, SYSTEM 1.3
The system which results from introducing a value of 
non-dimensionalised foundation stiffness of 4 was studied, In 
detail, using the numerical technique described in Chapter 4.
The study involves the use of the numerical technique in two stages:
(a) examination of the equilibrium paths which result from
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carefully controlled introduction of the two imperfections 
(b) computing of data for the subsequent plotting of the complete 
critical load-displacement and imperfection sensitivity 
surfaces.
A necessary prerequisite before application of the numerical 
technique, however, is an assessment of it's performance in terms of 
accuracy. The performance of the numerical technique was appraised 
in the following way. Results obtained from the use of the
numerical technique, for critical load-displacement and imperfection 
sensitivity, were compared with the available exact loci for the
cases 0 = 0 and 0 = 9CP . The numerical results which were used for
imperfection sensitivity, in making these comparisons, were the data
that were found in computing the complete imperfection sensitivity. 
The comparisons between the numerically obtained data and the exact 
loci showed that there was no discernable difference between the 
two. Thus the performance of the numerical technique was quite 
acceptable for this case.
The equilibrium paths resulting from controlled introduction of the 
two imperfections were studied. From these it was seen that there 
were two critical loci to be considered.
The first locus comprised the critical points which occurred on the 
natural loading paths, and was single-valued for all 0. For 
0 < 0 < 9CP, a single critical limit point was found on the paths, 
indicating global buckling. When 0 = 9CP a single bifurcation point 
occurred on the path; the bifurcating path branching from this was 
falling with respect to load, thus rendering the bifurcation point 
unstable and indicating global buckling. The imperfect natural 
loading paths always become asymptotic to the ideal Vx mode of 
deformation (the one half-wave mode) showing this to be the 
preferred mode of buckling.
The second critical locus was of academic importance because it was 
composed of the critical points which occurred on complementary 
loading paths. However, the critical load associated with this
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locus went to zero at a value of e which lay between 2CP and 3CP . 
This is consistent with a value of 23.419^ (to three decimal 
places), calculated for rays along which the critical load goes to 
zero.
The total number of critical points did not change as 0 varied 
between 0 and 9CP, thus confirming that no hysteresis behaviour 
occurred for this system.
Data for the complete critical load-displacement and imperfection 
sensitivity surfaces was derived using the numerical technique. The 
appearances of the surfaces confirmed the proposals for their forms 
made in 5.4. The portion of the imperfection sensitivity surface 
which corresponded to critical points occurring on the natural
loading paths was a cone sheet. Therefore, the strut, under this 
condition of foundation stiffness, may be defined as being 
completely imperfection sensitive.
The section of the imperfection sensitivity surface which contains 
the critical points which lie on the complementary loading paths was 
shown to be a saddle-type sheet.
8 .3 .3  T = 36 EXISTENCE EXAMPLE, SYSTEM 3.10
At this value of foundation stiffness, the ideal system exhibits 
compound branching in 2 and 3 half-wave deflected forms. The
procedure for studying this system was essentially the same as that 
for the previous example.
An appraisal of the numerical technique has been made and it has 
been shown that there is no discernable difference between the data 
obtained from the numerical technique, and the corresponding exact 
loci. Thus the performance of the numerical technique was quite 
acceptable for this case.
Equilibrium paths resulting from controlled introduction of the two 
imperfections have been found and from these it was seen that there
were four critical loci which required consideration, and of these
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two were singled out for particular attention. The locus which 
involved critical points which lay on the natural loading paths of 
the system is obviously of direct practical Importance (this was
referred to as the first locus). What was denoted as the fourth
locus was also very interesting, because it corresponded to critical
points which lay on complementary paths that exhibited some 
hysteresis behaviour.
The first locus (shown in Figure 6.30) comprised the critical points 
which occurred on the natural loading paths, and was single-valued 
for all 0. For 0 = 0 ,  two critical points occurred on the path, but
since the limit point was the first to be experienced upon loading,
global buckling would take place when this was reached. For
0 < 0 < 9(? , a single limit point was found on the paths, indicating 
global buckling. When 0 = 9CP, two critical points occur on the 
path, but the bifurcation point would be the first to be experienced 
by the system when under loading; the bifurcating path branching
from this was falling with respect to load, thus rendering the
bifurcation point unstable, with resulting global buckling. The 
imperfect natural loading paths always become asymptotic to an ideal 
coupled mode of deformation, showing this to be the preferred mode 
of buckling for this case.
The fourth critical locus was of interest because of the hysteresis 
behaviour which occurs on paths 7 - 0  when 0 was within the range 
19.858^ < 0 < 9(P (19.858^ is the value of the special initial
trajectory, 0^, to three places of decimal). Use of the algorithm
described in 4.3.3 yielded a value of 0 (0*), at which the
hysteresis point occurred, as 31. 7 3 f  (to three decimal places).
This locus, therefore, was not single-valued over the whole range of
0. It is single-valued for 0 in the ranges, 0 < 0 < 0^  and
0* < 0 < 9CP ; it is precisely double-valued for 0 = 0^ and
0 = 0*; and it is triple-valued for 0 in the range
0r < G < 0*.
Data for the complete imperfection sensitivity surface was derived 
using the numerical technique. The appearances of the sheets of the 
surface tended to confirm that rays through them are two-thirds
power law cusps.
476
The portion of the imperfection sensitivity surface which 
corresponded to critical points occurring on the natural loading 
paths was a cone sheet. Therefore, the strut, under this condition 
of foundation stiffness, may be defined as being completely 
imperfection sensitive.
The section of the imperfection sensitivity surface which is 
comprised, in part, of the hysteresis behaviour, was shown to be 
triple-valued within the region of 6 bounded by 19.858^ and 
31.734P . The means of making the sheet triple-valued was provided 
by the two creases at 8 = Gp and 0 = 0*, and local to these 
values the sheet takes the form consistent with the tilted cusp 
[see, for example, THOMPSON and HUNT 1984 (12)]. The crease at 
8 = 0* (a cusp sensitivity) was provided by a locus of hysteresis 
points, and the crease at 0 = (resembling a half-power law 
sensitivity) was provided by a locus of bifurcation points.
8.4 IN ITIAL POST-BUCKLING OF BI-AXIALLY LOADED PLATES
8.4.1 PROBLEM FORMULATION AND GENERAL RESULTS
The starting point for the study of this problem was the von Karman 
equations, which govern the large out-of-plane deflections of 
rectangular plates. These equations included terms which allow for 
the plate to be in an initially unstressed out-of-plane (imperfect) 
configuration. The set of equations consists of two coupled 
equations: one expresses out-of-plane equilibrium in terms of the 
out-of-plane deflection, initial curvature and a middle surface 
stress function; and the other expresses compatibility of the middle 
surface during stretching, in terms of the same quantities. 
Algebraic equilibrium equations were derived from these.
The loading on the plate was taken as in-plane stresses, applied on 
the X -  and y-facing boundaries (z is the direction normal to the 
middle surface of the plate), of the proportional loading type. The
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boundary conditions on in-plane displacement of the loaded edges of 
the plate were such that they translated as straight lines (in the 
X -  or y-directions) upon loading, and remained parallel to their 
original positions before loading. This type of in-plane boundary 
condition is consistent with compression of the plate between the 
rigid platens of a testing machine.
A small imperfection analysis was pursued, so it was felt justified 
to ignore second order terms in the imperfections which appeared in 
the equilibrium equations. This manoeuvre amounts to, in the von 
Karman equations, ignoring the terms involving initial imperfection 
which occur in the compatibility equation, but including their 
effect in the out-of-plane equilibrium equation. The truncation was 
entirely consistent with the general theory, in which terms of the 
type Vije'Ej were ignored as being of higher order. (In fact 
terms of this type were ignored in the development of the total 
potential energy for the strut problem discussed in 8.3). 
Interestingly, the equilibrium equations which resulted after this 
truncation, corresponded precisely to those which would be obtained 
if a perfect plate, subjected to a sinusoidal distributed lateral 
pressure, was considered originally. Doubtless, the Catastrophe 
Theorists would argue that, rather than just crossing such 
higher-order terms out, they would have to be legitimately 
transformed away. However, it is hard to see how this could be done 
without mixing imperfections and displacements in the 
transformation, with an associated loss of engineering 
significance. The small imperfection condition was adhered to, thus 
it would seem a legitimate engineering assumption to- ignore these 
terms.
It was then presumed that a total potential energy function existed 
for the plate from which the algebraic equilibrium equations could 
have been derived using the principle of stationary total potential 
energy. This function was referred to as the equivalent energy 
expression or function. The equivalent energy function is that 
total potential energy function which is left after first using an 
energy approach to the problem, and then eliminating the 
displacements of the ends of the plate (the end shortenings) as 
.passive coordinates [see, for example, HUNT 1982 (124) and THOMPSON 
and HUNT 1984 (12)].
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In the strain energy approach to plate problems [see, for example, 
RHODES and HARVEY 1977 (37), 1975 (38), 1971 (39), 1971 (40) and 
1971 (41)], the total strain energy stored in the plate is written 
as a function of the amplitudes of the assumed displacement forms, 
and the end shortening. The theorem of stationary strain energy 
(with respect to the amplitudes) then yields equations which relate 
the buckling mode amplitudes to the end shortening. Application of 
Castigliano's first theorm to the strain energy gives the load 
necessary to maintain the end shortening and buckle amplitudes.
It is argued here that the total potential energy could then be 
written for the plate by adding the strain energy to the change in 
potential of the load. The end shortening could then be eliminated 
from this by use of the equation relating the end shortening to the 
buckling mode amplitudes, leaving a total potential energy which was 
a function of applied load (applied stress resultant) and buckling 
mode amplitudes. It is proposed that the equilibrium equations 
derived from this total potential energy, would be precisely the 
same as those which would be obtained (assuming the same 
displacement and imperfection functions) from a Galerkin integral 
procedure operating on the von Karman large deflection equations.
The coefficients of the equivalent energy function were deduced from 
the coefficients of the algebraic equilibrium equations. Knowing 
these, the coefficients of the central polynomial for the problem 
were calculated and the same approach, as used for the previous 
examples, could be used here.
The orthogonal stress ratio (u ) was shown to have a profound effect 
on the initial post-buckling behaviour of the ideal plate. 
Depending on the value of u, the behaviour of the plate fell into 
one of two categories. The two categories were demarcated by a 
critical value of u (u*) which was approximated graphically as 
-0,24. The two categories were defined as follows:
(a) n = 1, m = 2, -1.0 < y K y *
(b) n = 1, m = 2, y* < y < 0.5 or n > 2, m = n + 1, -1.0 < y < 0.5
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Category (a) corresponded to the non-existence class of Systems
2.1+. Plates in this group have two ideal uncoupled paths which
are rising with respect to load and, of course, exhibit no ideal 
coupled paths. The ideal path involving the v^ displacement
coordinate (the one half-wave mode) was found to be unstable to the 
first degree, thus indicating that if an imperfection (solely in the 
form of a one half-wave mode) was introduced, the resulting rising 
Imperfect uncoupled path would experience a bifurcation point. 
Thus, being classified as 2.1+, plates in this category would be 
likely to experience hysteresis behaviour if the conditions on the 
central polynomial coefficients were favourable to this.
Plates falling into category (b) corresponded to the existence class 
of systems, either 4.3 or 4.7, depending on the sign of 
ac - b^ + 2(a - b)(c - b). Under this classification ideal plates 
exhibit uncoupled and coupled paths, all of which are rising with
respect to load. Both ideal uncoupled paths were shown to be 
stable, whilst the coupled paths were unstable (probably to the 
first degree). Thus buckle-pattern changes will be demonstrated by 
plates which fall into this category (which includes the uni-axial 
loading case), and accompanying hysteresis behaviour might well be 
observed.
Although the boundary conditions on in-plane displacement differ in 
the present case from those of MATKOWSKY and PUTNICK 1974 (269) 
(who considered uni-axial loading and stress-free unloaded edges), 
the conclusions reached by them are the same as those for category
(b) in the present case. These authors used a dynamical method for 
assessing the stability of the ideal equilibrium paths. Moreover, 
their calculations indicated that the ideal coupled paths exist at a 
higher energy level than either of the two ideal uncoupled paths. 
This is in broad agreement with the preferred buckling mode 
arguments used in 8.2.3.
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8.4.2 n = 1, m  = 2, y = 1, y = -3/7: NON-EXISTENCE EXAMPLE 
This example corresponded to a square plate, with tensile stresses 
applied to the y-facing edges. The two-fold compound branching 
point involved deflected forms which had one and two half-waves in 
the x-direction. The value of orthogonal stress was such that the 
plate fell into the category which would yield the non-existence 
class of behaviour 2.1+. Further consideration of the values of 
the central polynomial coefficients a, b and c specific to this 
case, revealed that it would exhibit hysteresis behaviour on the 
imperfect natural loading paths. Moreover, use of the algorithm 
described in 4.3.3 yielded a value of 0 (0*), at which the
hysteresis points occurred, as 24.3 4 f  (to three decimal places).
The performance of the numerical technique was appraised next by 
comparing the results obtained from this, with the corresponding 
exact loci for imperfection sensitivity. The numerical imperfection 
sensitivity results, used for this comparison, were taken from the 
data used to construct the complete imperfection sensitivity 
surface. Hence the values taken for the parameters in the numerical 
technique were the same as in the strut problem. The performance 
assessment showed that no discernable differences existed between 
the exact loci and the numerical results. The exceptions to this 
were the bifurcation points for the case 6 = 0 ,  but the error was 
not appreciable.
An examination of the equilibrium paths resulting from carefully 
controlled introduction of the two imperfections was made. It was 
apparent that there were two critical loci; of these, part two of 
locus one was of direct practical importance because it corresponded 
to critical points which occurred on the natural loading paths. 
Part one of locus one and locus two were of academic interest, 
because they related to critical points which were found on the 
complementary loading paths of the system.
The imperfect natural loading paths showed hysteresis behaviour for 
0 in the range 0 < 0 < 0*. For 0 = 0, the uncoupled imperfect
natural loading path, in the one half-wave mode of deflection, lost
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it's stability at a bifurcation point. The coupled path which 
branched from this initially fell with respect to load, so the 
bifurcation point was unstable. Hence, buckle-pattern changes would 
always take place for this example, but would be:
(a) discontinuous, and involve a dynamic snap-through if 
0 < 6 < 8*
(b) continuous if 0* < 0 < 9CP .
It was also shown that the preferred buckling mode was the ideal 
deflected form involving two half-waves in the x-direction. The 
preferred path corresponded to the least stiff of the paths 
available when they were regarded in load-def lection of the load 
space. This fact was verified from a plot of average applied stress 
against average strain, both measured in the x-direction, for the 
ideal and imperfect natural loading paths of this plate. The 
discontinuous nature of paths resulting from 0 in the range 
0 < 0 < 0* was clearly demonstrated from this, and it was noticed 
that they resembled the equilibrium paths corresponding to axially 
compressed thin cylindrical shells. It was also found that for 0 
within the mode-jumping range, if under test, the plate will exhibit 
a dynamic snap if under dead loading or controlled deflection of the 
load.
Data for the complete imperfection sensitivity surface was derived 
using the numerical technique. The appearance of the sheets of the 
surface tended to confirm the proposals made for their form in 5.4. 
Rays through the sheets were 2/3 power law cusps.
The portion of the imperfection sensitivity surface which was of 
most importance in practice corresponded to critical points which 
occurred on the natural loading paths and formed part of a butterfly 
cone sheet. The upper part of this portion contained the critical 
points which were first experienced by the natural loading paths of 
the imperfect system, and was therefore of primary importance. A 
notable feature of this portion of the surface, was its steepness of 
descent from the locus of bifurcation points at 0 = 0 .  This meant
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that the buckling load of the Imperfect system is enhanced by the 
presence of a one half-wave imperfection alone, but this advantage 
is very seriously reduced (not, however, to the extent of being 
imperfection sensitive) by the introduction of a small two half-wave 
imperfection.
This particular plate can therefore be described (according to 
8.2.4) as a mode-jumping system. The range of 0, 0 < 0 < 0*, 
represents the range of imperfections within which dynamic 
buckle-pattern changes would take place. It is better if this range 
is expressed in terms of the untransformed imperfections Aq and Bq . 
If tano = Bq /Aq then the range of 0 within which hysteresis 
behaviour takes place is (to three decimal places)
0 < 0 < 2.591°
8.4.3 n = 1, m  = 2. ?  = /2. * = 0: EXISTENCE EXAMPLE 
This example corresponded to a uni-axially compressed plate. The 
two-fold compound branching point involved deflected forms which 
comprised one and two half-waves in the loaded (x) direction. The 
value of orthogonal stress ratio was such that this example fell 
into the existence class of behaviour. Hysteresis behaviour was 
exhibited by this system, on the natural loading paths. Use of the 
algorithm described in 4.3.3 yielded a value of 0 (0*), at which 
the hysteresis points occurred, as 31.58? (to three decimal 
places). The value of the special initial trajectory 0y. (at which 
some of the imperfect equilibrium paths lie directly under the ideal 
coupled equilibrium paths) was calculated to be 24.67/° (to three 
places of decimal).
The performance of the numerical technique, when applied to this 
example, was appraised in the same way as was done for the previous 
example in 8.4.2, In addition, however, comparisons were made for 
the imperfection sensitivities when the special trajectory obtains. 
The performance assessment showed that there were two exceptions to 
otherwise very good agreements between the exact loci and the
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numerically obtained results. The two exceptions were both for 
bifurcation points, corresponding to 0 = 0 and 6 = 0^. The
differences, however, were not large and it was felt that the
numerical technique performed quite well for this problem.
The equilibrium paths which resulted from carefully controlled
introduction of the two imperfections showed that there were four 
critical loci. Of these only part of one locus was of direct
practical interest because it corresponded to critical points which 
occurred on the natural loading paths. The remaining loci related 
to critical points found on the complementary loading paths of the 
system. '
The imperfect natural loading paths showed hysteresis behaviour for 
0 in the range 0^ < 0 < 0*. For 0 = 0^, the imperfect natural
loading path corresponded initially to an ideal coupled path, before 
losing its stability at a bifurcation point. The coupled path which 
branched from this took the form of an asymmetric point of
bifurcation close to the branching point. The bifurcation point, 
which occurred on the natural loading path when 0^ obtained, was
unstable, and upon reaching this point a dynamic snap would ensue.
It is clear that three modes of behaviour would be observed,
depending on the value of 0, as follows:
(a) continuous behaviour, with no buckle-pattern changes, if
0 < 0 < 0y.
(b) dynamic buckle-pattern changes if 0^ < 0 < 8*
(c) continuous behaviour, with, possibly, buckle-pattern changes, 
if 0* < 0 < 9CP .
Furthermore, the plate appeared to exhibit two preferred buckling 
modes, depending on 0. These were the ideal uncoupled vx mode (the 
deflected from involving one half-wave) and the ideal uncoupled V2 
mode (the deflected from involving two half-waves).
Which of the two ideal uncoupled paths is the preferred mode can be 
decided from their post-buckling stiffnesses. It was shown that for
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the ideal system: the coupled mode was the stiffest, the one
half-wave uncoupled path was the next less stiff (marginally) and 
the two half-wave deflected form was the least stiff. This 
indicated that the two half-wave deflected form was the preferred 
buckling mode of the plate.
The discontinuous nature of the load-deflection of the load 
equilibrium paths resulting from 8 in the range 8r < 8 < 8* was 
clearly demonstrated; in fact, they resembled equilibrium paths 
corresponding to axially compressed thin cylindrical shells. It was 
also noticed that for 8 in the mode-jumping range, if the plate was 
under test, it would exhibit a dynamic snap if under dead loading or 
controlled deflection of the load conditions.
Data for the complete imperfection sensitivity surfaces was computed 
using the numerical technique. Rays through the sheets closely 
approximated to 2/3 power law cusps.
A portion of the sheet shown in Figure 7.24 is of direct practical 
significance because it corresponded to critical points on the 
natural loading paths of the system. This is the lower 
double-valued part which lies within the 0 range bounded by 0^ and 
8*. Of this, the upper part contains the critical points first 
experienced by the natural loading paths of the plate and is bounded 
by the locus of bifurcation points at 0 = 0^ , and the locus of 
hysteresis points at 8 = 0*. Local to bifurcation points which 
occur for 0 = 0^ ., a half-power law sensitivity to the
,two half-wave imperfection occurs. Thus the bifurcation point 
critical load at 0 = 0p is very, rapidly eroded by the introduction 
of further two half-wave imperfection.
This particular plate could therefore be described as a partially 
mode-jumping system. The range of 0, 0y. < 0 < 0*, represented 
the extent of imperfections within which dynamic buckle-pattern 
changes take place. This range may be expressed in terms of the 
parameter 0 (defined in 8.4.2) as (to three places of decimal)
3 . 2 8 ?  < 0 < 4.394=
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The net range was thus only 1 . 1 0 ?  compared with a value of 2.591° 
in the previous example.
8,5 OTHER EXAMPLES FROM THE LITERATURE
8.5.1 TWO-BAR TRUSS MODELS
The two-bar truss model studied by BRITVEC 1963 (27) and REIS and 
ROORDA 1979 (158) provides an example of a two degree-of-freedom 
doubly-symmetric branching system. The configuration, tested 
experimentally by ROORDA and REIS, was a more general case of the 
coincident branching system of BRITVEC. In Reis and Roorda's paper 
imperfections were introduced into the truss by controlled 
eccentricities of the supports; no attempt was made to do this in 
Britvec's work, and the perturbed load-deflection behaviour was as a 
result of the natural imperfections in the system.
It should follow from work carried out in section 2.4 that the 
truss, under conditions of two-fold compound branching, corresponds 
to the existence class of systems 4.6 or 4.10. To quote from page 
457 of Reference 27: "Experimentally the frame is observed to
remain practically undistorted until a certain critical range pf 
loading is reached. In this region large distortions begin to take 
place. At first both members show the tendency to buckle; however, 
only one of the members continues to deform appreciably while the 
others [sic. ] remain almost straight". This behaviour indicates 
that coupled buckling occurred initially, before reversion to the 
preferred buckling mode took place upon further loading.
From the information supplied by Reis and Roorda it was not possible 
to deduce the preferred mode of buckling for their model. However, 
the imperfection sensitivity under conditions of compound branching 
was not radically more severe than that when the two buckling loads 
of the constituent members are well separated. This would indicate 
that uncoupled buckling governs under conditions of two-fold 
branching.
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8.5.2 UNI-AXIALLY LOADED SIMPLY-SUPPORTED RECTANGULAR PLATES: 
UNLOADED EDGES FREE TO WAVE AND MOVE IN-PLANE
HLAVACEK’S 1962 (239) harmonic solution for this problem, with
out-of-plane deflection functions taken as the sum of one and two
half-waves and two and three half-waves in the loaded direction, 
indicated that the, plate should correspond to either system 4.3 or 
4.7 when under conditions of two-fold branching.
Dynamic relaxation solutions for ideal plates of aspect ratio 1.0, 
1.25, 1.5 and 2.0 have been provided by RUSHTON 1970 (257). It will 
be remembered that two-fold compound branching occurs for a plate of 
aspect ratio 1.414. The uncoupled paths only were obtained, because 
of the way in which these modes of deformation were excited by means 
of small disturbing lateral loads of similar form. For the plates 
of aspect ratio 1.25 and 1.5 the two uncoupled equilibrium paths 
involving one and two half-waves in the out-of-plane deflection were 
obtained. For the 2.0 aspect ratio plate the two uncoupled paths
corresponded to two and three half-waves. In each of these cases
the two uncoupled equilibrium paths found branched from the two 
lowest (in load value) bifurcation points of the ideal plate. 
RUSHTON 1970 (256) has carried out a partial imperfection study for 
a plate of aspect ratio 2.0. In this, two and three half-wave 
imperfections were introduced individually, but not in combination. 
As a consequence of this, upon axial loading, the plate continued to
Ideflect in the same f^om as the imperfection.
SUPPLE 1966 (131) has carried out careful experiments on spring 
steel plates of aspect ratio 2.0. The first set of tests, on plates 
with no artificially introduced imperfections, confirmed the 
stability of the uncoupled equilibrium paths which involve the two 
and three half-wave deflected forms.
In the second series of tests, imperfections were introduced into 
the plate artifically by means of small lateral points loads applied 
to the plates surface. These loads were applied to the half- and 
quarter-points of the longitudinal centreline of the plate, thereby 
introducing one and two half-wave type of imperfections. The choice
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of a one half-wave Imperfection seems rather at odds with Supple's 
preceding theory, in view of the fact that the deflected forms which 
correspond to the two lowest value branching loads of the ideal 
plate are two and three half-waves. Regardless of this, however, 
hysteresis behaviour was observed for a particular set of 
imperfections; to quote: "One natural loading path shown in Figure
4.9 is partly unstable; this path corresponds to an imperfection Aq 
slightly less than the critical value. For this imperfection the 
deformation was initially predominant in one half-wave but at the 
point of instability reverted with an audible snap towards a 
predominantly two half-wave mode buckling".
8.5.3 UNI-AXIALLY LOADED SIMPLY-SUPPORTED RECTANGULAR PLATES:
UNLOADED EDGES CONSTRAINED TO REMAIN STRAIGHT AND PARALLEL BUT 
FREE TO MOVE IN-PLANE
SUPPLE'S 1970 (241) harmonic analysis and the present work (7.3)
confirms that this problem may be classified as System 4.3 or 4.7. 
Although the numerical example given by Supple (for a plate of 
aspect ratio 2.0) demonstrated that the smooth mode switching 
phenomenon persists when the two branching loads are separated, 
because of the limited number of imperfections taken, it is not 
possible to discern if the discontinuous buckle pattern changes
(that may occur at an aspect ratio of 1.414) may still occur, at an 
aspect ratio of 2.0.
Dynamic relaxation solutions for ideal plates of aspect ratios 1.0, 
1.25 and 1.5 have been provided by RUSHTON 1970 (257). The values 
of 1.25 and 1.5 bracket the aspect ratio at which two-fold compound 
branching occur. Again only uncoupled paths were obtained, for the 
same reasons as given in 8,5.2. For the plates of aspect ratio 1.25 
and 1.5 the two uncoupled paths, involving one and two half-waves in 
the out-of-plane deflection, were found. In plots of load versus 
deflection of the load, the two half-wave deflected form was less 
stiff than the one half-wave mode for both the 1.25 and 1.5 aspect
ratios. This would tend to confirm the conclusions reached in
Chapter 7 for the plate of aspect ratio 1.414.
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Dynamic buckle-pattern changes were observed in a controlled 
shortening experiment on an aluminium alloy multibay panel carried 
out by STEIN 1959 (234). The aspect ratio of a single bay of the 
panel was 5.38, which is very close to the aspect ratio at which 
coincident buckling in five and six half-wave out-of-plane deflected 
forms occurs (5.48). To quote: "The experimental curve [load
versus deflection of the load curve] shows abrupt changes in 
buckle-pattern from 5 to 6 to 7 to 8 buckles ... ", " ... The break 
in the curve after buckling occurred because of changes in 
buckle-pattern. The changes occurred in a violent manner ... ". 
The first buckle-pattern change, from 5 to 6 half-waves, took place 
whilst the material of the plate was still elastic. However, the 
author noted that the boundary conditions on the loaded edges of the 
plate approached clamped, rather than simple support.
8.5.4 UNI-AXIALLY LOADED SIMPLY-SUPPORTED RECTANGULAR PLATES: 
UNLOADED EDGES RIGIDLY HELD APART 
Physically, this problem bears some resemblance to the 
proportionally loaded, bi-axially stressed plate considered in 
Chapter 7. The orthogonal stress ratio in the bi-axially loaded 
plate, and Poisson‘s ratio in the plate with unloaded edges rigidly 
held apart fulfilling the same role. Consequently, when SHARMAN and 
HUMPHERSON'S 1968 (244) harmonic solution to this plate problem is 
examined (in which the out-of-plane deflection function was taken as 
the sum of single and double half-wave modes), depending on the 
value of Poisson's ratio, for branching load coincidence the plate 
may be classified as System 2.1+, 4.3 or 4.7.
A dynamic relaxation solution for the same problem has been found by
RUSHTON 1969 (255). Analysis of ideal plates of aspect ratio 1.5 
and 2.0 indicated two uncoupled paths of one and two half-wave 
deflected forms, and on a plot of load versus deflection of the 
load, the two half-wave path was the least stiff of the two.
Moreover, the two lowest values for branching loads of the ideal
plate were closer to compound conditions for the 2.0 aspect ratio 
plate than for the 1.5 aspect ratio plate. Under two-fold branching
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conditions the plate of aspect ratio 2.0 would correspond to System 
2.1+.
Numerically, it was found that if the stress applied to a plate of 
aspect ratio 2.0 was gradually increased, the deflected form changed 
from an initial one half-wave mode to a two half-wave form. This 
change occurred at a constant level of applied stress, and the plate 
remained in the half-wave deflected form during further increases in 
applied stress beyond the level at which the change took place. To 
quote: "If the loading rate was too high a sudden change from one
waveform to the other was indicated; the change was so rapid that it 
caused instability in the calculations ... ".
8.5.5 UNI-AXIALLY LOADED CLAMPED SQUARE PLATES
To the author's knowledge, there is no harmonic solution (involving 
symmetric and antisymmetric waveforms) to this problem available in 
the literature. However, there is some experimental work reported
by UEMURA and 8V0N 1978 (252) and some finite element calculations 
due to CARNOY and HUGHES 1983 (253).
One set of experimental results from Uemura and Byon's paper, on a 
Duralumin plate, showed a clear dynamic buckle-pattern change from a 
form which consisted predominantly of one half-wave in the loaded 
direction initially to a two half-wave form. The experimental plots 
of load versus deflection of the load indicated that the one
half-wave form had an initial post-buckling stiffness of 0.6, 
compared to the value of stiffness of the two half-wave mode of
0.44.
However, it is not clear what the in-plane boundary conditions were 
on the unloaded edges of the plate. Depending on the degree of
friction exerted by the test frame on the unloaded edges, the 
conditions lay between fully restrained and free in-plane 
displacement.
Carnoy and Hughes' finite element calculations revealed that the 
primary branching loads of the plate lie quite close together in
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value (in non-dimensionalised form: 9.51 for the symmetric one
half-wave form, and 11.3 for the antisymmetric two half-wave mode). 
Furthermore, the numerical results for the free in-plane 
displacement condition along the unloaded edges seemed to correspond 
most closely to the experimental results of Uemura and Byon.
The results of Carnoy and Hughes would seem to suggest that, under 
two-fold branching conditions, this plate problem would correspond 
to System 2.1+.
8.5.6 SRIDHARAN'S EXAMPLES
Three examples of doubly-symmetric buckling systems have been 
provided by SRIDHARAN 1983 (91). All the examples were thin plate 
structures, analysed by that author's finite strip method. One 
example is significant because the part of the imperfection 
sensitivity surface containing the critical points which lie on the 
natural loading paths of the system was computed. The forms of 
surfaces obtained, tend to confirm the suggestions for their 
appearance made in preceding chapters of the present work. The 
three examples given by Sridharan are as follows:
(i) Uni-axially loaded simply-supported rectangular plate of 
aspect ratio 2.0, with the unloaded edges constrained to remain 
straight and parallel, but free to move (i.e. as in 8.5.3). The 
results are in agreement with the harmonic solution of SUPPLE 1970 
(241), but, unfortunately, only two imperfection combinations were 
taken.
(ii) A wide eccentrically stiffened panel, in which the two 
displacements out-of-plane are due to overall and local 
( interstiffener) buckling. Some of the geometries examined 
corresponded to near coincidence of the two primary branching loads, 
and exhibited a falling coupled path as the preferred mode of 
buckling. This rendered the system completely imperfection 
sensitive, yielding a cone-type sensitivity surface. It seems 
likely that, under conditions of compound branching, the panel could 
be classified as System 3.3 or 3.7.
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(ill) A narrow plate with a single intermediate longitudinal 
stiffener. The two out-of-plane deflections are the same as in the 
second example above. The two primary branching loads 
(corresponding to interstiffener and overall buckling) are separated 
by only 1% in value. The system is completely imperfection 
insensitive, and exhibits a rising coupled path as the preferred 
mode of buckling. It seems likely that, under conditions of 
compound branching, the plate could be classified as System 3.1 or 
3.2.
8.5 SUGGESTIONS FOR FURTHER WORK
The following are suggestions for further work.
1 m-fold symmetric compound branching points:
investigation of the effect of major imperfections, 
particularly those which direct the natural loading path of the 
imperfect system under the ideal path with the least 
curvature.
2 Two degree-of-freedom systems:
(i) further investigation of the existence class of systems
(ii) modification of the numerical technique to include the 
effect of an eigenvalue splitting parameter
(iii) investigation of the effect of an eigenvalue splitting 
parameter on the equilibria and imperfection sensitivity 
surfaces.
3 Strut on a Winkler-type elastic foundation:
investigation of the effect of an eigenvalue splitting 
parameter on the equilibria and imperfection sensitivity 
surfaces.
4 Uni-axially and bi-axially loaded plates:
(i) investigation of larger imperfections, i.e. the inclusion, 
in the equilibrium equations, of the second order 
imperfection.terms
(11) investigation of the effects, on the equilibria and
imperfection sensitivity surfaces, of splitting the two 
eigenvalues
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(iii) in bi-axially loaded plates, investigation of the effect of 
constant preload (as opposed to proportional loading) type 
of orthogonal in-plane stress. .
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SYSTEM l a - b < 0 ,  c - b > 0 SYSTEM 2 a - b > 0 ,  c - b < 0
= 6(b - c) < 0P22 = 6(b - a) > 0 D21 = 6(b - c) > 0D22 = 6{b - a) < 0
0iiii " 6a, 02222 - 6c
Vi path V2 pat^ Vi path V2 path
l.l^" R, S R, UXl 2.r+ R, UXl R, S
i.r F, UXl F, UX2 2.1~ F, UX2 F, UXl
1.2 F, UXl R, UXl 2.2 R, UXl F, UXl
1.3 F, UXl R, UXl 2.3 R, UXl F, UXl
TABLE 8.1 Summary of ideal equilibrium path curvature sign 
and degree of instability Non-existence class of 
systems.
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SYSTEM 3 a - b > 0 , c - b > 0 SYSTEM 4 a - b < 0 , c . b < 0
Pzi = 6(b - c) < 0 , D < 0 D21 = 6(b - c) > 0 , D > 0P22 “ 6(b - a) < 0 D22 = 5(b ~ a) > 0
01111 =: 6a » 02222 = 6c ; 0111102222 “ 9(01122)^ = 36 (ac - bZ )
Vl path V2 path coupled Vl path V2 path coupled
3.1 R, UXl R, UXl R, s 4.1 F, UXl F, UXl F, UX2
3.2 R, UXl R, UXl R, s 4.2 F, UXl F, UXl F, UX2
3.3 R, UXl R, UXl F, UXl 4.3 R, S R, S R, UXl
3.4 F, UX2 R, UXl F, UXl 4.4 F, UXl R, S R, UXl
3.5 R, UXl F, UX2 F, UXl 4.5 R, S F, UXl R, UXl
3.6 F, UX2 F, UX2 F, UXl 4.6 F, UXl F, UXl R, UXl
3.7 R, UXl R, UXl F, UXl 4.7 R, S R, s R, UXl
3.8 F, UX2 R, UXl F, UXl 4.8 F, UXl R, s R, UXl
3.9 R, UXl F, UX2 F, UXl 4.9 R, s F, UXl R, UXl
3.10 F, UX2 F, UX2 F, UXl 4.10 F, UXl F, UXl R, UXl
TABLE 8.2 Summary of ideal equilibrium path curvature sign, and 
degree of instability. Existence class of systems.
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CONCLUSIONS
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CONCLUSIONS
An important feature of the work in this Thesis is that it is 
quantitative. Where possible, formulae written in terms of energy 
coefficients of the systems under consideration have been provided. 
Procedures have been devised by which specific systems may be 
analysed quantitatively and numerical results derived. These 
numerical studies have served as complements to algebraic 
examinations. Thus conclusions drawn, regarding the behaviour of 
systems, have been based on thorough algebraic and numerical 
studies. This is in contrast with previous work in the general area 
of two-fold branching, e.g. SUPPLE 1968 (133) and JOHNS 1974 (140), 
in which qualitative judgement on the behaviour of systems have been 
made on the basis of limited algebraic studies only.
Regarding m-fold symmetric compound branching points, the following 
have been derived:
(a) the conditions necessary for the existence of p-coupled 
equilibrium paths
(b) the initial algebraic equations which relate the load to the 
displacements of the p-coupled paths
(c) expressions for the initial post-buckling curvatures of the 
p-coupled paths
(d) means for assessing the initial stability of the uncoupled and 
p-coupled paths
(e) the initial algebraic equations which relate the load to the 
deflection of the load for the uncoupled and p-coupled paths
(f) the initial post-buckling stifnesses of the uncoupled and 
p-coupled equilibrium paths
Thus, for a given system of this type, item (a) enables a value to 
be put to the number of equilibrium paths branching from the 
critical point. This value will lie between the lower and upper 
bounds provided by JOHNS and CHILVER 1971 (137).
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Item (c) enables the post-buckling equilibrium path with the least 
curvature to be found. If this curvature is negative with respect 
to load, then the corresponding path will provide the mechanism for 
a lower bound in buckling of the imperfect system [see HO 1974 
(152)].
Item (f) enables the deflected configuration with the least initial 
post-buckling stiffness to be computed. The corresponding 
equilibrium path will represent the preferred mode of buckling. If 
the stiffness of this path is positive, then the imperfect system 
may exhibit dynamic buckle pattern changes in order to conform to 
it's preferred buckling mode.
Imperfect two-fold doubly-symmetric branching points have been 
considered in some detail in general theory terms. An accurate and 
reliable general numerical technique has been devised for the 
solution of the equilibrium and stability equations associated with 
the ideal and imperfect systems. This has enabled more careful, 
thorough and complete imperfection studies to be made than have been 
possible before.
With the use of this technique, coupled with an algebraic study, a 
class of systems referred to as non-existence has been studied in 
detail. ,
Based on the equilibria of systems which fall into this class, a 
previously unrecognised distinction between behaviours was found. 
This was the difference between non-hysteresis and hysteresis, and 
the conditions on the energy coefficients of the system which 
governed this distinction were derived. The appearance of 
hysteresis behaviour on the natural loading paths of an imperfect 
system has serious implications for post-buckling action and dynamic 
(as opposed to continuous) buckle-pattern changes. In the presence 
of hysteresis, systems which otherwise may have been thought to be 
stable in post-buckling, are not.
Forms were suggested for the complete critical load-displacement and 
imperfection sensitivity surfaces corresponding to systems which
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fall into the non-existence class of behaviour. Regarding the 
imperfection sensitivity surfaces, it was suggested that they 
consist of two sheets. Rays through the sheets were shown to be 
two-thirds power law cusps. Of these sheets, three types were 
possible:
(a) cone
(b) butterfly-cone
(c) saddle
Type (b) sheets occurred for systems which exhibited hysteresis 
behaviour.
Four modes of behaviour were identified for the non-existence class 
of systems, these depended upon the type of imperfection sensitivity 
surface, and upon which equilibrium paths the critical points 
occur. The modes are as follows:
(a) imperfection insensitive
(b) mode-jumping
(c) partially imperfection sensitive
(d) completely imperfection sensitive
Using the numerical technique, two mechanical examples of two-fold 
doubly-symmetric branching systems were investigated. These were:
(a) A pin-ended axially compressed strut on a Winkler-type elastic 
foundation
(b) A thin simply-supported rectangular plate loaded by bi-axial 
in-plane compression of the proportional loading type
They were studied on the basis of small imperfections. By
introducing suitable system parameters, the two systems were made to
exhibit behaviour which corresponded to one example from each of the 
classes of doubly-symmetric two-fold branching points.
The four examples taken were treated to a full imperfection analysis 
using the numerical technique referred to previously. An
examination of the equilibria of each example for a full range of
499
the two imperfections was made, and in each case the complete 
imperfection sensitivity surfaces were derived numerically.
Both examples from the strut problem (one was from the non-existence 
class and one was from the existence class of behaviour) were found 
to be completely imperfection sensitive. Although hysteresis 
behaviour was shown to occur for the existence example, it was found 
to take place on the complementary loading paths of the imperfect 
system, and was thus of no practical significance.
Both of the plate examples (one was from the non-existence class; 
and the other, which was a uni-axially loaded case, was from the 
existence class of behaviour) were shown to be mode-jumping 
systems. In both cases, it was found that the imperfections played 
a major role in providing the mechanism which allowed the plate to 
snap dynamically from a deflected form which involved N buckles, to 
a less-stiff deflected form involving N + 1 buckles. Thus, the role 
that imperfections play in dynamic buckle-pattern changes has been 
clearly demonstrated.
The numerical results for the two examples which displayed behaviour 
which fell into the non-existence class of systems, confirmed the 
proposals for the appearance of the critical load-displacement and 
imperfection sensitivity surfaces made in the earlier general theory 
investigation.
In conclusion, it must be stressed that the non-linear behaviour 
investigated here should be regarded as being very localised around 
the ideal branching point, because of the degree of non-linearity 
admitted into the equilibrium equations. Thus, initial 
post-buckling only was considered; imperfections were taken as small 
and only small deviations in load from that value at which branching 
of the ideal system takes place should be regarded as accurate.
In considering the two mechanical examples, the modelling of the 
deflection as the sum of two waveforms only should be regarded as 
being a first approximation. Thus the numerical studies were
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confined to low values of non-dimensionalised foundation stiffness 
for the strut problem (stiffnesses of 4 and 36 were used) and short 
plates (aspect ratios of 1.0 and /2 were used). Under these
conditions the two-fold branching points for the ideal system were 
well separated from the next highest critical points on the
fundamental loading paths. If this restriction was not observed,
then additional waveforms would have to be included in the assumed
deflection series to provide a more accurate solution.
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